Journal of Solid Mechanics Vol. 3, No. 4 (2011) pp. 379-391

Electro-Mechanical Buckling of a Piezoelectric Annular Plate
Reinforced with BNNT's Under Thermal Environment

A. Ghorbanpour Arani'*", E. Haghparast'

! Faculty of Mechanical Engineering, University of Kashan, Kashan, Islamic Republic of Iran
2 Institute of Nanoscience & Nanotechnology, University of Kashan, Kashan, Islamic Republic of Iran

Received 7 November 2011; accepted 15 December 2011

ABSTRACT
In this article, axisymmetric buckling behavior of piezoelectric fiber reinforced polymeric
composite (PFRPC) annular plate subjected to electro-thermo-mechanical field is presented
utilizing principle of minimum potential energy. Boron-nitride nanotubes (BNNTSs) are used as
fibers. Full coupling between electrical, mechanical and thermal fields are considered according to
a representative volume element (RVE)-based XY piezoelectric fiber reinforce composite
(PEFRC) model. Assuming PFRPC material and its composite constituents to be linear,
homogenous, orthotropic, and perfectly bonded with uniform applied field, the basic relation for
the axisymmetric buckling of a circular plate subjected to radial compression, radial electrical
field, and uniform temperature change AT are derived. The presented results show that BNNTs
can be used as an effective supplement to improve mechanical behavior of polyvinylidene fluoride
(PVDF). Also, at normal working conditions, the influence of thermal and mechanical fields is
much higher than the electric one on the critical load; hence, this smart structure is best suited for
applications as sensors than actuators.
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1 INTRODUCTION

NNTs, discovered in the mid 1990s [1-2], in addition to carbon nanotubes (CNTs) properties like high

chemical stability and superior mechanical properties have oxidation resistance at higher temperatures, high
thermal conductivity and piezoelectricity [3-4]. In comparison with metallic or semiconducting CNTs, a BNNTs are
an electrical insulator with a band gap of ca. 5 eV, and therefore independent of tube geometry; hence it is more
suitable for composite reinforcement than CNTs [5]. In 1969, Kawai discovered a significant piezoelectric effect in
PVDF and in conjunction with excellent mechanical properties and continuous application of temperature, PVDF
has since been studied extensively [6-7].

Composites of BNNTs dispersed in ceramic or polymeric matrices have attracted a considerable attention in
recent years due to their potential applications in aeronautic and astronautic technology, automobile, electronic and
mechanical devices, power generation, sensors, actuators, ultrasonic transducers, chemical vessels and many other
modern industries [8-10]. Najafizadeh and Heydari [11] investigated mechanical buckling of circular plates
composed of functionally graded materials (FGMs) based on higher order deformation plate theory (HSDT). Their
study shows that HSDT accurately predicts the behavior of functionally graded circular plate. Ghorbanpour Arani et
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al. [12] investigated the buckling analysis of laminated composite plates reinforced by single-walled carbon
nanotubes (SWCNTSs) using an analytical approach as well as the finite element method. Their developed model is
based on the classical laminated plate theory (CLPT) and the third-order shear deformation theory (TSDT) for
moderately thick laminated plates. Elastic buckling of circular annular plate reinforced with carbon nanotubes under
compressive and torsional loads are studied by Jam et al. [13]. Their model is based on the CLPT. They used Mori-
Tanaka method to evaluate the effective elastic properties of nanocomposite. The influence of CNTs orientation,
boundary conditions and geometric ratio of plate and agglomeration of the randomly oriented straight CNTs are
investigated on the critical buckling loads.

Vodenitcharova and Zhang [14] studied the pure bending and bending-induced local buckling of a
nanocomposite beam reinforced by a SWCNT. They found that in thicker matrix layers the SWNT buckles locally at
smaller bending angles and greater flattening ratios. Shen and Zhang [15] studied thermal post-buckling behavior of
functionally graded carbon nanotube-reinforced composite plates subjected to in-plane temperature variation based
on a micromechanical model and multi-scale approach. Their results indicated that the thermal post-buckling
behaviors of CNT reinforced composite plates were significantly influenced by the thermal load ratio, the transverse
shear deformation, the plate aspect ratio as well as the CNT volume fraction. Baltaci et al. [16] investigated the
behavior of buckling of laminated composite circular plates having circular holes and subjected to uniform radial
load using finite element method. They consider the effects of whole sizes, location of the holes, thickness variations
and boundary conditions on buckling load. Seifi et al. [17] investigated buckling of composite annular plates under
uniform internal and external radial edge loads using energy method. They consider symmetric cross-ply laminates
and study the influence of some parameters like thickness, stacking sequence, type of supports and the ratio of hole
to sheet radius on load of buckling.

Motivated by these considerations, this work aims to study the electro-thermo-mechanical axisymmetric
buckling of piezoelectric polymeric circular plate reinforced with BNNTs. The present paper develops the principle
of minimum total potential energy to obtain the critical buckling load. Simply supported and clamped boundary
conditions are considered. Applying uniform electrical and thermal fields to a layer of PVDF circular plate
reinforced by BNNTS, this work attempts to verify the influence of thermal and electrical fields on buckling strength
of circular plate composites.

2 MICRO-MECHANIC MODEL

As mentioned above, the overall properties of the PEFRC is evaluated by a micro-mechanic XY model [18]. A
representative volume element (RVE) with square cross-sectional is selected for a PEFRC and a circular one for the
fiber is assumed [18]. The influence of the piezoelectric fiber volume fraction on the effective constants for PEFRC
materials using the above mentioned model was investigated and the results complied fairly well with those found
with Mori-Tanaka mean field approach. The assumptions made for the XY model include:

(i) The composite material is perfectly bonded, its constituents are assumed to be linear homogeneous and
orthotropic.

(i) The applied electric and thermal fields to the PEFRC unit cell are uniform.

(iii) Iso-stress, iso-electric displacement, are assumed to exist across the planes which are in series with respect
to the loading direction. Iso-strain and iso-electric field are assumed across the planes which are in
parallel with respect to the loading direction [6].

(iv) Thermal field within a PEFRC unit cell is uniform.

The closed-form formulas for the effective electro-thermo-elastic constants of an X PEFRC strip may be
expressed as Egs. (1) to (11) described below [18] :
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and 4, are elastic stiffness constants, piezoelectric constants and thermal expansion, respectively.

The constant p is x,/x,=y,6/y, where x, x, and y, y, are dimensions of fiber and matrix unit cells,

respectively as illustrated in Fig. 1. For the Y PEFRC model, the corresponding equations can be obtained by simply
exchanging the subscripts 1 with 2 in the above Eqgs. (1.1-1.10). Hence, the effective constants of XY model was
obtained by placing the effective constitutive coefficients of X model into the effective fiber coefficients of Y
model. The resulting formulations are presented in Eqs. (12- 23) below which represent the mechanical properties

for the defined RVE
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3 FORMULATION
3.1 Properties of piezoelectric polymeric composites

Effective properties of PFRPC with square piezoelectric fiber and unit cell cross-sections were obtained using
approach adopted by Tan and Tong [18] in which they use RVE model. The closed-form formulas are derived using
linear piezoelectric theory and iso-field assumptions under multiple loads including iso-strain, iso-stress, iso-electric
field, and iso-electric displacement.

3.2 Electro-mechanical coupling

Considering the fact that electro-mechanical behavior of the material is elastic and linear, the coupling between the
corresponding mechanical and electrostatic fields will be limited to the linear case and is assumed as such. Also,
stresses O and strains & on the mechanical side, as well as radial electric displacement D and electric field £ on
the electrostatic side, are arbitrarily combined according to [19] into two forms of coupled constitutive equations as

o -

Therefore, constants of the matrices e and d correspond to induced stress and strain, respectively C, S and € are
compliance matrix, stiffness matrix and dielectric constants, respectively [15].
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3.3 Circular plate theory

As presented in Fig. 1, the nanocomposite annular plate considered with inner and outer radius of @ and b
respectively and is subjected to axisymmetric thermo-mechanical and electrical loadings. To model the assembly of
layers or laminae of materials with piezoelectric properties, it has been suggested by [19] to extend the classical
lamination theory for conventional laminates [20, 21]. According to CLPT, normal and shear strains transverse to
the laminate are assumed to be negligibly small. The stresses and radial electric displacement of the layer are hence
determined as follows:
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where o, and o, are normal stresses in r and @ directions, respectively. 7,, is the shear stress in r6 plane. D, is

the electrical displacement in radial direction, as indicated in Fig. 1. Defining N and Mas in-plane and out-of plane
resultants, respectively, and using the appropriate subscript, for the overall structure, we have [19]:

N o

y=lNo :fh/z %1 g, (262)
NrH —h/2 T/‘H
Gl Dl
M, o,

m= Mol f 190 g (26b)
M, —h2 (T,
H D,

3.4 Strain displacement relations

In order to calculate the mid-surface strain and curvatures, using classical plate theory assumptions, the
displacement components of an arbitrary point anywhere are written as [13]:

u, (r,0,2) = uy, (r,0) — ZM
or
U, (r,0,2) = uy, (r,0) _z0w(r,0) (27)
r 06

w(r,0,2) = w,(r,0)

where u,,, u,, and w, are the displacement of mid-plane in r —and 6 — directions respectively, which are assumed
to be zero because there is no coupling between the in-plane and the out-of-plane displacements. w(r,6,z) denotes
the displacement in z — direction or lateral deflection of the composite plate.

4 BUCKLING ANALYSIS
4.1 Total potential energy

Total potential energy for an elastic body is expressed as [22]:

/, - | - \ AN Fig. 1

Schematic of annular circular plate.
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V:U—fT.u.dS—f FudV
i v i (28)

where, the first term on right hand side is electrostatic energy. The second and third terms represent the work done
by the surface tractions and the body forces, respectively.
The electroelastic energy density determined generally as [19]:

uy = ug —uf 29)

where u(')"d is the strain energy density and u” is the electrical potential energy density [20]. Integrating over the
entire structure gives the electroelastic energy, i.e.:

1 1 1 _ o _
U:—f dV:—ngO'dV—f ETDdV]:—f e ET dv, E=—E
2 Auo 2(Ja A 2 A{ } D (30)

Substituting Eq. (24) into Eq. (30), we have

E
U:lf{gT ET}CT ¢ lay, E=-p=-Y c=¢
2J. o —el||E d 31
| —

C

V and d denote voltage difference and the difference between a and b, respectively (see Fig. 1). Assuming uniform
electrical fields, Eq. (30) becomes

Ci Cn ey &

1 —
U:Ef{gr o El} Co Cn ey ||&|dV (32)
A e €p  —Enl|E;
where C;;, e; and €; are the on-axis elastic coefficients of composites in polar coordinate system, piezoelectric

constants and dielectric constants, respectively.
Strain-displacement relations in polar coordination are [22]:
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Radial and circumferential mid-plane displacements in 7 and € directions are neglected. Also, stress and strain in
thickness direction are ignored. Therefore, Eqs. (33a-33c¢) are simplified as follows:
0w

or?

& =—z (34a)
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Applying matrix multiplication on Eq. (32) gives:
1 — — -
U= Ef(cllgrz +2C,6,60 +2E ey +Cye +2E e 6,— €, ED)AV

Substituting Eqs. (34a-34c) into Eq. (35) gives the electrostatic energy as:

2 2
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Work done by traction forces are expressed as [20]:

2 b
f TudS f N,
Sr

where N is applied axial force on two edges of cylinder which is defined as:

2
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(34b)

(34¢)

(35)

(36)

(37

(38)

where N;”eCh, NT and N,E are mechamcal, thermal and electrical forces, respectively. Using Eq. (28), the total

r

potential energy of the composite shell is obtained as:
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where a,b and h are inner radius, outer radius and thickness of the circular plate, respectively.
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4.2 Boundary conditions

In this article, two boundary conditions for annular composite plate are considered; Case 1. referring to an annular
plate simply supported on two edges and Case 2 .referring to an annular plate with edges being clamped on both
sides. These boundary conditions are described mathematically as follows:

Casel) Simple support

w=0; at r=a and b,

O*w B

82—0; at r=a and b. 4D
r

For satisfying these conditions, the following function is assumed for the lateral displacement [13]
N, o prb—r)
w= A sin———
DA, sin “2)
P=1
Case2) Clamped support

w=0; at r=a and b,
ow _
or

0; at r=a and b. “3)

Similarly, the following function is assumed to describe the lateral displacement [13]

(44)

—a

w= ZAP [lcos%

p=1

4.3 Minimum total potential energy method

According to the definition of minimum potential energy, of all the displacements satisfying compatibility and the
prescribed boundary conditions, those that satisfy the equilibrium equations make the potential energy a minimum
[20]. Mathematically, this happens when oV = 0.

Substituting the lateral displacement in total potential energy and applying minimum potential energy principle,
the axial buckling force of composite shells may be expressed as below for the two cases of boundary conditions
stated above:

Case 1:

© 2011 TAU, Arak Branch



Electro-Mechanical Buckling of a Piezoelectric Annular Plate Reinforced ... 387

3 2 2 3 b _
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S NUMERICAL RESULTS AND DISCUTION

In this section, numerical results on the effects of thermal and electrical loads on radially compressed buckling of the
piezoelectric annular plate are investigated. Using modeling procedure described above and Eqs. (45-46), the
numerical results of the critical buckling load are demonstrated in Figs. 2 to 6. The nanotube considered as fiber in
this study is BNNT, with the zigzag structure, has Young’s modulus E=1.8 TPa, the axial and circumferential

thermal expansion coefficients (@, =1.2¢—6and @, = 0.6¢ —6 ) and piezoelectric constant e, = 0.95C/m* [23].
The properties of PVDF considered as matrix are [21]: C,; =238.24GPa, C,, =23.6GPa, C, =6.43GPa,

C,, =3.98GPa, ¢, =-0.13C/m” and @ =a, =7.1¢—5 (1/°C). The geometrical properties of annular plate

are: a=4e—5m, b=1le—4m, h=1e—6m Temperature change and applied voltage are 20°C and 4000 V,

respectively.
Radial buckling load (¥,) is plotted as a function of inner-to-outer radius ratio (a/b) under mechanical load for

the two cases of boundary conditions and different BNNT volume fraction (C,) in Figs. 2a and 2b. Increasing a/b
leads to an increase in buckling load. N, rises with increasing the BNNT volume fraction. So that the highest radial
buckling load occurs in C, = 0.2. This implies that the stiffness of structure increases with the increase in BNNT

volume fraction. Moreover, by improving elastic properties of nanocomposite, buckling occurred in smaller a/b in
constant load. As far as the simple and clamped boundary conditions are concerned, generally in the former, N, is

smaller in magnitude, showing the significance of the boundary conditions on the two edges under buckling load of
the annular plate.

1000 4000

Cr=0% Cr=0%
900 — — cr=10% 3800 | — —Cr=5% b
——————— Cr=15% ! ------- Cr=10% :
800 | — - — -Cr=20% IE — - —  Cr—20% !
N 3000 A
700 , s
. 2500 P

2000

Nr{N/m)

Nr(N/m)

1500

1000

Fig. 2
Axisymmetric buckling load, versus inner-to-outer radius ratio (a/b) for (a) simple support, and (b) clamped support (BNNT
volume fraction=0, 5, 10, 20%)
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Fig. 3
Axisymmetric buckling load, versus inner-to-outer radius ratio (a/b) for (a) simple support, and (b) clamped support (mode
number=1,2,3.4, C,=5%).
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Fig. 4
Axisymmetric buckling load, versus CNT volume fraction (C,) for (a) simple support, and (b) clamped support (mode number=1,
2,3, 4, alb=0.4).

In Fig. 3a and 3b, radial buckling load versus the variation of a/b are plotted for four first mode numbers (p=1-4)
and two boundary conditions to illustrate the influence of a/b on higher buckling modes for both simply and
clamped supported edge. It can be seen that N, tends to increase with increase in a/b with the slope being increased

continuously for higher p. It means the effect of a/b is higher for higher p. The effect of BNNT volume fraction on
buckling load is illustrated for two boundary conditions considered in Figs. 4a and 4b N, increases with increasing

C, for a constant p. It is clear that the difference between curves increases with increase C,.
Figs. 5a and 5b show the combined and isolated effects of thermal, electrical as well as mechanical fields on the
radial buckling load of annular plate. Uniform temperature change and applied voltage are AT =+20K and

V = 44000V, respectively. Applying direct voltage increases N, due to polarization created in the piezoelectric in

the radial direction leading to its contraction. This makes piezoelectric more compact and stable in loading direction.
Similar results are achieved when annular plate temperature is reduced. Thermal strains producing in radial direction
affect the radial buckling load and positive temperature change causes reducing N,. A small change in the

temperature filed will bring about large changes in the magnitude of radial buckling load. As can be seen, the effect
of thermal filed is much more than electric field in magnitude. Figs. 6a and 6b show the effect of BNNT volume
fraction on the radial buckling load in presence of the combined and isolated thermal, electrical and mechanical
fields. Similar to Figs.4 increasing BNNT volume fraction increases buckling load. The effect of thermal field
decreases in higher C, due to the fact that thermal expansion coefficients of BNNT are much smaller than PVDF.
According to different sign of piezoelectric constants of BNNT and PVDF, by increasing C,, they neutralize the
electrical effect of each other.
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Axisymmetric buckling load, versus inner-to-outer
thermal and electrical fields, C, =5%, p=1).
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Axisymmetric buckling load, versus BNNT volume fraction (C,) for (a) simple support, and (b) clamped support (different
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Fig. 7

389

(a) simple support, and (b) clamped support (different

Axisymmetric buckling load, versus BNNT volume fraction
(C,) for clamped boundary condition (Comparison of present

work with CLPT result from [16], a/b=0.4, p=1).

According to the review of previsions literatures, no similar work has been done about the buckling of
piezoelectric nanocomposite plates considering multi physical fields such as thermal, mechanical and electric loads.
Although there is not any same investigation, the numerical results and the figures trend of this article are in
accordance with similar studies on buckling load of annular plates [16, 17]. Fig. 7 illustrates a partially comparison
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between present study and work done by Baltaci et al. [16] to validate the accuracy of the present work. In the
comparison, the effect of mechanical loads is only considered. We compared the results of energy method with
results of CLPT. The results of two mentioned methods have good agreement for case of clamped boundary
condition and small values of a/b.

6 CONCLUSIONS

In this study, minimum potential energy approach is used to evaluate the axisymmetric buckling load behavior in a
piezoelectric polymeric annular plate reinforced with DWBNNT subjected to combined electro-thermo-mechanical
loadings. Classical boundary conditions of simple and clamped supports are considered for this. Coupling between
electrical and mechanical fields are considered according to a RVE-based micromechanical model. The results
indicate that increasing inner-to-outer radius ratio yields to an increase in buckling load. The buckling load rises
with increasing the BNNT volume fraction and the stiffness of composite structure increases. Buckling load in
simply supported condition is smaller than clamped one. Moreover, buckling load tends to increase with inner-to-
outer radius ratio and the influence of that is higher for higher mode number. It is shown that buckling resistance of
composite annular plate varies by applying thermal and electrical loads. Employing direct voltage or decreasing the
temperature increases buckling load. The results show that adding BNNTSs to PVDF has a significant influence on
the electro-thermo- mechanical behavior of nanocomposite and hence should be considered in optimum design. The
buckling instability of nanocomposite structure can be controlled by employing thermal and electrical loads along
with external forces. Also, at normal working conditions, the influence of thermal and mechanical fields are much
higher than the electric one on the buckling load; hence, this smart structure is best suited for applications as sensors
than actuators.
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