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ABSTRACT

In the present work, effect of von Karman geometric nonlinearity on the vibration
characteristics of a Y-shaped single walled carbon nanotube (Y-SWCNT) conveying
viscose fluid is investigated based on Euler Bernoulli beam (EBB) model. The Y-SWCNT
is also subjected to a longitudinal magnetic field which produces Lorentz force in
transverse direction. In order to consider the small scale effects, nonlocal elasticity theory
is applied due to its simplicity and accuracy. The small-size effects and slip boundary
conditions of nano-flow are taken into account through Knudsen number (Kn). The Y-
SWCNT is surrounded by elastic medium which is simulated as nonlinear Visco-Pasternak
foundation. Using energy method and Hamilton’s principle, the nonlinear governing
motion equation is obtained. The governing motion equation is solved using both Galerkin
procedure and Homotopy analysis method (HAM). Numerical results indicate the
significant effects of the mass and velocity of the fluid flow, strength of longitudinally
magnetic field, (Kn), angle between the centerline of carbon nanotube and the downstream
elbows, nonlocal parameter and nonlinear Visco-Pasternak elastic medium. The results of
this work is hoped to be of use in design and manufacturing of nano-devices in which Y-
shaped nanotubes act as basic elements.
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1 INTRODUCTION

ARBON nanotubes (CNTs) which were discovered by lijima [1] have widespread applications in different

fields such as chemistry, physics, engineering, material science and reinforced composite structures. This is
largely due to the combination of desirable characteristics, such as structural perfection, small size, low density,
high stiffness, high strength and excellent electronic properties. CNTs possess extraordinary physical properties,
such as high stiffness-to-weight and strength-to-weight ratios, and high electrical and thermal conductivities
compared to any other known material. It is commonly believed in the scientific community that nanotechnology
will spark a series of industrial revolutions in the following decades. The discovery of CNTs has been a very
significant breakthrough that has accelerated further developments in the field of nanotechnology. CNTs are among
the most promising new materials and are expected to play a pivotal role in the future of nanotechnology.
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In order to investigate the mechanical behaviors of nano-structures, the higher order continuum theories which
are scale dependent theories such as nonlocal elasticity [2-5], nonlocal piezoelasticity [6-9], modified couple stress
theory [10-13] and strain gradient theory [14,15] have been recently employed. It is because the classical theory is a
scale independent theory and cannot handle the small scale effects. Among these, nonlocal elasticity theory which
was first introduced by Eringen [16] has been widely utilized to study the mechanical manner in the micron and
nano scale structures. There are many works in the literature that have used this theory. Based on nonlocal elasticity
theory Wang and Wang [2] investigated the vibration of nanotubes embedded in an elastic matrix using Timoshenko
beam (TB) model. They showed that the obtained frequencies have a significant dependence on the nonlocal
parameter. Fang et al. [3] studied the nonlinear free vibration of double-walled carbon nanotubes (DWCNTs) based
on the nonlocal elasticity theory. Their results showed the importance of nonlocal parameter on the vibration
characteristics of DWCNTSs. Analytical solutions for bending and buckling of functionally graded nanobeams based
on the nonlocal TB theory was presented by Simsek and Yurtcu [4].

In recent years, a large amount research works have been carried out on the buckling and vibration of the
nanotubes/microtubes conveying fluid [17-20]. Also, the dynamic response of viscous fluid conveying nanotubes
has been reported by several investigators [21-24]. Their results show the effect of fluid viscosity on dynamical
behavior of nanotubes. For instance, Abdollahian et al. [22] investigated the nonlocal wave propagation in
embedded armchair three-walled boron nitride nanotubes conveying viscous fluid. In another attempt, vibration
analysis of a viscous-fluid-conveying single-walled carbon nanotube (SWCNT) embedded in an elastic medium was
studied by Lee and Chang [23]. On the other hand, Rashidi et al. [25] demonstrated that the small-size effects on the
flow cannot be ignored and should be considered in nano-scale fluid structure interaction problems. For this purpose
they used (Kn) as a discriminant parameter to consider both small-size effects on bulk viscosity and slip boundary
conditions of nanoflow. Also, Mirramezani and Mirdamadi [26] investigated the effect of nano-size of both fluid
flow and elastic structure simultaneously on the vibrational behavior of a pinned-pinned and a clamped-clamped
nanotube conveying fluid, using both (Kn) and nonlocal continuum theory.

In nanoscale problems, surface-to-bulk energy ratio increases; therefore surface effects must be taken into
account while they can be disregarded in macroscopic structural problems. Based on TB theory and surface
elasticity model, Lei et al. [27] analyzed the vibrational behavior of (DWCNTSs). Asgharifard Sharabiani and Haeri
Yazdi [28] studied the nonlinear vibration of functionally graded nanobeams with surface effects within the
framework of EBB theory including the von Karman geometric nonlinearity. An analytical model for predicting
surface effects on the free vibration of fluid-conveying nanotubes was developed by Wang [29] based on nonlocal
elasticity theory. He demonstrated that surface effect is significant especially for smaller tube thicknesses or larger
aspect ratios.

Multi-terminal nanotube junctions, namely junctions of L, X, Y, and T-types, have recently attracted much
attention in nanotransistors and nanoamplifiers. Among different types of nanotube junction T- and Y-junctions
have received increasingly attention. A (Y-SWCNT) is a novel structure consisting of three terminals with different
chirality [30]. Y-shaped nanotubes exhibit electronic properties that are improved conventional transistors used in
computers. Indeed, the discovery of Y-shaped carbon nanotubes represents a new way of thinking about nano-
electronic devices.

The foundation of CNTSs can be assumed as Winkler, Pasternak and Visco-Pasternak medium. Since Winkler
model considers only the parameter representing the normal pressure, it cannot be considered as a precise
approximation. On the other hand, Pasternak foundation considers both shear and normal loads. In this paper, in
order to come closer to the physical reality, the nonlinear Visco-Pasternak elastic medium is assumed. Lin [31]
studied nanoscale vibration characterization of multi-layered graphene sheets embedded in an elastic medium. He
modeled the elastic foundation as Pasternak foundation and concluded that increasing the shear modulus factor of
elastic medium increases the classical natural frequency of the system. Small scale effect on vibration of
multilayered graphene sheets embedded on Pasternak foundation was investigated by Pradhan and Phadikar [32].
Ghorbanpour Arani et al. [33] presented the nonlinear vibration of (DWCNTs) embedded on Pasternak elastic
medium and subjected to an axial fluid flow. In another attempt, Ghorbanpour Arani et al. [34] carried out the
electro-thermal vibration of double boron nitride nanotubes which are coupled by Visco-Pasternak elastic
foundation. Also, the surrounding elastic medium can be assumed as linear or nonlinear foundations. In another
study, Eichler et al. [35] investigated the nonlinear damping in mechanical resonators made from carbon nanotubes.

The governing differential equations can be solved using different analytical and numerical solution methods.
The (HAM) is a numerical method that is employed to solve the governing nonlinear differential equations. This
method is used in many works to solve the nonlinear differential equations. Pirbodaghi et al. [36] used HAM to
investigate nonlinear vibration behavior of EBB subjected to axial loads. They compared results obtained by HAM
with those available in literature and demonstrated the accuracy of HAM. Moghimi Zand and Ahmadian [37] also
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175 Nonlinear Nonlocal Vibration of an Embedded Viscoelastic Y-SWCNT Conveying Viscous Fluid ...

used HAM in studying dynamic pull-in instability of microsystems. They considered different sources of
nonlinearity such as electrostatic force and mid-plane stretching.

Therefore, according to the best of author’s knowledge and the above discussion, it is so clear that no work has
been reported concerning the vibration of Y-SWCNTs. On the other hand, Y-SWCNTs can be used in many
nanoelectromechanical systems (NEMS) and the problem of vibration analysis of Y-SWCNTSs conveying viscose
fluid becomes more useful in medical fields and nanodevices. Motivated by these considerations we aim to study
nonlinear nonlocal vibration of a viscoelastic single-walled carbon nanotube conveying viscous fluid with the Y-
shaped junction piece at the downstream end under magnetic field. The Y-SWCNT embedded on a nonlinear Visco-
Pasternak elastic medium. The governing nonlinear differential equations obtained by energy method and
Hamilton’s principle, are then solved using Galerkin method and HAM as well. The effects of the longitudinally
magnetic field, Y-junction piece at the downstream end, slip boundary condition, small scale parameter, fluid flow
and elastic foundation are presented graphically.

2 FORMULATION
2.1 Preliminaries

Consider a Y-SWCNT covered by a thin outer surface layer conveying viscose fluid as shown in Fig. 1. The Y-
SWCNT is modeled as EBB with a tubular cross section of inner radius R, , outer radius R, thickness 7, , length L
and the angle between the centerline of the CNT and the downstream elbows ¢ indicated in Fig. 1. The Y-SWCNT

is rested on an elastic medium which is simulated by a nonlinear visco-pasternak foundation and also is subjected to
a longitudinally magnetic field. It should be noted that the length of Y-junction fitted at downstream is assumed to
be small and may be ignored. For EBB model, the nonlinear strain-displacement relationships of von Karman type

along the x and z axes for an arbitrary point are defined by U (x,z.¢) and W (x,z,t) respectively as follows:

- ow (x,t)
U LECK] = s K T

(x z t) u(x t) z r (1a)
W(x,z,t)zw (x.1), (1b)
. 5_1(‘9&) Ow

* ax 2\ ox ox?’ @)

where x is the longitudinal coordinate, z is the coordinate measured from the mid-plane of the beam. The terms
u (x ,t) and w (x ,t) are the longitudinal and transverse components of the displacement in the mid-plane of the
beam, respectively.
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2.2 Strain energy

The strain energy of the Y-SWCNT U , can be expressed as:
1L
U = Ejo .[A, o & dxdA,, (3)

In which o, is the axial classical stress and A; is the cross sectional area of the SWCNT. Substituting Eq. (2)
into Eq. (3) yields:

2 2
Uzlr PR ALY L I VA AN )
270 ox 2\ ox ox

where N, M _ are the resultant force and moment resultant, respectively and are defined as:

N, =[ o.dA.M =] oz, (5)

2.3 Kinetic energies
2.3.1 Kinetic energy of Y-SWCNT

The kinetic energy of Y-SWCNT K , can be written as follows:

~\2 ~\2
1L ou ow
K, :E.[o J.A, (/Jt +pec’>‘(x—L)) [gj +[a—j dxdA, , (6)

X

where p,, p, and J are the mass density of Y-SWCNT, mass density of the downstream Y-junction and Dirac
delta function, respectively.

Fig. 2
An element of nanotube conveying fluid.

2.3.2 Kinetic energy of fluid flow

The kinetic energy associated with the fluid flow K , can be expressed as:

2
1L -2 2 ow
K, =— — | |dxdA;, (7
=20 A, P {V i (6x j ] !

In which pr and Ay are the mass density and cross sectional area of fluid flow, respectively. According to Fig.

2 and considering small-size effects on slip boundary conditions of nano-flow, the velocity vector of fluid flow v’
can be written as [38]:
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v”{U*cos%MJﬁ[—U*sin0+M]f, 0:—%, (8)
ot Ot ox

where U " is average flow velocity with slip boundary condition and can be defined as:

*

U*=yU, ©

where U denotes the average flow velocity through Y-SWCNT without slip boundary conditions and the average
velocity correction factor y can be defined as follows [25]:

2-o0, Kn

In which the tangential moment accommodation coefficient o;, isequal to 1, a is a coefficient which is defined
as:

2
a:aO;tan 1(a1KnB ), (11)

where @ =4 and B =0.4 are some empirical parameters and g, can be obtained from free molecular regime as:

. 64
limag, ., =ay = (12)

4 b
3z(1——
( 5 )
where for the second-order slip boundary conditions b is equal to -1.

2.3.3 Kinetic energy of the fluid flow at the downstream Y-junction

Also the kinetic energy of the fluid flow at downstream Y-junction K, is defined as:

1L 2
K =31, J.A,.e PreV "0 (x = L)dApdx, (13)

In which Ag¢ and py, are the cross sectional area and the mass density of the Y-junction.

2.4 External forces

The Y-SWCNT conveying viscous fluid is subjected to a longitudinally magnetic field and embedded on nonlinear
Visco-Pasternak elastic medium. Also an additional bonded thin surface layer (outer layer) is encompassed the Y-
SWCNT. Therefore, the following five external effects should be considered to obtain the energy of virtual works:
e Viscous fluid flow
Fluid flow at downstream Y-junction
Magnetic field
Nonlinear Visco-Pasternak foundation
Surface effects
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2.4.1 Viscous fluid flow

To investigate the effect of fluid viscosity on the vibration behaviors of Y-SWCNT, the well-known Navier-Stockes
equation is used as [21]:

dv -
Py = TVP VY, (14)

In which p is pressure, V’ is defined as 9°/dx” and x, is the effective viscosity of the nano-fluid which is
defined as follows:

1
He _ﬂ°(1+aKnj’ (15)

where 4 is the bulk viscosity.
Substituting Eq. (8) into Eq. (14) and using Eq. (9) yields:

0 0 || ou op 0 | ou
—+yU — || —+yU cos@ |=——+ —+yU cosé |,
pf[at 4 6x}{6t 4 } ax e ax{at 4 } (162)
) o 1 ow . ap 5 [ ow .
| —+yU — || ——yUsin@ |=——+ ———yU siné |.
b [61‘ 4 ax}{at 4 } PR ax{a; 4 } (16b)

Applying surface integrals (m, = IA pydA, ) to Egs. (16), the viscosity terms were derived and added to the
f

equation of motion.

Fig. 3
The control volume of fluid flow at downstream Y-junction.

2.4.2 Fluid flow at downstream Y-junction

On the other hand, tensile forces along the axial and transverse directions (F Y and F) ) exert to the Y-SWCNT due

to the fluid flow at the Y-junction. In order to obtain work done by these forces, the famous momentum equation for
the incoming fluid flow at section 1-1 and out coming fluid flow at sections 2-2 and 3-3 is used according to Fig. 3:

F, = pr 03U ™), +pr2(U*2)x -pr 0 (U*l)x =2Psz(U*2)x —pr Q1 (U*l)x -

(o) ~ma”), =pa(v?) -07), )-aer(v?), -),)

F, :PfQ3 (U*3)y +pr2 (U*3)y —pr1 (U*l)y :pr3 (—U*lsin¢)x +pr2(U*1sin¢)x _0,

(17a)

(17b)
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where QO; (i =1,2,3) is the volume flow rates. Also U™ (i =1,2,3) and U’ (i =1,2,3) are the mean flow

velocities at the relevant section with and without slip boundary conditions, respectively. Using Egs. (17), the work
done by the fluid flow at the downstream Y-junction can be written as:

1L 2 *w
Vie =5, m () (1-cosg) " wax. (18)

2.4.3 Magnetic field

The governing electrodynamics Maxwell equations for a perfectly conducting, elastic body are given by
Ghorbanpour Arani and Amir [39]. Imposing a magnetic field vector in longitudinal direction H= (H . ,0,0),

assuming , therefore the Lorentz body force can be obtained as [39]:

- - o'w
Enzn(‘le)jEnanf[axzj' (19)

Finally, the works done by the longitudinally magnetic field is written as follows:

1L ow
Vm :E 0 {—ﬂAtHf [ynwdx (20)

2.4.4 Nonlinear Visco-Pasternak foundation

Based on nonlinear Visco-Pasternak foundation, the effects of the surrounding elastic medium on the Y-SWCNT are
considered as follows [34,35]:

V, :lJ.L[—kww +GVw —CM]WdX, (21)
270 ot

where k is the spring constant of the Winkler type, G is the shear constant of the Pasternak type and c is the
nonlinear damper modulus which is defined in Eq. (46).

2.4.5 Surface effects

Since at nanoscale problems the ratio of surface-to-volume becomes significant, the effects of surface layer cannot
be ignored. On the other hand, in this study an additional bonded thin surface layer (outer layer) is encompassed the
Y-SWCNT for modeling the Y-SWCNT properly. For the surface of elastic material, the following basic relation
can be written as[40]:

or
fup =100+ 2 (@r=12), @)

Eaﬂ

where 7,5 is the surface stress tensor, y is surface residual energy in the absence of external loading and surface

deformation and 7~ denotes the induced surface energy. Applying the Hook’s law in the Eq. (22) yields the
following stress-displacement relation as [40]:

Tap =165 + 2" 69y 0p + 210 £qp. (i, =1.2.3), @y
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In which A° and g’ are the Lame constants of surface material, and 7 denotes the surface residual stress. The
generalized Young-Laplace equation can be written in the cases with zero thickness as follows:

Aal»jninj =TopKap (24)

where Aoy; is the stress jump across each external interface surface, n; is the unit normal vector and x4 is the
curvature tensor.

It is assumed that the thickness of the surface layer #° is much smaller than the thickness 4, and inner radius
R; of Y-SWCNT. It is assumed that the thickness of the thin surface layer approaches zero; hence, the Laplace-
Young equations [29] can be used to express the surface residual stress as:

7. =47,R ﬂ
xz 0" o 6x2’ (25)

In which 7z, is the residual surface tension. Also, the work done by the resulting distributed transverse loading
induced by surface effects can be written as follow:

1L o'w
V, :EIO 47,R,—wdx. (26)

ox?

Considering the additional axial flexural rigidities due to outer surface layer and using the composite beam
theory [41] yields the effective flexural rigidity as:

(EA) =EA +2E° 2R, (272)

(EI,)* =EI, +E*7h*R], (27b)
where E°® and E is the Young’s modulus of surface layer and Y-SWCNT, respectively.

2.5 Hamilton’s principle

The motion equations of embedded Viscoelastic Y-SWCNT conveying viscous fluid can be derived using
Hamilton’s principle as follows:

, 28
[[6(U-K ~K, ~K, -V, -V, -V, -V, ) =0. (28)

Therefore, the motion equation for transverse vibration of an embedded Y-SWCNT conveying viscous fluid flow
is derived as:

o’M o'w o'w o'w
- p™ > +(mr +m, +mﬂ,5(x —L)+mt,5(x —L)) 52 +2U (mf +mﬂ,5(x _L))atax cosf — uA, m
3 2 2
—uAU 6w3 cos@+U (mf +mfp5(x —L))axw2 a_v:sinﬁ—U (mf +mf85(x —L)) 6va2 a—L;COS(g 09
u . o'w ow . EA 0w cifow Y
+U (m/ +mfe§(x _L))axat SInH—(plll +pflf )W—ﬂAfU(axz )2 Slne—zax—zj-o [gj dx

2
+(k,w —GVWw +c aal+ m/U2 cos@—m/Uz(l—cos¢)—77HX2A —4TR0)Z—W2:O.
t : X
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3 NONLOCAL ELASTICITY THEORY BASED ON KELVIN’S MODEL

Based on nonlocal elasticity theory, the stress tensor at a reference point depends not only on the strain components
at the same point but also on all other points of the body. Therefore, The constitutive equation of the nonlocal
elasticity can be written as [3]:

(1—(«30a)2 VZ)G"I =o', (30)

where V? is the Laplacian operator in the above. Based on Kelvin’s model on elastic materials and EBB
assumption, Eq. (30) can be rewritten as follows:

o —ezazﬁzo-” =E|1+ 9 6—u—z—azw +l %2 (31)
w TG4 a0 S lax ‘a2l ) I

where E and g are the Young’s modulus and damping coefficient of Y-SWCNT, respectively. Also o, and &,

are the longitudinal stress and strain components, respectively. Using Egs. (5) and (31) yields the force and moment
resultants as follows:

0°N Ou o’u
N, —eja’——~=EA’'—+EA" ,
O oy ox & oxar (322)
o'M ow ow
M —eja’ L =—FE]" —EI’ ,
x 64 T o2 8 ox o1 (32b)
where the additional axial (EA )* and flexural (EI p )* rigidities can be obtained from Egs. (27).
4 MOTION EQUATIONS
The following non-dimensional parameters can be defined for generality of the solution as:
— E'm*R} _ 4R 2E*t* Ry ~ _ K,L' - AL
U N LV I LA 0 ,G:G,KW: L S
L L El, AE E(R,>-R;%) AE El, 1,
— Me s _ EI, 1 me - My, — My, + M,
U= |1v'Lg=¢ | ———.B= By = e = ; (33)
El, me +m; L me +m; L\/m% +mym, L\/mf +m,
_ ,ueAt - _¢€oa s 2 El, t 5= ol +pply g - 1 2

cL —
7t = ) 5 _77 .
J(mf +m; )EI, me +m 12 LZ(mf +mt) A x

Substituting Egs. (32) into Eq. (29) and using Eq. (33), the following dimensionless motion equation for
transverse vibration of Y-SWCNT can be written as:

© 2014 TAU, Arak Branch



A. Ghorbanpour Arani and M. SH. Zarei 182

6 5 5 _
_o OWwW — 2 N\ 5 W _p_ _\ = OW
oe, at_26x_4 |: (l+h)—en,ue (1+8)\/E:|af4at_ e, H, (1+6)UXT_
2,0 | B +B; 6(F-1) | o -[G+&) (1+ Bes(7-1)) ] o,
" ! or o> m e ox20r
_ _ | _ _ 1/ A \2 4 —
1+h—e‘n2[U2cos¢—§(Hx (1+8)+7+G +l(1+§)j [aﬂ_j J] ow _
2 0\ Ox ox
- (34)
= o s —08(F-1)] 8 _ 2
_,ue(l+5)\/E+enc s BT —— |1 g),ueU?+[l+ﬁ_’feé'(x )]+
—\2 2
=2 21 7 N - = 1, _rlfow _| 2z |0W _0o _
_E|H, (1 —(1 W ar |-e2k MK
U~ cosg f{ o +5)+2'+G+2( +€).|.0[a)?j xJ i W]afz S

2o(=— 2
N Y N P G e
U {\/ﬂ +ﬂf 5(x 1) e, ,Bf p ]at_ax_ =

5 SOLUTION METHOD
5.1 Galerkin method

In this article, the Galerkin method is used to convert the Eq. (34) into an ordinary differential equation form. The
dimensionless transverse displacement can be assumed as:

N
WD) =Y T (1), (35)
i=1

In which T; (t_ ) is the dynamic response of the Y-SWCNT and ¢; (x_ ) is the orthogonal function which should

satisfy the boundary conditions. For the mechanical clamped-free boundary conditions assumed in this paper, one
can consider the following equation as:

sinh 4; —sin 4;

o ()?):sin(ﬂif)_Sinh(ﬂi"_)Jrcoshﬂi +cos 4,

[cosh (4 %) —cos(4¥)]. (36)

In which 4; is the dimensionless fundamental frequency.
Also for different boundary conditions, the following equation may be used:

o*o.
i~ ate;. 37)

o4

The C-F boundary conditions at both ends of Y-SWCNT are written in dimensionless form as [42]:

09 (0) _, Pp () _ g (V)

. (0) =
nO== ox 2 o

0. (38)

Furthermore, the nth derivative of Dirac-delta function s () in Eq. (34), can be eliminated by applying the
following property as:
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X 0 Otherwise

[ 6)o") (v —xg)n :{(_l)n ¢ (xg) if ¥y <xg<xs 9

Substituting Eq. (35) into Eq. (34), applying Eqs. (36) to (39), multiplying the obtained relation by ¢; and

integrating over the length of the nanotube yields:
[M]@Jr[c]ai_w[lf]n +[N 1 =0, (40)
ot ot

where [K], [C], [M] and [N ] are the linear stiffness matrix, damping matrix, mass matrix and nonlinear

stiffness matrix, respectively.

5.2 Homotopy analysis method

In this section, an introduction about a general analytic method which is called (HAM) is presented. HAM basically
aims to solve nonlinear ordinary differential equations by transforming a nonlinear problem into an infinite number
of linear problems.

Consider the following relation which is was constructed by Liao [43] as:

I—Y((D,q,h,H (‘[))=(l—q)L[(D(r,q)—uo(T)]—qhH (‘[)N [@(r,q)], 41)

In which @ is a function of 7 and g, & is a non-zero auxiliary parameter, H (r) is a non-zero auxiliary function

and L is an auxiliary linear operator. Also ¢ is an auxiliary parameter increases from zero to one. It is worth
mentioning that the solution varies from initial approximation to the exact solution as g increases from zero to one.

Setting H (@,q,h,H (r)) =0, the following equation can be concluded as:

(l—q)L [@(r,q)—uo(z')J:qhH (T)N [@(r,q)]. (42)
The initial conditions of Eq. (42) can be assumed as:

d®(0,q)

D(0,g)=a,
(0.q)=a.—

=0. (43)

On the other hand, applying Taylor’s theorem yields the following expansions as:

o0 61’)’1@ , 0
@(r,q)z@(r,0)+z 1'# q" :uo(z')-i-Zum (r)q™, (44a)
m=1 oq =0 m=l1
a)(q)=w0+z—'# q" :a)0+Za)mqm. (44b)
m=1m' aq m=1
q=0

According to this method, Eq. (40) can be rewritten for the first mode (N =1) as follows:

MT +CT +KT +NLT > =0. (45)
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In this study, the surrounded elastic medium is assumed to be nonlinear; therefore, the nonlinear damper
modulus of elastic medium (c) mentioned in Eq. (21), is considered as the following form:

c=cy +62T2. (46)
Therefore, one can rewrite matrix [C i J in Eq. (40) as follows:
C:[Ct'j:|:C11:C1+C2T2’ (47)
In which:
CI:[§(1+E)—E,$ﬁe(1+§)f] 2Ufj 3¢ldx — 1, (1+2)Ber
(48a)
1
—l (1+€) UJ- _(Pldx +2U\/>b11+2Uﬁf o )¢1(1) @rer — 1y,
Cy =(@2c) — DT 2. (48b)
Therefore, one can rewrite Eq. (45) as:
(49)

T"+(C1+C2T2)T + QM + 3, T3 =0,

where 2, =K/M,0,, =NL/M,C, =C,/M and C, =C,/M . Introducing z=w and T (t)=u(r), Eq. (50) can
be concluded from Eq. (49) as:

o (c)=f [u(7).an'(z). 0%’ (7) ] (50)
with the following initial conditions:
u(0)=au'(0)=0, (51)

where a and @ are the amplitude and frequency of motion.
Since free vibration of a system is a periodic motion, the following base functions can be assumed as [44]:
o0

{sin(mz'),cos(mr) m=12,3,. z (cx sinmz+d; cosmz), (52)

In which ¢, and d, are unknown coefficients. Choosing the following initial guess of u (z-) for zero-order

deformation equation , the initial conditions are satisfied, therefore:

uo(r):acosr. (33)

Based on the relation presented in Eq. (52), the auxiliary linear operator L can be chosen as:
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L[¢ z’q] %[% @(r,q)]. (54)

Also the nonlinear operator can be defined from Eq. (50) as follows:

6 CD(Tq) 6@(Tq)

N[o(ra).ola)]=o" f[ () ola) 2 o2 ) 21 | 9

@ (2.0) =ug (1), (0) = ay. (56)

It is while when ¢ increasing from zero to one, @ (z’,q) varies from initial approximation (z’) =acos7 tothe

exact solution u (z’) and also @(r,q) changes from initial approximation @, to the exact value of frequency.

Using Eqgs. (44) and (56) yields the following relations as:

@(r,q)=u0(7)+2um (r)qm,a)(q)za)o+2a)mqm, (57)
m=1 m=1
In which:
1 0"@(r,q 1 w(q
ty (7) :ﬁa—(m) : —%a—,,(l) (58)
S A bag™ |

Differentiating Eqs. (42) and (43) m times with respect to the g and setting g =0, yields the m-order
deformation equation as:

L[ty (2) =% ity 1 (7) | = hH (2) Ry, (i1 1> B )- (59)

with the following boundary conditions:

, 0 m<l
“m (0) = O tom (O) =0 = 1 otherwise (60)
also,
) 1 d"'N[@(r.q).0(q)]|
Rm( Uy 15Dy — l) (m_1)| dqm_l ‘ m 1_{’40,1/1171427 m l} (61)
q=0
By = {00, O, 0.0, 1}
Considering Eq. (52) , the following relation may be obtained as:
m
Ry (i —1>@—1) = Db (Bpytotig—1 ) €08 (20 4 1) T4y (Bpyyotiyyy )sin (20 +1)17. (62)

n=0

Using nonlinear operator from Eq. (55) , the following relation may be written as:
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82u (z‘,q) +C1a)(q) ou (T,q) +C2(0(q )uz(r,q) 6214 (T,q)

N [u (T,q),a)]za)Z(CJ) 812 r 512

+_(22u(r,q)+Nu(T,6I)~ (63)

Using Eqgs. (61) and (63) ,the following equation can be expressed as:

m—1 m=1 n m—1
Ry Gty 126ty 1 Oy ) = - 1_1)!>< 0 N;:Enr,_ql),a)(qn‘qzo _ Z(ij X Oy M —1—p +C1 % Z(a)i XUy i)
m=0 j=0 i=0
m-=1 n i m—n-1 m=1 n (64)
+Cp x Z(Zw”_i xZui_r)x z Uj XUy | +§22xum_1+N X Z(Zuj XUy ) XUy -
n=0 i=0 r=0 j=0 n=0 j=0

It should be noted that the secular terms will appear in the final solution if the coefficient of sinz and cosz set
to zero. Assuming u,, (r) =acos7 in Eq. (64) the following equation can be obtained for R, as:

Ry = (~a*gag + Q%ap + %N 3ag) cos(r) + (—Caxag — iCza)oaf;o) sin(z) + iNa% cos(37) - iCza)oa% sin(37). 65)
Setting the coefficient of sinz and cosz to zero, yields the following relations:

—Cwpag —iCZa}oa% =0, —w20a0 + Qzao +%N 3a0 =0. (66)
Solving Egs. (66) results:

ay =+2 —%, o =%\/492 +3Na?) — @y = |QF ~3N g—; (67)
In which C,C, <0. Using Egs. (59) and (60), one can obtain the following differential equation as:

h ”
—2R1, ul(O):al,ul(O)zo. (68)
@0

u{(r)+u(r) =

Form Eq. (68), u, () can be derived as:

2 3 3 3
. 1 32aq1071 + ha”gN 1 ha oC» . 1 ha ogN
sin(7) + ————————cos(7) + —————=sin(37) + — cos(37).
(7) 3 () 2 (37) 2 (37) (69)

COZO a (2N}

3 ha’yCy
@

ui(r) = —3*2

In order to obtain the coefficient a,, R, may be written as follows:

R, = a)zoul”+ 2oy +Craguy +Cranug +2C yaguqugu +Cou zoa)lu() +CoHu 20500141’ + Qzul +3Nu 20141. (70)
Therefore:
Ci
- CN 2, 202 2
p lh C2 o 1]’1 C] (C2 Q —3C1C2N +9N °)
L= . | =—— .
4 3C|N —Q2C2 16 (QZC2+3C1N) « _—QZC2+3C1N 71
C2 C2
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Substituting Eqs. (63) and (71) into Eq. (69) yields u,(z) . Also, the higher order approximations can be obtained
similarly. For the second approximation, first u, (1) should be derived from Eqgs. (59) and (60) as:

" h '
Uy +I/t2 :a)—2(R1+R2), u2(0):a2,u2(0)=0. (72)
0

Using Eq. (64), one can obtain the following relation for R, as:

R3 =2myapu) +w2lu6 + 20 wpu{ + w20u§ +Cmgug +Craqu; +Cragus +Cormuu 20 +Crouqu 20 (73)
+2C yuguiy +Coogusu 20 +2C g uguy +C i 21 +2,Crmpugugiy +Q2u2 +3Nu 21u0 +3Nu 20u2.

Setting the coefficients of sinz and cosz to zero, the following equation may be obtained as:
1 C

ay =——| Cyh |-=L (216N 3C}? +171C*hN 3 —129N 2C,Q°C,h

64 C,
~144N 2C,0%C, +10N 2C ik +24N 2C k +12NhCHC 2k —8NhC,Q%k —8NC,Q%k (742)
+24ANC,20% +24NC Q% — 4nC,%C 0%k )]/[k (c2294 —6C,Q°C\N +9N 2C,? )}

Ci*h 3.3 24y~ 2 2y~ deyd 6 4 22, ~ 3yd
[29) 2—5[3241\’ Cl Czhk —-9N Cl hC2 k _Cl hC2 Q% +356Q2 C2 hNC1—1494N Cl hC2 Q™ +
2808N 3CPhC,2Q? +18NCPC, 0t — 54N 2014, 3h0? ~891IN *hCy*k + 324N 3hC €202k +7776N OC -
288N 205¢, — 32080, +5508N 3¢ 3k +2592N 30,0,2Q* - 288N 2Q5¢ ) h - 7776N “0%C,2C, +
384NC1Q0C,* —1998N *hC Ay + 54N 3CPCH2h - 20, 2C 0000 — 216N 2C2Co*h 0%k +6NCPhC Q0% + (74b)
36NCOCH hk +3456C,2N 3202 —2592N 4Ci*C, — 6264N 4C,2CHh Q7 +2340C,°N 30,04 - 3208¢,°
_1728N 2C12C23Q4J/

_ 02
[Cz (—Qﬁc23 190%C,%C\N 270N 20%C 2 + 27N 3¢ 2y x (—Q2Cy +3NC)) _QCé+3NC1]
2

in which:

-0°C, +3C|N
k = \/—% x\/—Cz(—QZCZ +3CN). (75)
2

Therefore, u, (7) is obtained as follows:

3 hky . 2 h .
Uy =— sin(7) + 8a,w”( + hk, |cos(r) ————|k;sin(37) + k, cos(37)|,
0)20 8(020 |: :| 8(020 [ ] (76)
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ey = S [12C oy Nhag +4Q%haiCray —96C ra5 iy —36C ,ag@ph —32C ,apma —32C,ayaql, (772)
128
oy =1 [-3N 2hag +96Naga @ +36Nhaja) —4Q7Nhag —3C aghag +12C\hCarajaq +32Na3 @) 1. (771

128

6 NUMERICAL RESULTS AND DISCUSSION

Based on the HAM, the nonlinear frequency and critical fluid velocity of the embedded Y-SWCNT are obtained in
this study. The dimensions and properties used in numerical results for Y-SWCNT are taken as follows [33]:
Young’s modulus of E =1TPa , the inner radius R; =3.4nm , the thickness #, =0.34nm and =05,/ =0.01

and f;, =0.02. The harmonic time history of the dimensionless transverse displacement of the Y-SWCNT is

shown in Fig. 4. The results of the HAM are validated with Runge-Kutta method and good agreement can be seen
between them.

Influences of surrounded elastic medium on the dimensionless natural frequency of the Y-SWCNT are depicted
in Figs. 5 and 6. From Fig. 5, it is observed that the dimensionless nonlinear frequency is increased with increasing
the elastic medium constants. It is due to the fact that increasing the elastic medium constants increases the stiffness
of the structure which yields higher nonlinear frequency values. It is worth mentioning that Pasternak foundation is
more effective than Winkler foundation in order to enhance the stability of the nano-tube. This is due to the fact that
the Winkler foundation describes the effect of the normal stress of the elastic medium, while Pasternak elastic
foundation describes the effects of both tangential and normal stresses of the elastic medium.

o Fung Kutta
i Homotopy

Fig. 4
Time history of the dimensionless transverse displacement
obtained from HAM and Runge-Kutta method.
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The nonlinearity and damping effects of Visco- Pasternak elastic medium is demonstrated in Figs. 6. It is seen
from Fig. 6(a) that increasing the absolute value of C; increases the maximum and minimum values and also

decreases the period of u. Fig. 6(b) depicts the effects of C, . It can be observed that results concluded from C, are

different from those obtained from Cy. Increasing the values of C, decreases the absolute values of maximum and
minimum of u.
Variation of dimensionless nonlinear frequency versus the parameter S for different values of dimensionless

fluid velocity is illustrated in Fig. 7. It is seen that dimensionless nonlinear frequency of Y-SWCNT decreases as the
dimensionless fluid velocity increases. Also, it can be found form Fig.7 that increasing S decreases the

dimensionless nonlinear frequency. Therefore, one can say that as the mass of fluid is increased the frequency of the
Y-SWCNT decreases and the system becomes more unstable.

The effect of (Kn) on the dimensionless nonlinear frequency of the Y-SWCNT is demonstrated in Fig. 8. It is
shown that the frequency is significantly influenced by the Kn and the small-size effects of the flow field on the
stability characteristics of the nanotubes cannot be ignored. As can be seen, the nonlinear frequency, therefore, the
stability of the system is decreased with increasing the (Kn). Moreover, increasing the nonlocal parameter decreases
the dimensionless nonlinear frequency. This is because increasing the nonlocal parameter implies decreasing
interaction force between nanotube atoms, and that leads to a looser structure.

T T T =T 1.5 T T T T T T T T T
ﬁ —p— Rumng 1(||1lz-(1|= =5{) ® . —p— Rung Klﬂlz-(.‘flﬂﬂ
£ % Homotopy-C,= -50 L ;o
o Rung Kutta-C = -100 L, B
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& F-ungKuﬁa-Cz 200
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-2 1 w 1 1 1 2 1 1 -1.5 1 1 1 1 1 1 1 1 1
0 0.08 0.1 012 014 0.16 018 02 1} 0.0z 0.04 0.06 0.08 01 012 0.14 0.16 018 02
“Time (1) Time (1)
(@ (b)

Fig. 6
a) Time history of the dimensionless transverse displacement obtained from HAM and Runge-Kutta method for various C;

values. b)Time history of the dimensionless transverse displacement obtained from HAM and Runge-Kutta method for various
C, values.
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In realizing the influence of the angle between centerline of the CNT and the downstream elbows, Fig. 9, shows
how dimensionless natural frequency changes with respect to the . When ¢ =0, one can assumes the Y-SWCNT

as a cantilevered nanotube without any junction and therefore the fluid goes straight along the length of CNT. As the
angle between centerline of the CNT and the downstream elbows increases the frequency of the Y-SWCNT
increases which means the system becomes more stable. Fig.10 depicts the dimensionless nonlinear frequency with
respect to the strength of dimensionless longitudinally magnetic field for various dimensionless fluid velocities. It
can be found from Fig. 10 that increasing the strength of magnetic field increases the nonlinear frequency of the
system linearly. Therefore, the system becomes stiffer more stable with increasing the strength of magnetic field.
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Fig. 11 illustrates the velocity of each point with respect to its position for different values of angle between the
centerline of carbon nanotube and the downstream elbows. It is seen that increasing the angle between the centerline
of the CNT and the downstream elbows increases the velocity of each point.

Effects of the auxiliary parameter 4 on the dimensionless amplitude are illustrated in Fig. 12 for different order
approximation of HAM solution. As can be seen, the dimensionless amplitude becomes dependent of % values with
increasing the order of approximation. It is also found that for near —1<h <—0.5, dimensionless amplitude
converges to the same value.

7 CONCLUSIONS

Based on nonlocal elasticity theory and EBB theory, the vibration behaviors of an embedded Y-SWCNT conveying
viscous fluid were studied. The small-size effects and slip boundary conditions of nano-flow through (Kn) were
considered. The Y-SWCNT was subjected to a longitudinally magnetic field and also was surrounded by a nonlinear
Visco-Pasternak foundation. The Galerkin method as well as HAM was applied to solve the differential equation of
motion. The time history of the Y-SWCNT was shown using the HAM and Runge—Kutta methods. The following
results may be obtained from this study:
e Implementing nonlocal elasticity theory decreases the nonlinear frequency; therefore the small size effects
cannot be neglected.
e Increasing Winkler and Pasternak constants increases the stability of the system.
e Results indicate that the stability of the system is significantly influenced by the (Kn) of fluid flow. The
nonlinear frequency of the system decreases with increasing (Kn) of fluid flow.
e The Y-SWCNT becomes more stable by increasing the angle between the centerline of the CNT and the
downstream elbows
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Increasing the absolute value of C; increases the maximum and minimum values and also decreases the
period of u.
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