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ABSTRACT
In this paper static and dynamic responses of a fixed-fixed microbeam to electrostatic force and
mechanical shock for different cases have been studied. The governing equations whose solution
holds the answer to all our questions about the mechanical behavior is the nonlinear elasto-
electrostatic equations. Due to the nonlinearity and complexity of the derived equations analytical
solution are not generally available; therefore, the obtained differential equations have been solved
by using of a step by step linearization method (SSLM) and a Galerkin based reduced order
model. The pull-in voltage of the structure and the effect of shock forces on the mechanical
behavior of undeflected and electrostatically deflected microbeam have been investigated. The
proposed models capture the other design parameters such as intrinsic residual stress from
fabrication processes and the nonlinear stiffening or stretching stress due to beam deflection.
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1 INTRODUCTION

ICROELECTROMECHANICAL systems (MEMS) are increasingly gaining popularity in modern

technologies, such as atomic force microscope (AFM), sensing sequence-specific DNA, and detection of
single electron spin, mass sensors, chemical sensors, and pressure sensors [1-4]. MEMS devices are generally
classified according to their actuation mechanisms. Actuation mechanisms for MEMS vary depending on the
suitability to the application at hand. The most common actuation mechanisms are electrostatic, pneumatic, thermal,
and piezoelectric [5]. Electrostatically actuated devices form a broad class of MEMS devices due to their simplicity,
as they require few mechanical components and small voltage levels for actuation [5], which the electrostatic
actuation is inherently non-linear. Microbeams (e.g., fixed-fixed and cantilever microbeams) under voltage driving
are widely used in many MEMS devices such as capacitive micro-switches and resonant micro-sensors. These
devices are fabricated, to some extent, in a more mature stage than some other MEMS devices. Fixed-fixed
microbeams due to their high natural frequencies are widely used in resonant sensors and actuators. One of the most
important issues in the electrostatically-actuated micro-devices is the pull-in instability. The pull-in instability is a
discontinuity related to the interplay of the elastic and electrostatic forces. When a potential difference is applied
between a conducting structure and a ground level, the structure deforms due to electrostatic forces. The elastic
forces grow about linearly with displacement whereas the electrostatic forces grow inversely proportional to the
square of the distance. When the voltage is increased the displacement grows until at one point the growth rate of the
electrostatic force exceeds than the elastic force and the system cannot reach a force balance without a physical
contact, thus pull-in instability occurs. The critical voltage is known as “pull-in voltage”. Some previous studies
predicted pull-in phenomena based on static analysis by considering static application of a DC voltage [6-9].
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Mechanical shock is one of the most critical parameters which is directly related to MEMS reliability, so it must
be studied sufficeintly. MEMS devices can be exposed to shock during fabrication, deployment and operation. Some
problems such as cracking, chipping and fracture due to mechanical shock which have dramatic influence on
reliability and so long term stability of these kind of devices and it can also cause damage due to severe motion of
portions of the device, which may lead to mechanical and/or electrical failure [10]. Mechanical shock loads can
cause microstructures such as microbeams, to hit the stationary electrodes underneath them, causing stiction [11]
and short circuit problems [12] and hence failure it. Failure in MEMS devices can occur through stiction and electric
short circuits due to contacts between movable and stationary electrodes. The most cases of MEMS devices are
fabricated of silicon or polysilicon, so, they have high toughness against stretching stresses due to shock loads. But
when they hit substrate, they can be broken due to the contact stresses. A shock can be defined as a force applied
suddenly and over a short period of time relative to the natural period of the structure [13] and a shock load pulse
can be characterized by maximum value, duration and shape. MEMS devices response to mechanical shock has been
studied by several researches. The response of commercial accelerometers to shock loads has experimentally been
studied by Beliveau et al. [14] and reported some unexpected results. Brown et al. [15] subjected commercial
accelerometers and a pressure sensor to high-tests. They could not receive suitable results and suggested that an
improved dynamic model of MEMS devices under shock load is needed. Lim et al. [16] studied the effects of shock
on a MEMS actuator using the FE software ANSYS. Wagner et al. [17] studied the response of a MEMS
accelerometer to a shock load induced by a drop test. They used the linear beam theory, for rough estimations and
FE analysis to calculate the stress history of the device during impact. Fan and Shaw [18] simulated the response of
a comb-drive accelerometer subjected to severe dynamic shock loads in all directions using an FE model in software
ABAQUS. They remarked that this problem requires a highly non-linear transient dynamic analysis, which is
computationally very expensive. Li and Shemansky [19] studied the motion of MEMS accelerometers during drop
tests. They used a single-degree-of-freedom (SDOF) model and a continuous system beam model to account for the
flexibility of the structures and calculated their maximum deflection. Srikar and Senturia [20] modeled
microstructures using an undamped SDOF model attached to an accelerating base. Yee et al. [21] and Millet et al.
[22] analyzed the behavior of fixed-fixed microbeams under shock loads. They used a linear beam model for small-
deflection cases and Raleigh-Ritz technique for large-deflection cases and indicated that their solution is not
numerically accurate even for small deflections. Tas et al. [11] identified electrostatic and acceleration forces during
shock as two possible causes of the contact of the microstructures during the operation of the MEMS devices, but
they did not study the simultaneous effect of electrostatic forces and mechanical shock loadings. Coster et al. [23]
modeled the behavior of the RF MEMS switch actuated by an electrostatic force subjected to shock using a SDOF
model. From the aforesaid background, it is understood that there is an insufficiency in the study of MEMS devices
response under simultaneous effects of the electrostatic forces with mechanical shock loading.

In this paper Galerkin based step by step linearization method (SSLM) and reduced order model, have been used
based on a continuous beam model to investigate the static and dynamic response of MEMS devices employing
fixed-fixed beams. Initially, it is focused on the static electrostatic loading considering the effects of stretching and
residual stresses and investigating the static pull-in of the structure. Next, the dynamic response of an
electrostatically deflected microbeam under different shock types with different shock durations and amplitudes is
studied. It is presented as a complete solution for the shock problem of a fixed-fixed microbeam for the cases of
half-sine shock pulse, saw-tooth shock pulse and rectangular shock pulse. Also combination of electrostatic force
and half-sine shock pulse on the shifting of the pull-in voltage has been studied.

2 NONLINEAR DISTRIBUTED ELECTROMECHANICAL COUPLED MODEL

Fixed-fixed microbeams are of primary interest here (see Fig. 1) that the work is easily extendable to cantilevered
beams. Capacitively-actuated microbeam is a suspended elastic beam with an applied electrostatic force. The device
consists of a plate, called the ‘“beam’’, suspended over a dielectric film deposited on top of the center conductor and
fixed at both ends to the ground conductor. When a voltage is applied between the beam and substrate, the attractive
electrostatic pressure pulls the beam down towards the dielectric film. The dielectric film serves to prevent stiction
between the beam and substrate, and yet provides a low impedance path between the two contacts.
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Fig. 1
Schematic view of an electrostatically actuated fixed-fixed
microbeam.

The governing equation of motion for the transverse displacement of the beam w(x,¢) actuated by a mechanical

shock and an electrostatic load of voltage V' is written as:

4 2 2
LTI Gt N ) o
ox ot o 2\d-w(x,t)

where E is dependent on the beam width b and film thickness & . A beam is considered wide when b > 5h . Wide

beams exhibit plane-strain conditions, and therefore, E becomes the plate modulus E/ (1-0?), where E and v are

the Young’s modulus and Poisson’s ratio, respectively. A beam is considered narrow when b < 5h . In this case, E
simply becomes the Young’s modulus, E. [ = (bh3/12) is the effective moment of inertia of the cross-section
which is wide relative to thickness and width, p is density, & and d are the dielectric constant of the gap medium

and initial gap, respectively. The microbeam is subject to a viscous damping, which can be due to squeeze-film
damping. This effect is approximated by an equivalent damping coefficient ¢ per unit length [9], a is the package

acceleration created by a mechanical shock force due to dropping of the package (a = a,g(¢)) where q, is the
amplitude of the shock pulse and g(¢) is the shape of it. The fixed-fixed beam’s boundary conditions are given by:

w(0,2) =w(L,t) =0, @(0, )= @(L, =0 2)
ox ox

2.1. Stretching Stress Effect

Fixed-fixed microbeams represent an example of microstructure suffering from the geometric nonlinearity mid-
plane stretching. When a beam is in bending, the actual beam length L' is longer than the original length L ,
although there is no displacement in the x direction at the beam ends. The actual length along the center line of the
beam is calculated by integrating the arc length ds along the curved beam based on the cubic shape functions for
small deflection of beam, w(x):

L'=I0ilszJ‘0L1,1+(%)2dx 3)

Considering L >> w, hence (dw/ dx)? <<1, as a result, the elongation is approximately given by:
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2

1 (L dw
AL =~ —J. — | dx

2o [dxj “)
Therefore the stretching stress and force is given by:

O'a=£ dw dx, and N, =bho,
2L Jo \ dx

©)

2.2. Residual Stress Effect

Residual stress, due to the inconsistency of both the thermal expansion coefficient and the crystal lattice period
between the substrate and thin film, is unavoidable in surface micromachining techniques. Accurate and reliable data
for residual stress are crucial to the proper design of MEMS devices that are related to these techniques [24, 25].
Considering the fabrication sequence of MEMS devices, residual force can be expressed as:

N, =o,(1-v)bh (6)

where o, is the biaxial residual stress [26], and v is the Poisson’s ratio. Assuming the stretching and residual
stresses effects, the governing differential equation takes the following form:

4 2 2 2
EIa Zv-l—pbh 0 Y _a +c@—[Na+N,.]a—V::ﬁ v 7
ox ot ox 2 \d—w(x,t)

For convenience in analysis, this equation must be non-dimensionalized. In particular, both the transverse
displacement, w, and the spatial coordinate, x , are normalized by characteristic lengths of the system and the gap

size and beam length, respectively, according to: w=w/d and x=x/L . Time is non-dimensionalized by a
characteristic period of the system according to: £ =¢/t* with £ = (pbhL’ / ED"?.
Substituting these parameters into Eq. (7), the following nondimensional equation is obtained:

o W Lo [o . o 10 v oY .
+—+c——[N,+N =a — | +a,glt
ax* ot o . EP T S :5(1) ®

The non-dimensional parameters appeared in Eq. (8) are:

6eL’ _12pa,l’ 12cL’ g I2N I g - I2N, L’

G ===, C=a—v = , ==
YERD : Ebh® Ebh’ ©)

Edh* Ebh’t"’ “

3 NUMERICAL SOLUTIONS
3.1. Static Analysis

In the static analysis there is no exist time derivatives and the shock forcing term, so using Eq. (8) the governed
equation describing the static deflection of the microbeam can be obtained as follow:
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4 2.A 2
L(wS,V):dd;“‘—[NaH\"/]dWs_al( v J:o (10)

where the W (X) for fixed-fixed end microbeam must be satisfied same boundary condition as mentioned in Eq.

(2). Due to the nonlinearity of derived equation, the solution is complicated and time consuming. Direct applying
Galerkin based reduced order model create a set of nonlinear algebraic equation. In this paper we use a method to
solve it which consists of two steps. In first step, we use step by step linearization method (SSLM), and in second,

Galerkin method for solving the linear obtained equation is used. Because of considerable value of W respect to

initial gap especially when the applied voltage increases, the linearizing respect to W, may causes some considerable
errors, therefore, to minimize the value of errors, the method of step-by-step applied voltage increasing is proposed
and the governing equation is linearized at each step [27].

To use SSLM, it is supposed that the v?zf , is the displacement of beam due to the applied voltage V¥ . Therefore,
by increasing the applied voltage to a new value, the displacement can be written as:

W =W b =l +p(R) (11)
when
vEl =k sy (12)

Therefore, Eq. (10) can be rewritten as follow:

]dzwfn ( yrH ]2 (13)
1

rl ~ ~
de _Wf+1

4 K+l
L8 furew

a

By considering small value of 6V , it is expected that 7 would be small enough, hence using of Calculus of

Variation Theory and Taylor’s series expansion about Wk , and applying the truncation to first order of it for
suitable value of OV , it is possible to obtain desired accuracy. The linearized equation to calculate ¥ can be
expressed as:

(VF)? vksv

2 2

NG

4
L(W)=%—Nf+57\/a+N, - -

1

a—why . TNy (14)

s N

where variation of the hardening term based on Calculus Variation Theory can be expressed as:

w(x)dx

v, vh)

a

g2

(15)

By considering small value of SV and as a result w (%), multiplying éY\A/a to d’y /dx? would be small enough
that can be neglected. The obtained linear differential equation is solved by Galerkin based reduced order model.
(%) based on function spaces can be expressed as:

p(R) = a; ¢,(3) (16)

j=1
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where ¢,(X) is the ith shape function that satisfies the boundary conditions. The unknown (%) , is approximated by
truncating the summation series to a finite number, n:

v, (3) = a; ¢,(%) (17)

Jj=1

By substituting the Eq. (17) into Eq. (14), and multiplying by ¢,(x) as a weight function in Galerkin method and

then integrating the outcome from X =0 to 1, the Galerkin based reduced-order model is generated.

3.2. Dynamic Analysis

To study the fixed-fixed microbeam response to dynamic loading a Galerkin-based reduced order model can be used
[28]. Because of the non-linearity of the stretching and electrostatic force terms, direct applying of reduced order
model to dynamic equation (Eq. (8)) leads to generation of n nonlinear coupled ordinary differential equation and

consequently the solution is more complicated. To solve this difficulty, the hardening (I\Al ») and forcing terms in Eq.

(8) are considered a constant term in each time step of integration and takes the value of previous step. By selecting
small enough time steps this assumption leads to accurate enough results. Now Eq. (8) can be rewritten as following:

F(V,W,9) (18)

+—+C—F5— Na+Nr 5 =
ot o’ Ot ox*

o*'w ot .ow [: A}azw

To achieve a reduced order model, W(X,7) can be approximated as:

oo (19)
W& =D T ¢,(3)

J=1

By substituting the Eq. (19) into Eq. (18) and multiplying by ¢;(x) as a weight function in Galerkin method and

then integrating the outcome from X =0 to 1, the Galerkin based reduced order model is generated as:

D MT )+ Y CT )+ Y Ky + KT () =F, (20)
j=1 j=1

Jj=1

where M,C,K™and K“ are mass, damping, mechanical and axial stiffness matrices, respectively. Also F
introduces the forcing vector. The mentioned matrices and vector are given by:

1 1
M, = [ 49, i C; =] g i ij=1,....n

L . S S 1 - .
Kj = [ 49" ai Kj =N, + )| ho; i F= [ F (g db @)

Now, Eq. (20) can be integrated over time by various numerical integration methods where N , and W(X,7) in each
time step of integration take the value of previous step.
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4 NUMERICAL RESULTS AND DISCUSSION
4.1. Microbeam behavior under static electrostatic load

The pull-in results for a fixed-fixed microbeam obtained from our proposed method are compared with the results
predicted in [7] and [8]. The fixed-fixed microbeam’s geometric and material properties are given as follows [8]:
Young’s modulus E is 169 GPa, Poisson’s ratio is 0.06, width of the beam b is 50 um for the simple beam, beam

thickness £ is 3 um, initial gap d is 1 um, and the permittivity of air is 8.85 pF/m. The results of Tables 1 and 2

indicate that pull-in voltages calculated from the proposed method agree well with the results calculated from the
predicted results by GDQM algorithm [7] and the 2-D distributed model and the 3-D MEMCAD model [8].

4.2. Microbeam behavior under dynamic loadings

As a case study, the geometric and material properties of the fixed-fixed microbeam in all following sections are: the
length of the beam L is 900 um, the width of the beam b is 100 um, Young’s modulus E is 169 Gpa, the
thickness % is 1.5 um, the initial gap d is 2 pmand the permittivity of air & is 8.85 pF/m. The pull-in voltage of
this structure based on SSLM static analysis is 3.45 V that in the following sections, the pull-in instability based on

some other conditions has been studied.
4.2.1. Mechanical shock loading on the undeflected microbeam

In this section, the dynamic behavior of the microbeam under a shock load is studied. The shock profile g(¢) can be
approximated as a half-sine, a saw-tooth, or a rectangular pulse [29]. These pulses are expressed mathematically as:

For half-sine pulse: g(¢) = sin(%tj{H(z) -H(t- T)}

For saw-tooth pulse: g(t) = 2{r(t) =2r(t—=T/2)+r(t— T)}/ T
For rectangular pulse: g(¢)=H(t)-H(t-T)

where T is the shock duration and H(?) is the unit step function, and 7(¢) is the unit ramp function. The duration

of this pulse can vary from 0.1 to 1.0 ms, which spans all the possible durations of the shock pulse in the case of a
hard-floor drop test [29].

Table 1

Comparison of calculated pull-in voltages for fixed-fixed beams with L =250 gm

Residual Stress (MPa) 0 100 -25
V proposed model (SSLM) 39.42 57.65 33.49
V (GDQM) [7] 39.13 57.62 33.63
V (2D) [8] 39.50 56.90 33.70
V (MEMCAD) [8] 40.10 57.60 33.60
Table 2

Comparison of calculated pull-in voltages for fixed-fixed beams with L =350 zm

Residual Stress (MPa) 0 100 -25
V proposed model (SSLM) 20.12 36.02 13.53
V (GDQM) [7] 20.36 35.99 13.60
V (2D) [8] 20.20 35.40 13.80
V (MEMCAD) [8] 20.30 35.80 13.70
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Figs. 2a and 2b depict the time response of the microbeam under a 1000g half-sine shock pulse for the cases of
T =1.0 and T =0.1ms, respectively. In Figs. 2¢ and 2d, the micro beam is subjected to a 500g half-sine shock
pulsein 7=1.0 and 7 = 0.1 ms and in Figs. 3a and 3b a 1000g saw-tooth shock pulse is applied to the microbeam.
It should be pointed out that all above cases are in no damping case. Figs. 3¢ and 3d show the dynamic behavior of
the microbeam subjected to rectangular shock pulse in 7 =1.0 and T = 0.1 ms . With attention to the response of
the microbeam to shock load in 0.1 ms duration, which is close to the natural period of the microbeam, it can be seen
that the maximum amplitude of the microbeam is larger than that subjected to shock pulse in 1 ms duration. It is
noted that the maximum amplitude of the microbeam in rectangular shock pulse is larger than the cases of saw-tooth
and half-sine shock pulses but saw-tooth and half-sine cases are in the same range.

As mentioned in previous works [16, 29], the half-sine shape is a good representation for the shape of the actual
shock pulse. So, is assumed the shock profile to be a half-sine in the next sections. Figs. 4a and 4b depict the effect
of stretching stresses in the response of the microbeam versus shock amplitude in no damping case in two different
shock durations. It is noted that by considering stretching stress effect in the governed equation, the microbeam
deflection changes non-linearly with the shock amplitude and without this effect, it changes linearly. As shown, in
small shock amplitudes, the effect of stretching is negligible but in higher shocks this effect is considerable. In Fig.
5, the effect of residual stresses on the microbeam response to shock pulse is investigated. As seen, when the
residual stress increases, the microbeam becomes more resistant to shock because it gets stiffer. Figs. 6a and 6b
compare the response of the microbeam for different damping ratios in the case of 7 =1.0ms and 7 =0.1ms,
respectively.

/d

w
max’

(©) (d)

Fig. 2
Time history of undamped response of the microbeam subjected to half-sine shock pulse; (a): 1000g shock amplitude, T=1 ms;
(b): 1000g shock amplitude, 7=0.1 ms; (c): 500g shock amplitude, =1 ms; (d): 500g shock amplitude, 7=0.1 ms.
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In the case of T =1.0 ms, the response for no damping and damping ratio of 0.1 are compared and as seen, when
the shock amplitude increases, damping parameter becomes considerable. In the case of 7' = 0.1 ms, because of the
¢ =0.1 cannot enough damp small oscillations of the microbeam in shock durations; the effect of damping is

considerable up to higher damping ratios.

4.2.2. Mechanical shock loading on electrostatically deflected microbeam

When the shock load is applied to the electrostatically deflected microbeam, the governed equation can be written
as:

o'w ot .ow
Tt
ox ot ot

2
oo 100 v .
—Na+Nr] =a — | ta,glt 22
v+ 8 I(I_W(X’t)J 8(0) 22)
The initial condition of the electrostatically deflected microbeam is: w(x,0) = w, (%) . By comparing Figs. 7a and

7b, it is clear that 2.10 V is the pull-in voltage in this type of actuation and with attention to Figs. 8a and 8b, it can
be gained that 1.75 V is the pull-in voltage in 0.1 ms shock duration case.
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Fig. 6
Maximum deflection of the microbeam subjected to half-sine shock for various damping ratios; (a): 7=1 ms; (b): 7=0.1 ms.
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(b)

(a)
Normalized maximum deflection of the deflected microbeam with half-sine shock with 7=1 ms and 1000g shock amplitude

Fig. 7

2.10 V.

2.05 V; (b): Vy¢

O; (a): Vdc:

actuation in &

B e et e ==

| |

| |

| |

| |

| | |

1 1 1
N ©°o o
o s

<
<

0.8

0.6

0.4

0.2

(b)

Normalized maximum deflection of the microbeam under DC and half-sine shock with 7=0.1 ms and 1000g shock amplitude

(a)
actuation in undamped condition; (a): Vg,

Fig. 8

2.10 V.

2.05 V; (b): Vg

Pull-in voltage versus half-sine shock amplitude.

Fig. 9

(A) aBerjoA ur-iind

1500 2000 2500 3000
Shock Amplitude

1000

500

© 2009 IAU, Arak Branch



56 Fathalilou et al. | Journal of Solid Mechanics 1 (2009) 45-57

So it can be concluded that by decreasing the shock duration, the pull-in voltage decreases. Fig. 9 shows that by
increasing the shock amplitude, the pull-in voltage decreases, so that it can be divided in two stable and unstable
regions. If the actuation point be placed on the right hand, the system is unstable and if be placed in left hand, the
system is stable.

5 CONCLUSION

In the presented work the mechanical behavior of a fixed-fixed microbeam under electrostatic actuation and
mechanical shock was investigated. The governing nonlinear elasto-electrostatic equation of the microbeam was
derived considering design parameters such as intrinsic residual stress from fabrication processes and the nonlinear
stiffening or stretching stress due to beam deflection. Because of the nonlinearity and complexity of the derived
static and dynamic equations, they were solved using step by step linearization method and Galerkin based reduced
order model, respectively. Then the pull-in voltage of the structure in the case of static actuating by an applied DC
voltage was calculated. The effect of shock forces on the mechanical behavior for undeflected and electrostatically
deflected micro beam also was studied and shown that the mechanical shock can lead the structure to an unstable
position in a lower applied voltage than the static electrostatic pull-in voltages. Also it was shown that by
considering stretching stress effect in the governed equation, the microbeam deflection changes non-linearly with
the shock amplitude and without this effect, it changes linearly and in small shock amplitudes, the effect of
stretching is negligible but in higher shocks this effect is considerable. Finally, it was concluded that by decreasing
the shock duration and increasing the shock amplitude, the pull-in voltage decreases.
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