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ABSTRACT

In this article, the free vibration analysis of magneto-electro-elastic (MEE)
Timoshenko micro beam model based on surface stress effect and modified
strain gradient theory (MSGT) under moving nano-particle is presented.
The governing equations of motion using Hamilton’s principle are derived
and these equations are solved using differential quadrature method
(DQM). The effects of dimensionless electric potential, dimensionless
magnetic parameter, material length scale parameter, external electric
voltage, external magnetic parameter, slenderness ratio, temperature
change, surface stress effect, two parameters of elastic foundation on the
dimensionless natural frequency are investigated. It is shown that the effect
of electric potential and magnetic parameter simultaneously increases the
dimensionless natural frequency. On the other hands, with considering two
parameters, the stiffness of MEE Timoshenko micro beam model increases.
It can be seen that the dimensionless natural frequency of micro structure
increases by MSGT more than modified couple stress theory (MCST) and
classical theory (CT). It is found that by increasing the mass of nano-
particle, the dimensionless natural frequency of system decreases. The
results of this study can be employed to design and manufacture micro-
devices to prevent resonance phenomenon or as a sensor to control the
dynamic stability of micro structures.
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1 INTRODUCTION

AGENTO-ELECTRO-ELASTIC (MEE) composite materials with piezoelectric and piezomagnetic phases
can be utilized as materials providing energy conversion among magnetic, electric and mechanical energies
[1]. These materials are applied in various applications such as structural health monitoring, vibration control, sensor
and actuator applications, robotics, medical instruments and energy harvesting [2-5]. In recent years, static,
buckling, and vibration analysis of MEE materials has found significance among many researchers. Bhangala and
Ganesan [6] studied the free vibration of functionally graded (FG) non-homogeneous MEE cylindrical shell by using
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the semi-analytical finite element approach. They illustrated that the piezoelectric effect has the tendency of
stiffening the shell and hence increases the structural natural frequency but magnetic effect has a negative influence
on the system frequency and reduces the natural frequency. Lang and Xuewu [7] analyzed the buckling and
vibration analysis of FG magneto-electro-thermo-elastic circular cylindrical shells. Their result represented that
influence of piezo-magnetic constant on the value of the critical thermal buckling load is more than that of
piezoelectric constant.

Razavi and Shooshtari [8] investigated the nonlinear free vibration of MEE rectangular plates. In their work, it is
observed that length-to-thickness ratio has negligible effect on the nonlinear frequency ratio in comparing with the
effects of side ratio. Ke et al. [9] employed the free vibration of size-dependent MEE nanoplates based on the
nonlocal elasticity theory. They obtained that the natural frequency is quite sensitive to the mechanical loading,
electric loading and magnetic loading, while it is insensitive to the thermal loading. Li et al. [10] analyzed the
buckling and free vibration of MEE nanoplate under Pasternak foundation based on Mindlin’s plate theory. Their
results depicted that the buckling load and vibration frequency decrease linearly with increasing of electric potential,
spring and shear coefficients of the Pasternak foundation, and increases with an increase in the magnetic potential.
Shooshtari and Razavi [11] studied linear and nonlinear free vibration of a multilayered MEE doubly-curved shell
on clastic foundation. They showed that negative electric potentials and positive magnetic potentials increase the
fundamental natural frequencies of MEE doubly curved shells, whereas the positive electric potentials and negative
magnetic potentials have inverse effect on the natural frequency of MEE doubly-curved shells. They [12] also
investigated large amplitude free vibration of symmetrically laminated MEE rectangular plates on Pasternak type
foundation. Mohammadimehr et al. [13] investigated electro-elastic analysis of a sandwich thick plate considering
FG core and composite piezoelectric layers on Pasternak foundation using third-order shear deformation theory
(TSDT). Their results showed that the dimensionless natural frequency and critical buckling load decrease with
increasing of the power law index, and vice versa for dimensionless deflection and electrical potential function,
because of the sandwich thick plate with considering FG core becomes more flexible; while these results are reverse
for thickness ratio. Ansari et al. [14] described nonlinear forced vibration of magneto-electro-thermo-elastic Nano
beams based on Eringen’s nonlocal elasticity theory. Their research showed that the effects of external magnetic
potential and electric voltage are dependent on their sign. Xin and Hu [15] derived semi-analytical solutions for free
vibration of arbitrary layered MEE beams using the state space approach (SSA) and discrete singular convolution
(DSC) algorithm. Their results revealed that by increasing thickness natural frequency increases for higher mode
and different material parameter affects natural frequency greatly. Also, they [16] obtained free vibration of
multilayered MEE plates using SSA-DSC approach with simply supported boundary conditions. Based on strain
gradient theory, Mohammadimehr et al. [17] investigated the free vibration analysis of tapered viscoelastic micro-
rod resting on visco-Pasternak foundation. They assumed the material properties of micro-rod as the visco-elastic
and modeled using the Kelvin-Voigt. Then, they derived the governing equation of motion of viscoelastic micro-
rods using Hamilton's principle and energy method, and also solved these obtained equations using the differential
quadrature method (DQM) for different boundary conditions. Their results showed that with an increase in the
Winkler and Pasternak coefficients, the natural frequency increases as well as the obtained non-dimensional natural
frequencies by modified couple stress theory (MCST) and strain gradient theory (SGT) decrease by increasing the
material length to radius ratio. It was shown that the non-dimensional frequencies increase by increasing the
damping coefficient for all theories. Moreover, at the specified value of damping coefficient of the elastic medium,
the variation of non-dimensional natural frequency is approximately smooth. In the other work, Rahmati and
Mohammadimehr [18] presented electro-thermo-mechanical vibration analysis of non-uniform and non-
homogeneous boron nitride Nano rod (BNNR) embedded in elastic medium. They developed the steady state heat
transfer equation without external heat source for non-homogeneous rod and derived temperature distribution. Also,
using Maxwell’s equation and nonlocal elasticity theory, they obtained the coupled displacement and electrical
potential equations and implemented the DQM to evaluate the natural frequencies. Ke and Wang [19] showed the
free vibration of MEE Timoshenko Nano beams based on the nonlocal elasticity theory. They depicted that the
natural frequency of nonlocal Nano beam is always smaller than that of the classical Nano beam, and it decreases
with increasing of the nonlocal parameter. Wang et al. [20] analyzed axisymmetric bending of FG circular MEE
plates of transversely isotropic materials based on linear three-dimensional elasticity theory. They represented that
the electric potential and magnetic potential are parabolic-like along the thickness of the plate and this phenomenon
may be considered in some approximate methods for bending of the MEE plates. Rao et al. [21] studied
geometrically nonlinear finite rotation shell element for static analysis of layered MEE coupled composite
structures. Mohammadimehr et al. [22] investigated free vibration of viscoelastic double-bonded polymeric
nanocomposite plate reinforced by functionally graded-single walled carbon nanotubes (FG-SWCNTs) embedded in
viscoelastic foundation based on modified strain gradient theory (MSGT). They defined material properties of
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viscoelastic nanocomposite plates by extended mixture rule (EMR), and also extracted the governing equations of
motion using Hamilton's principle and sinusoidal shear deformation theory. Then, they determined natural frequency
of nanocomposite plates by Navier's and meshless methods, and also, using meshless method, the effect of various
boundary conditions on dimensionless natural frequency. In the other work, they [23] extended modified strain
gradient Reddy rectangular plate theory for biaxial buckling and bending analysis of double-coupled polymeric
nanocomposite plates reinforced by functionally graded single-walled boron nitride nanotubes (FG-SWBNNTSs) and
FG-SWCNTs. Kattimani and Ray [24] investigated control of geometrically nonlinear vibrations of functionally
graded MEE plates. Their results revealed that the electro-elastic and the magneto-elastic couplings have negligible
influence on the nonlinear transient response of the FG MEE plates while increasing the stiffening effect marginally.
Liu et al. [25] proposed guided wave propagation and mode differentiation in the layered MEE hollow cylinder.
They illustrated that in a low frequency range, radius-thickness ratio have significant effect on the wave
characteristics. Sedighi and Farjam [26] presented a modified model for dynamic instability of CNT based actuators
by considering rippling deformation, tip-charge concentration and Casimir attraction. They concluded that the tip
charge concentration and rippling phenomenon can substantially affect the electromechanical performance of
actuators fabricated from cantilever CNT. Zare [27] considered pull-in instability behavior analysis of functionally
graded micro-cantilevers under suddenly DC voltage. By employing modern asymptotic approach namely homotopy
perturbation method with an auxiliary term, he obtained high-order frequency-amplitude relation, then the influences
of material properties and actuation voltage on dynamic pull-in behavior are investigated. Sedighi [28] illustrated the
influence of small scale on the pull-in behavior of nonlocal nano bridges considering surface effect, Casimir and van
der Waals attractions. He investigated the effects of applied voltage and intermolecular parameters on pull-in
instability as well as the natural frequency. Furthermore, he considered the influence of nonlocal parameter and
surface energy on the dynamic pull-in voltage.

The effects of material length scale parameters on the rotation angle, dimensionless electric potential, and
dimensionless magnetic parameter are taken into account. Also, the influences of dimensionless electric potential,
dimensionless magnetic parameter, material length scale parameter, external electric voltage, external magnetic
parameter, slenderness ratio, temperature change, surface stress effect, spring Winkler constant, and shear Pasternak
constant on the dimensionless natural frequency are investigated.

2 THE GOVERNING EQUATIONS OF MOTION FOR MEE TIMOSHENKO MICRO BEAM MODEL

The governing equations of motion using Hamilton’s principle are derived for magneto-electro-elastic (MEE)
Timoshenko micro beam model based on surface stress effect and modified strain gradient theory (MSGT) under
moving nano-particle and these equations are solved using differential quadrature method (DQM).

2.1 Modified strain gradient theory

The size dependent effect has an important role at micro scale. Fleck and Hutchinson [29-31] extended and
reformulated the classical couple stress theory and renamed it as the strain gradient elasticity theory (SGET), in
which for homogeneous isotropic and incompressible materials, three additional higher-order material length scale
parameters are introduced. Lam et al. [32] proposed a modified strain gradient elasticity theory (MSGT) in which a
new additional equilibrium equations to govern the behavior of higher-order stresses, the equilibrium of moments of
couples is introduced, in addition to the classical equilibrium equations of forces and moments of forces.
Meanwhile, there are only three independent higher-order materials length scale parameters for isotropic linear
elastic materials in the present theory.

According to the modified strain gradient theory (MSGT) proposed by Lam et al. [32], the strain energy of a
linear MEE continuum occupying region (2 is written as follows [22, 25, 33, and 34]:

1
U=3 [ (0,8, +p7, +7, "0y " +m, x, ~D,E,— B, H,)dV (1)

i

where &V, ,nlyk('), ;(i/.,E,.,Hl. denote the strain, the dilatation gradient tensor, the symmetric rotation gradient

tensor, the deviatoric stretch gradient tensor, the electric field and magnetic field, respectively, which are defined by
following form [10, 33, and 34]:
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1
& = E(ui,j +uj,i) (2)
7/1' = Smm,i (3)
o _] ! o, 2 ! o 2 ! 9, 2 4
771'jk - g(gjk N +gki,j +gi/',k )_E ij (gmm,k + gmk ,m )_1_ Jk (gmm,i + gmi,m )_E ki (gmm,j + gmj‘m ) ( )
1 1
Xy = 5(0” + 0_,‘,1‘ ) 6 = E(Cuﬂ(u))i (5)
E;, = _¢,[ (6)
H, =T, ()

In which u, ¢, ,6,,¢ and T represent the displacement vector, dilatation strain, the infinitesimal rotation vector,

mm 2

electric and magnetic potentials respectively. 6, and e, are the Knocker and the alternate symbols respectively. The

ijk
basic equations for a MEE material may be expressed as follows:

o-ij :c[jkl Ekl _em[jEm _qm'an _ﬂ[j AT (8)
Di :eikl gkl +SimEm +dian +V’.AT (9)
Bi :qiklgkl +dimEm +aian +/11AT (10)

In whicho, ,¢,.,D, . E,,B, and H, are the stress, strain, electric displacement, electric field, magnetic induction

[/

and magnetic field, respectively. c;,;,e,.; »q,; >S4, -, v, and 4, are the elastic, piezoelectric, piezo-magnetic,

dielectric constant, magneto-electric, magnetic, pyroelectric and pyro-magnetic constants, respectively. f; and

AT are the thermal moduli and temperature change, respectively. The higher-order stresses p,.,z';/.? and m, are

given by [33, 34]:

p, =2ulgy, (11)
" =2ul’n, " (12)
my =24l 7, (13)

where u is the shear modulus and (lo,ll,l 2) are independent material length scale parameters.

2.2 Surface stress effect
The ratio of surface to volume at nano and micro structure is high, therefore the surface stress has important role and

should be considered in analyze of these structures. The classical stress tensor related to the surface can be
calculated using Gurtin and Murdoch theory [35-38]:

Gs =Tg +Cig|g)ix _eglEz _qngz (14)

xx
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where 7,,c/|,&,, ,e;,and g;, are the residual surface stress, elastic modulus, normal strain, piezoelectric and piezo

xx 2
(Ds

magnetic constants in surface layer, respectively. The higher-order surface stresses p;,7;,” and m; can be expressed
as [39]:

P =2ul5y; (15)
Tiik D = 2/4' 11277[//( o (16)
my =213y (17)

In which »} ,niik(l)s, %;; and 4 are the surface dilatation gradient tensor, the surface symmetric rotation gradient

tensor, the surface deviatoric stretch gradient tensor and surface shear moduli, respectively.

2.3 MEE Timoshenko micro beam model

A schematic view of MEE micro-beam subjected to an electric and magnetic potentials and a uniform temperature
with considering surface layer rand elastic medium under moving nano-particle is shown in Fig. 1. The displacement
fields based on Timoshenko micro-beam model can be expressed as follows [40-41]:

LTl(x,z,t):u(x,t)—zt//(x,t) (18)
u,(x,z,t)=0 (19)
uy(x,z,t)=w(x,t) (20)

where © and w are axial and transverse displacements for neutral axis, respectively, and y is the rotation angle of a

transverse normal about the x-axis.

Surface layer

Fig.1

A schematic view of MEE micro-beam with considering
2 ‘ I— surface layer and elastic medium under moving micro-
' particle.

The electric and magnetic potential distributions along the thickness direction of micro-beam are considered as
follows [19], [42]:

2zV,
h

2zQ,,

#(x,z,t) =—cos(fz)p, (X,t) +
(21)

I'(x,z,t)=—cos(fz)Y, (x,t) +
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where f = Z,(pE (x,t) and Y, (x,t) are the variation of electric and magnetic potentials in the x -direction which

must satisfy the electric and magnetic boundary conditions. V', and €, are the external electric voltage and
external magnetic parameter, respectively.

By substituting Egs. (18)- (20) into Eq. (2), the components of normal and shear strains for both bulk and surface
are given by:

6, =g, =Y (22)
T ox ox
ow ‘
yxz =__l// 7;/;(: =O (23)
ox

Using Egs. (3), (22), (23), the following equations are obtained:

2 2
7@=K=aﬁu—2&2w (24)
. o
v.=ro= v (25)

By employing Egs. (4), (22), (23), the non-zero component of deviatoric stretch gradient tensor yields:

n = 2252” _%Z Oy
e s e 5T ox?
o 20y 13w . 1dy

T3 TSy s Y T 5oy

8oy 4w . . 4 oy
iy =y = == S A ) ) =iy = 2V
10u 1 oy (26)
M _ oM M) s _os) _ s L 11z
Thi3 = a1 = Thss =Tz = s = Thss Sox’ 5 ox’
. . . 10%u 1 oy
ny = =t =y = = =10 L OY
20y 10w 1 oy
W0 0 _ <Y 1 ) _s) _ sy _ 1 OY
77322 77232 77223 15 ax 15 ax 22 77322 77232 77223 15 ax
By substituting Eqs. (22), (23) into Eq. (5) leads to the following equation:
, , 1 0w oy
) = *XZ;-Z :/x:__ +— 27
Koy = Xn = Koy = Ko 4(8x2 ox @7

The higher-order stresses can be obtained by substituting Egs. (24) - (27) into Egs. (11)- (13) and (15)-(17) as
follows:
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—ul’z
5'u16x2 Sﬂl ox*?

2 ,ou, 2 oy,
M _ M _ M _ _Ms _ _Ds _ s _ 2 0 2 0
Tyy =Tay =Ty3y =Tay3 =gy =Tp53 =——pl; +—ulz

5 ox ? 5 ! ox ?
1) llz ¥, 112 Wo 7D 112 Yo

4 ,0u, 4 o’y
M _ (s _ 2 0 2 0
Tn=%n =7 l - l

s T M o T e T T T o8
R L R R

= el = el =l =l =ey =2 D 2, T

ey ey =t 2T oty o 2 00

my, =m, = m;y = m;fv - _%#122(662:20 * 68!?))

P =P :2”1"2[2?; - 6@2;/20} 29)

‘ oy,
pz :pZ :_2#102 .
ox

2.4 Plane stress state

If consider that micro-beam is under the plane stress state, the constitutive equations in one-dimensional form can be
written as follows:

_ _ . w _ . 20 —
o-xx :Cll gxx + e}l(lB Sln(ﬁ Z)(DE +TE)+q31(ﬂSIn(IB Z)YH +TH)_ﬁ1AT
_ _ 0 _ oY
O, =Cyu 7. —€5c08(S2) Pr —q,5 cos(Sz) f
ox ox
D, =%,y. +5,cos(fz) a7 +d_” cos(ﬂz)aY—H
Oox Ox
w 20 (30)
D, =%, ~5u(BSIn(B2)p; +25) T (BSin(FY, + 22 17 AT
— Y
B. =q.y. +d, cos(fz) a;"f +&, cos(B7)Lu
X
_ — . w _ . 20 —
B, =q; ¢, —d(Bsin(B2)p, + hE )~ (Bsin(B2)Y, + hH )+ AAT

In which ¢ .e;.q,.5;,p;.d;,,,v, and 4, are elastic, piezoelectric, piezo-magnetic, dielectric constant,

thermal moduli, magneto-electric, magnetic, pyroelectric and pyro-magnetic constants, respectively for MEE micro-
beam under plane stress state. These constants are written in Appendix A with details.

The total strain energy with considering the strain gradient theory and the surface effect theory is written as
follows:

1
U +U* :EJ‘Q(o-ifsﬁ +p v +7T,

ijk

(1)77’_1_’(0) tmyx; — D,E,—B,H,)dAdx

31
1 S .S s, s(1) s(1) s 8 ( )
+5 _[Q(ay. & DY ATy My +my y, )dSdx
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where U’ and U are the strain energy for the bulk and surface, respectively. By substituting Egs. (6), (7), (11)-
(13), (15)-(17) and (22)-(30) into Eq. (31), the total strain energy is obtained as follows:

s 0 ~\( O ow PY
T I RS
(P +P )[aalioj (Ml(l) +M1<1>)(aax‘//o] (T1§11>+T1§11))(§661u;J

~ az 0 az . 3
o5 g e

8Oy, 40w, N 20y, 10w
+3(7Ww 0o, T 3(TO) 0 14 3(7 W) 2720 — 0
( “3)( 15 ar 15 ox° J ( “3)(15 ox j ( 223)(15 o 15 ox°

(32)
1 oy, 10°u 1%
() 2 oolry ) L2 ol g 1222
1oy, ow,
—(Y,+Y, )= =2+ dx
(o7 )y S0 222

LN [ 9%
= j D, cos(f )( . j}dAdx

ory ]}dA dx
X

The normal stress resultant force (N N ), bending moments(M M ) couple moment( Y )and other higher-

order resultant force and moment can be expressed in Appendix A [43-45].
The total kinetic energies for MEE micro-beam contain of bulk kinetic energy k" and surface kinetic energy & *

can be calculated from:
2
J
(33)

2 2
ow ~ (O,
kP + k== I,+p 1 + o1 |+ (pL+p, 1 0
j{(po p. )[(atj [al ]J (Pl+p, »(at
The work done by the external force including the external magnetic potential Q,, , external electric potential

I,=[ dai, =] ds.1,=[ z%da,1, = z%as

V ; and temperature change AT can be calculated as follows:

1 o Y
Vext@mal :_I (Nm +N@ +Nz)( WO] dx
2 ox (34)

N, = _2‘]~31§2H N, = _ZéSIVE N, = ﬁlhAT

The work due to elastic foundation can be obtained as follows:
1 L
2.
Velusticmedium = _Ej[(kww() _kgv WO)WO]dx (35)
0

where & is the spring constant of the Winkler type and k . represents the shear constant of the Pasternak type.

The work done due to moving nano-particle can be written as [46]:
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L

1p. m, o'w
Vimae =3 [ICG 00, )25t e (36)

where m,_,x p,b and x are the nano-particle mass, the location of nano-particle, the width of micro-beam and the

impulse function, respectively. The Dirac-delta function for the moving nano-particle is defined as follows [46-47]:

{(—D"g”(xp) X, <X, <X, a7

Tg(x)é'" (x=x,)dx = 0

X1

otherwise

where 0" (x) denotes nth derivative of Dirac-delta function.
Hamilton’s principle for MEE micro-beam is used to derive the governing equations of motions as follows:

ja*u”mux Skt —S5k* —oV

external

4

elastic medium 5Vpa11icle = 0 (38)

fo

Substituting Eqgs. (31) - (36) into Eq. (38), the following equations of motion can be derived as:

ou,
_<3=(N+1§1)+a2(}>1 +é)+zaz(T1§?+Tj§?)_§az(T2§;+T}§3)+( - f)azuo 0
ox ox? 5 ox? 5 ox? Plo™ Pilo ot?
ow,
7O o () 7 Y .. +Y 2
_8_Q_la 3233+i6 1213 _la 2223_1 ( 122 ‘2)+(Nm +Ne+N;)aW20
ox 5 Ox 5 ox 5 ox 2 Ox Ox
2 m, ow, NGATR
kg w o =k, Vi) + (=80 x,, NS0+ (ol + L, ) =52 =0
oy, :
o(M +M)_Q+6<P3+}53)_az (M1<1>+M1<1))_zaz (Mh+M))
Ox Ox ox? 5 ox? (39)

20Ty 10Ty 80Ty 40T,y 20Ty 10Ty
5 oOx 5 Ox 5 ox 5 oOx 5 0x 5 ox

60" (Mm+MY) 10(Y,+Y,) Py
+—= += +(pl,+p,1 =0
5 oo e HPhral) s
0P, :

oD .
[ ( —cos(f2)+ D, fsin(B2)dA =0

X
SY,

j (a(fx cos(Bz)+B. Bsin(Bz))dA =0
4" Ox

Substituting Appendix (A.2) into Eq. (39), the governing equations of motion can be obtained as follows:
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ou,
O'u 4 , 0 ~\ 0
(A11+A11) L+ (Ag+ A1+ +<h )ax‘? +(,010+/2Jo)—at2° =0
ow,
82w 0 16 1 5 53 P
—(A44)—20+(A44)ﬂ_(51121455_2122(A55+A55))_W30+(E15) P
8 4W ow
(1512A55+ Iy (A55+Ass)) ++(N, +N, +N) L @15)
ow 2

ow
+(k,w o —k, VW 5(x me))( 0)+(p[ +p1,) = )

oy,
o'y, ow
(21 + l )(I+I) 0 —(4,,) 0+(A44)V/0 (40)
32 8
1 A ] A55+ LA+ Ay 421 (A55+A55)+D“+D“) ”’0
16 o'w
+(Ell l (Ass Ass)) +(E15+E31+E31) (05
o’ Vo
+(Q15+Q3|+Q3|) (;0] +p,1 )al‘ =0
op;
6!// o'w 0y, oo oY
-E,— |5( 0 0) 1 zE +Y11_2H_X33¢’E -Y,Y, =0
Ox Ox
oY, :
o'w Oy, op oY
_Q31 le( 0 0)+ 1 f+T11—H Y0, -Ty; Y, =0
ox ox’

where the constants of Eq. (40) are defined in Appendix A.
The dimensionless parameters for magneto-electro-elastic Timoshenko micro beam model based on surface
stress effect and MSGT under moving nano-particle are defined as follows:

X:x_’(uo,wo):w v, =V,0= Pe @_ ” Ay
L h D \4 33 J 33

T:Z ,/)11 ’7—— N, N ’N):W’(Illo’ino):%
(1220,1220)=%/I"s12),(133j33)=(/II31:%,( a,.a 55’344>"‘11>"‘ssaa44)_(A“’ASS’A“Z?“’A“"J“)
(d“’a“)_(D/;llz—hDZ”) (k, k)= (k fz z_lgl)aﬁlc =pnlq(:b,(CO,KI,CQ:—(]O’EJZ) (41)
(BisoByn) = ( Ai ii A31i°)(Q15,Q31,Q31> e Lo Sy

© 2018 IAU, Arak Branch



Vibration Analysis of Magneto-Electro-Elastic Timoshenko ... 11

Using Eq. (41), the dimensionless governing equations of motion can be written as:

oU :

N o'U . 4 , 0'U U
_(all+a11)7726X_2+(a55+a55)(2£02+5f )8X4 <1110+1110>772F:0
W

, OW 16 oY R
(44)77 (44) (E& 55 f (ass+a55))77 +(E 15)77 6X2
8 1 84W , 0w GRC)
e %5+4ﬂ2wﬁ+aﬁ» Al O 25
— — _ w ~ 8w
-ﬂkJV—kgvﬁVyf+4mgfx2;;>+oao+hm)n2 2=0
T or
oY :
4 ~ 0" ow
(2ﬁ02+5612)(133+133)a/\,_4 (44)77 +(a44)774\P (42)
32 8 1 o’y
—(gflza55+gﬁlza55+4f (ag+dss) + 20,2 (ags+dss) +d,, +d, ' — e
16 1 ow oD
+(Ef1 f (355+a55))77 x> +(E15+E31+E31)77 7
3 3 = 3 r 262
+O5s +05,+05)n a7"'([220 +[220)77 ?:O
L ON
A~ OV A W oY s 0*d ~ 'O N
—E31’7&+E15(M—2—77§)+X11M—2+Y11F—X33772‘D—Y33772®=0
R
. oW oY ~ 0D . 0O - A
_Q3177 le(aXz_U§)+Y11F"'THF_Y&%UZ(D_T&%UZ@:O

The dimensionless simply supported (S-S) boundary conditions for MEE are considered as follows:

2]
v-w -2 _o_e-o, a—szo at (X=0,1) (43)
ox ox

3 DIFFERENTIAL QUADRATURE METHOD

In this section, differential quadrature method (DQM) is utilized to solve the governing equations of motion. This
technique is numerical method which approximates the spatial derivatives of a function at a particular sampling
point as a weighted linear sum of the function values at all sampling points chosen in a specified direction.
According to this method, the function f'and derivatives are approximates as [48-49]:

d" S

T Xerre) (44)
dx =

where f can be taken as U W ,¥,®and®. C ij(.“) and N are the weighting coefficients matrix and number of grid

point respectively. To determine the unequally spaced position of the grid points the Chebyshev—Gauss—Lobatto
polynomials was employed as follow [50]:
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X —£ 1—cos(2i_lj7r 45
i B N -1 ( )

Using Egs. (42) and (43), a set of linear ordinary differential equations and boundary conditions are obtained that
are written in Appendix B. Using Eqgs. (B.1)- (B.2), a set of nonlinear homogenous partially differential equations
are obtained which in matrix form can be expressed as follows:

(KJ{x J+[m (X H={o} (46)

where [K],[M ]are the stiffness and mass matrices, respectively and {.X } denotes displacements vector as:

T
ay={uy ) gy o) ey (47)
General solution of motion equations is considered as follows:

U(x,t)=U (X )e'™"

W(x,t)=W (X )e'™

Y(x,t)=P(X)e'" (48)
O(x,t)=DX )e'™"

O(x,t)=0O(X )e'™"

4 . . .
where @=_|P2QL is the dimensionless natural frequency and, QQ and p denote the fundamental natural
11

frequency and the density of micro-beam, respectively. Substituting Eq. (46) into Eq. (47) yields the linear
eigenvalue equations as follows:

(K]-[M o) {x } ={0} (49)

By solving Eq. (49), the dimensionless natural frequencies @ and their associated vibration mode shapes can be
extracted.

4 NUMERICAL RESULTS AND DISCUSSION

The presented results are based on the following data for geometry of MEE micro-beam [51-52]. Also the material
properties of BiTiO3—CoFe204 can be stated as follows [14]:

1=17.6um,h =21,b =2h,L =10h (50)

First, the effect of the grid point numbers on the accuracy and convergence of analysis is studied. In this regard
the dimensionless fundamental natural frequency versus number of total discrete grid points N is illustrated in Fig. 2.
Thus, the number of grid points for convergence and acceptable accuracy of the results is selected to be N>=15. It
should be noted that all of represented results are based on Eq. (50), the data of each Table or Figure stated under
them. To check the accuracy of the present work, the obtained results are compared with the analytical solutions
given by Ansari et al. [53] in Table 1. This Table gives the dimensionless natural frequencies for the simply
supported Timoshenko micro-beam and different theories. A good agreement is found between the present results
and those of analytical solutions.
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64
\ Sy
—a— @
> 5 2
§ \ —— 013
g
T4
g \ o
g 3
£
2, I Fig.2
Dimensionless natural frequency versus number of grid
points(kw =kg =V, =Q, =AT =m_=p, =c|, =€3,=q;, =0),
15 10 15 20
N
Tablel
The comparison between the present work and the obtained results by Ansari et al. [53] for simply supported Timoshenko micro-
beam based on various size dependent theories. ( 1=15um,v =0.17,E =427GPa,p =3 IOOk—‘g; ).
m
Ceramic material Strain gradient Modified couple stress Classical theory(CT)
theory(SGT)(l0 =l =1= l) theory(MCST) (lO =1,=0,1, :l) (l0 =/ =1,= O)
Ansari [53] 1.2608 0.8538 0.5776
Present work 1.2667 0.8573 0.6063

Fig.3 shows the rotation angle versus length of MEE micro-beam for various material length scale parameters
based on the modified strain gradient theory and simply supported boundary conditions. It is seen that by increasing

h . . . . .
the value of T the values of the rotation angle for MEE micro-beam increases. Also, the rotation angle is

symmetric and at T =0.5 the value of rotation angle varies from negative to positive along length of the micro-

beam.

0.3 —+—h/l1=2
——hl/l=4

J e
//
-0:2 X\ ,/‘/j / Fig.3

XgM The rotation angle versus length of MEE composite micro-
-03 beam for various material length scale parameters.
} k,=k,=V,=Q,=AT =m_=p, =c|, =e;,=¢;,=0
045 0.2 0.4 0.6 0.8 1 ( £ . =ch =€ =43 =0)

x/L

The effect of material length scale parameter on the dimensionless electric potential for MEE Timoshenko micro
beam model is illustrated in Fig.4 that maximum electric potential is occurred at midline simply supported MEE

micro-beam and by increasing the value of T the value of dimensionless electric potential decreases at 0.3-0.7

ranges.
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6X 10
o -——-h/l=2
P --=-h/l=4
4 i N --=-h/I=6 ]
i N ----h/I=8
o \
2 a '
III \\\\
l,l 7 \\
S 0 /
n /1 \\‘\
[ ‘] N
- /f \\\ i
2% < Fig.4
‘-“\-;’/ \«]/ The effect of material length scale parameter on the
4N <4 dimensionless electric potential for MEE micro composite
Timoshenko beam model.
— — — — — — 7 s o__ 8 _ s __
R 0.2 0.4 06 0.8 1 (kw =k, =V =Qu =AT =m.=p =ci =€ =4;, _0)
x/L

Fig.5 depicts dimensionless magnetic parameter for different material length scale parameters based on modified

strain gradient model. It is observed that by increasing value of n increases the dimensionless magnetic parameter.

5X 10 ‘r

A —-—-hi=2] | e
I \ ---hii=al g \

3l o ----hil=6| o
1/ \ e B/ =! ’ 3
7N /\‘ hi=g| ) \

N

/ N Fig.5 .
> \\\ / W j The effect of material length scale parameter on the
\ i v ,,i dimensionless magnetic parameter for MEE micro
-3 ““\\__,"f" “‘\Q\:_éf composite Timoshenko beam model.
o \2:
“o 0.2 0.4 oL 0.6 0.8 1 (kw :kg =V, =Q, =AT =m, =p, =c|, =e;, =43, :0)

Figs. 6, 7 and 8 present the effect of electric potential and magnetic parameter simultaneously on the
dimensionless fundamental natural frequency based on modified strain gradient (MSGT), modified couple stress
(MCST) and classical theories (CT), respectively. It can be seen that the effect of electric potential and magnetic
parameter simultaneously increases the dimensionless natural frequency. On the other hands, with considering two
parameters, the stiffness of MEE Timoshenko micro beam model increases. It can be seen that the stiffness of micro

structure increases by MSGT is more than MCST and CT. Moreover, the dimensionless natural frequency based on
MSGT is more than two other theories.

11 | |
| [ 2,020
L5k I e e @=670||
1 N
05| 4 0.702f -
0.9F 0.7
g 085 ;
08 \“ 0.698 z Fig.6
075 / 565 57| 575 The influence of dimensionless electric potential and
' @ magnetic parameter on dimensionless first natural
0.7 oo frequency for MEE composite micro-beam based on
0.65 R — modified strain gradient model.
e _ — — — — — . s _ 8 _ s __
2 4 6 8 10 12 14 (kw =k, =Vp=Q, =AT =m_ =p, —011—631—‘131_0)
h/l
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Fig.7

The influence of dimensionless electric potential and
magnetic parameter on dimensionless first natural
frequency for MEE composite micro-beam based on
modified couple stress theory.

(kw =k, =V =0y =AT =m =p, =c},=e5,=¢q;,=1,=1,=0,l, :l)

Fig.8

The influence of dimensionless electric potential and
magnetic parameter on dimensionless first natural
frequency for MEE composite micro-beam based on
classical theory.

(kw =k, =V, =Q, =AT =m, =p =c| =¢€; =q; =1,=1,=1, :0)

The effect of the external electric voltage and external magnetic parameter on the dimensionless fundamental
natural frequency of the micro-beam based on MSGT is illustrated in Figs. 9 and 10, respectively. It is shown from
this figure that with increasing slenderness ratio, the dimensionless fundamental natural frequency decreases. Also,
the influence of the external electric voltage and external magnetic parameter on the dimensionless frequency for
Timoshenko micro beam model in higher slenderness ratios is more. Also, it is realized from Fig. 9 that the
dimensionless natural frequency of the MEE micro-beam decreases with increasing the external electric voltage for
strain gradient theory. However, it is concluded from Fig. 10 that by increasing the external magnetic parameter, the
dimensionless natural frequency of the MEE micro-beam increases.

1.6
!\ ——V_=-4(KV)
1.4 —e—VE:—Z(K\/) H
\ -V _=0(KV)
12 \ —=-Vg=2(KV) ||
1 +VE=4(KV) [l
5
0.8
0.6 %
0.4 = SRS
V\ML&E\&:
0.2 &v\‘“v
5 10 15 20 25 30 35 40

L/h

Fig.9
The effect of external electric voltage on the dimensionless
fundamental natural frequency based on MSGT.

(kw :kg =Q, =AT =m, = p, =c;, =€;, =45, :0)
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Figs. 11(a) and 11(b) show the effect of two parameters elastic foundation on the dimensionless electric potential

M. Mohammadimehr and H. Mohammadi Hooyeh

Fig.10

The effect of external magnetic parameter on the
dimensionless fundamental natural frequency based on

MSGT.

(kw :kg =Vp =AT =m_ =p, =c|, =e5, =q;, :0)

based on MSGT. It is seen that with increasing elastic foundation, the electric potential decreases.
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a) The effect of shear Pasternak constant on the dimensionless electric potential based on MSGT.
(kw =V =Q, =AT =m, = p, =c|; =e5;=¢; = 0)
b) The effect of spring Winkler constant on the dimensionless electric potential based on MSGT.
(kg =Vp=Q, =AT =m_ =p, =c|, =¢;, =q;5, :0)

Figs. 12(a) and 12(b) depict the effect of two parameters elastic foundation on magnetic parameter based on

MSGT. It is concluded that the magnetic parameter increases with an increase in the elastic foundation.
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a) The effect of shear Pasternak constant on the dimensionless magnetic parameter based on MSGT.
(kw =Vp=Q, =AT =m_ =p, =c|, =¢;,=¢;, :0)

b) The effect of spring Winkler constant on the dimensionless magnetic parameter based on MSGT.
(kg =V =Q, =AT =m_=p, =c}, =¢;, =¢;, :0)
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Fig. 13 illustrates the effect of nano particle mass on dimensionless natural frequency based on MSGT. It is
S L . . . .
assumed that the nano particle is placed at x, = R It is found that by increasing the mass of nano-particle, the

dimensionless natural frequency of system decreases.

—— mC:O(Kg)
—— mczloe-lz(Kg) f

1.4\
12& +mc:20e-12(Kg) |

mC:30e-12(Kg)

1 X e —v—m =40e-12(Kg) |
g :
0.8
06 Fig.13
The effect of nano particle mass on dimensionless natural
04 frequency based on MSGT.
0,25 (kg :kw :VE :QH :ATC =P :civl :e;l :q;l :0)

L/h

Table 2. shows the effect of temperature change on dimensionless first three natural frequencies based on various
size dependent theories such as MSGT, MCST and CT. It can be seen that with an increase in the temperature
change, dimensionless natural frequency of micro beam model decreases. Also with increasing temperature change
the stiffness of micro-beam decreases. According to Ghorbanpour Arani et al. [54], the mechanical and electrical
properties for surface stress effect are defined as follows:

p. =5.6le —6"—g2,c;1 _ 442 andes, —02167< 42 =30 -5V (51)
m m m m

Using the data of Eq. (51), Table 3. shows the surface stress effect on dimensionless first three natural
. . . . L .
frequencies of MEE micro-beam for different values of slenderness ratio (;) based on MSGT, MCST and CT. It is

concluded that by considering the surface stress effect, the dimensionless natural frequency of system decreases.

Table2
The effect of temperature change a7 (c) on the dimensionless first three natural frequency based on various size dependent

theories. (k, =k, =V, =Q, =m, =p, =c}, =€}, =q3, =0).

Various AT ('C)

theories mode 0 40 80 120 160 200
1 1.0722 1.0719 1.0717 1.0714 1.0711 1.0708
MSGT 2 2.3280 2.3276 2.3272 2.3267 2.3263 2.3259
3 3.5361 3.5361 3.5361 3.5361 3.5361 3.5361
1 0.7804 0.7801 0.7797 0.7793 0.7789 0.7786
MCST 2 1.8283 1.8278 1.8273 1.8268 1.8263 1.8258
3 3.0703 3.0698 3.0693 3.0688 3.0683 3.0678
1 0.6005 0.6000 0.5995 0.5990 0.5985 0.5980
CT 2 1.4041 1.4035 1.4028 1.4021 1.4015 1.4008
3 2.3361 2.3354 2.3347 2.3340 2.3333 2.3327
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Table3

M. Mohammadimehr and H. Mohammadi Hooyeh

Surface stress effect on the dimensionless first three natural frequencies for different values of slenderness ratio based on various
size dependent theories. (kg =k, =V,=Q, =AT =m_=0,]= l,um).

. . . With
. With neglecting W‘th. With neglecting Wlth. Wlth. considering
various considering considering neglecting
. mode surface effect surface effect surface
theories surface effect surface effect surface effect effect
L =10h L =20h L =30h
1 1.0722 1.0716 0.6302 0.6299 0.4366 0.4364
MSGT 2 2.3280 2.3262 1.5689 1.5679 1.1416 1.1410
3 3.5361 3.5342 2.7730 2.7711 2.1048 2.1036
1 0.7804 0.7802 0.4379 0.4378 0.2997 0.2996
MCST 2 1.8283 1.8270 1.1341 1.1336 0.8012 0.8009
3 3.0703 3.0682 2.0722 2.0711 1.5119 1.5113
1 0.6005 0.6005 0.3272 0.3271 0.2222 0.2222
CT 2 1.4041 1.4034 0.8519 0.8517 0.5965 0.5964
3 2.3361 2.3350 1.5546 1.5541 1.1257 1.1255
5 CONCLUSIONS

In this research, the free vibration analysis of magneto-electro-elastic (MEE) Timoshenko micro beam model based
on surface stress effect and modified strain gradient theory (MSGT) under moving nano-particle was investigated.
The governing equations of motion using Hamilton’s principle were derived and these equations were solved using
differential quadrature method (DQM). The effects of material length scale parameters on the rotation angle,
dimensionless electric potential, and dimensionless magnetic parameter were taken into account. Also, the
influences of dimensionless electric potential, dimensionless magnetic parameter, material length scale parameter,

external

electric voltage, external magnetic parameter, slenderness ratio, temperature change, surface stress effect,

spring Winkler constant, shear Pasternak constant on the dimensionless natural frequency were considered. The
results of this study are listed as follows:

1.

a

The number of grid points for convergence and acceptable accuracy of the obtained results is selected to be
N>=15.

It is observed from the results that with an increase in the value of T the values of the rotation angle for

. . . . . X .
MEE micro-beam increases. Also, the rotation angle is symmetric and at 7 =0.5 the value of rotation

angle varies from negative to positive along length of the micro-beam.

It can be seen that the effect of electric potential and magnetic parameter simultaneously increases the
dimensionless natural frequency. On the other hands, with considering two parameters, the stiffness of
MEE Timoshenko micro beam model increases. It can be seen that the stiffness of micro structure increases
by MSGT more than MCST and CT. Moreover, the dimensionless natural frequency based on MSGT is
more than two other theories.

It is shown that with increasing slenderness ratio, the dimensionless fundamental natural frequency
decreases. Also, the influence of the external electric voltage and external magnetic parameter on the
dimensionless frequency for Timoshenko micro beam model in higher slenderness ratios is more. Also, it is
found that the dimensionless natural frequency of the MEE micro-beam decreases with increasing the
external electric voltage based on MSGT. However, it is concluded that by increasing the external magnetic
parameter, the dimensionless natural frequency of the MEE micro-beam increases.

It is seen that with increasing elastic foundation, the electric potential decreases, while the stiffness of
micro-beam as well as natural frequency increases.

It is concluded that the electric potential increases with an increase in the elastic foundation.

It is found that by increasing the mass of nano-particle, the dimensionless natural frequency of system
decreases.
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8. It is seen that with increasing of the temperature change, the dimensionless natural frequency of micro
beam model decreases. Moreover with increasing temperature change the stiffness of micro-beam

decreases.
9. It is concluded that by considering the surface stress effect, the dimensionless natural frequency of system
decreases.
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APPENDIX A

The constants in Eq. (30) are written as follows:

2

_ Ch _ _ Ci8ry _ _ cq
_ 13 _ _ 13633 _ _ 13933
Cp=C - 5Caq =Cyy5€3 =€31 — 5€15 = €553 =43 —
Cs3 3 Ci3
el eq q2
- _ - _ BT T 3933 = _ — 33
S =88y =Sy +——,d,, =d,,dy; =d; + Q) =00y = Qg3 +
Ci3 33 Cs3
- 2 By esfs 5 g5/
_ _ 1373 _ 333 _ 333
Gis =95: B =B — V3 =Vi+ A=A+
C33 Cs3 Cs3

(A1)

In Eq. (32), the normal stress resultant force (N N ), bending moments(M M ), couple moment(Yu,)ﬂz)and

other higher-order resultant force and moment can be expressed as follows [43-45]:

N=[o.d4N=[o.dSM=|z0.d4 M= z0.dS,0=] o.dd,

B P, P P’ B ]
A A A R

z

. MO 7(0s
MO =[ zPdd,M" =[ zPdd,{ 1 h=[ 2" LdS
' M P

T
21 21
)] 1) A (1) s
Ty, T Ty, T
(1) (1) A (1) s
Ty 7333 Ty T333 Mo o
m O] R (1) s 11 T
T5 = T3 dA, Ty5 = 3 das, =]z dA
A s M (1) s z.(1)
T @) T(l) T‘(l) 7’_(1)5 221 221
223 223 223 223
T(l) T(l) f(l) T(I)S
21 21 21 21

The constants in Eq.(40) are defined as the following form:

4, =c,4 ”‘In =c)\S, Ay =cud A5 = ud ,A~55 =451 :ﬂlzsis =ul,
, A =bh,S =2(b+h),D,, =¢,,[, 9D~11 :Clxlf2 >{E15>Q15}:_“{5’_15’(_115}005(ﬁz)dA

{Eslstl} = L {‘3_31’&31}ﬁ5in(ﬁ2 )z dA’{E3l7QBI} = L {e_BlsQu}ﬁSin(/BZ )z dS,
(XY= (5dys i foos” (B2)dA,
{st anTsa} = L {s_waTszaﬁss }[ﬁsin(ﬁz )z’ dA

(A.2)

(A3)
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APPENDIX B

Using Eqgs. (42) and (43), a set of linear ordinary differential equations are obtained as follows:

~(a,, +a,)n’ ZC(Z’U +(ags + )20, +5[ )ZC“”U

, U

E

+(Io+110)7
—(a)n’ Zc W, +(a)n’ Zc“hpk
—(— (ag ——c;(a55+ﬁ55))772C<3>\P +(E,n ZC<2>®
+( [ A+~ 52 (a55+a55))ZC(4>W
+(N, +N,+N, )UZZCif)Wk +(le)n2icff’®k
T T

o'w
Lo+l )" —=2=0
( 110 110)77 Py

(ZC + ( )(133+133)ZC(4)\P _(044)77 ZC )W +(a44)77 k4 (B.1)
32, 8 . 1, ~ 2 ~ 7,2 @)

_(E lass +EC1 dss +Zé’z (ass+ds5) + 20" (ags+dss) +d,, +d,)n Zczk ¥,
16 A R

+(15 (’a C (a55+a55))nzc(3)W +(Es+E, +E31)T7 ZC(I)(D
3o+ 0, +0 Y. CO0, + (L + 1 ) oW

+(Q15 +Q31 +Q31)77 Z +( 2t 220)77 6_2_0

—E31772C(”‘I’ +E15(ZC‘2>W UZC“’

+X“ZC(2)(D +Y“ZC(2)® -X P O-Y, 7’0 =0
_Qslﬂzci(kl)qjk +QA15 (Zci(kz)W UZC(I)
1

N
+Y”Zc(2>q> +T ]Zc}f)@k Y, i’ ®-T,7’®=0
1

And for boundary conditions, one can be written as the following form:

¥, ow
U, =w, = =0 =0, =0, —ZI:O a X=0
ox oX
oY ow B-2)
u,=w, = GXN =®, =0, =0, YZ:O a X=1
It should be noted that subscripts 1 and N return to grid point numbers.
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