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 ABSTRACT 

 The elastic-plastic behavior of the material is considered to analyze 

the effect of an external circumferential crack on a pipe with 

thickness transition and double slopes. Using the extended finite 

element method (XFEM), the J-integral of 3D cracks were 

investigated and compared between straight pipes and pipes with 

thickness transition and different slopes. Considering internal 

pressure, this work highlighted the investigation of a 3D crack 

problem in a thickness transition pipe with a double slope, In the 

extended finite element method (XFEM), the level sets and the 

enrichment zone were defined. A crack is easily modeled by 

enrichment functions. The comparison between the values of the J-

integral showed that the pipe containing thickness transition with 

double slopes is more sensitive to the considered cracks, more 

precisely, the parameters of the first thickness transition have more 

influence on the variation of J-integral than the parameters of the 

second thickness transition. The decreasing of the angle of the 

slopes and the increase of the ratio of the thicknesses is one 

effective method of reducing the J-integral.  

                           © 2020 IAU, Arak Branch. All rights reserved. 
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1    INTRODUCTION 

 RESSURE equipment is found in industrial plants, especially those related to energy production or chemical 

industry [1-4]. Seeing that the pressure equipment components are mostly made of ductile materials, the elastic-

plastic fracture mechanics principles are used to deal with the plasticity ahead of the crack tip, for this goal, the 

estimation of J-integral value is very essential and elastic-plastic finite element analysis is the most general 

technique to achieve the purpose [5]. The French Alternative Energies and Atomic Energy Commission (CEA) [6] 

developed a finite element software Castem [7] for structural and fluid mechanics [8-9]. CEA [8-9] used Finite 
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element method (FEM) to study straight pipes with circumferential cracks by evaluating the stress intensity factor 

for elastic range and the J-integral in elastic-plastic range, Sridhar et al. [10] considered the plastic behavior of the 

material to study girth welded pipelines with 3D cracks exposed to biaxial loadings; Xiao et al. [11] investigated the 

fatigue crack growth of offshore pipelines affected by 3D cracks. The field of pressure equipment also concerns pipe 

with thickness transition, these structures correspond to a connection between pipes with different diameters and 

they are classified into two types: transitions with a single slope and transitions with a double slope [3,4,12,13]. 

Piping size change generates a significant stress concentration who should have particular attention in the design of 

piping; But, in contrast to straight pipes and elbows, much less effort on numeric methods has been made for pipe 

with thickness transition [14]. In this concept we can cite the works of Saffih [4], based on a numerical study by the 

FEM; [4] showed that the thickness transition presents the risk zone of the pipe with a single slope. The heavy cost 

of direct FE calculations [8], motivates the use of other numerical methods such as the mesh free method, the 

boundary element method and the extended finite element method (XFEM) [15, 16, 17]. Among those methods, 

XFEM offers great advantages over others, since it enables the mesh to be independent of the evolving crack 

geometry; In addition, XFEM gives an accurate result, thanks to enrichment functions even with coarse meshes near 

the crack tip [18]. The XFEM was initiated by Belytschko et Black [19]. Stolarska et al [20] coupled between the 

level set method (LSM) and XFEM to investigate the problem of cracks. XFEM has some limitations such as the 

description of the plastic behavior of the material at the crack tip, in order to overcome that, Sachin Kumar [21] 

proposed an elastic-plastic enrichment basis to represent the singularities in elastic-plastic fracture mechanics. In the 

field of pressurized equipment, [22] used the XFEM to study the fracture behavior of pipes under internal detonation 

loads; K. Sharma [23] performed a numerical investigation with XFEM to evaluate the stress intensity factor of a 

semi-elliptical crack in a pipe band. Using the XFEM to investigate the effect of the crack on a thickness transition 

and evaluating the influence of transition zone on J-integral was however not treated in [3,4,12,13], also, taking 

account of the second slope of thickness transition was required to complete the work in [3,4,12,13].  

The purpose of this work is the application of XFEM to evaluate the effect of a 3D circumferential crack in 

thickness transition with a double slope in a pipe and investigate the effect of the parameters of the transition zone 

on J-integral in elastic-plastic behavior. In section 2, the theoretical method to calculate the J-integral is introduced. 

In section 3, the definition of enrichment zone and the level set is provided at the same time the geometry of the 

pressure equipment is defined. In section 4, the influence of the parameters of the transition zone on the J-integral is 

discussed. Finally, a comparative study of the J-integral is done between straight pipes and pipes with the thickness 

transition with different slopes. 

2    MATHEMATICAL FORMULATION  

2.1 J- integral for a circumferential crack in a straight pipe 

For elastic-plastic behavior of a material with hardening effect, the J-integral can be expressed by Eq. (1) [24-26]: 

 

 e e pJ J a J   (1) 

 

where 
eJ and pJ are respectively the elastic and plastic part of J : 
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The stress intensity factor is given by Eq. (3).  

 

0 eK i a   (3) 

  

where 0i is the elastic influence function for J-integral. In general, it is enough to judge the severity of the defect by 

evaluating K (J for elastic-plastic range) only by a weighted-average of local K-values (J-values) calculated at inside 

1J , middle 2J , and outside 3J crack-tips, the average value of K or J is given by Eqs. (4) and (5)[8]. 
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ea  is the corrected crack depth in order to incorporate the effect of plastic deformation near the crack tip. Irwin 

[27]: 
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with a is the crack depth, 2   for plane stress, and 6   for plane strain conditions. 

In general, the pipe can be exposed to different types of loads (Fig.1(a)), axial loading, bending moment or 

internal pressure [8-10], each loading condition or the combination of these types of loads generate the applied stress 

 inside the pressurized pipe. [8] 

The value of internal pressure is calculated according to the CODAP (C2.1.4.2) instructions [28]: 
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where
e2.m m iD R R R   is the mean radius of the pipe with circumferential crack, z is the welding coefficient, for 

an exceptional situation of service or resistance test, z = 1. t is the minimum thickness required of the cylindrical 

shell.   is the applied stress in a pipe,   equal to the nominal stress f
  

for purely elastic behavior of the material. 

For the elastic-plastic range 
e f , with 

e
 is the yield stress(Table.1). 

iR and
eR  are respectively inner and outer radius of thin pipe where e iR t R  . So, Eq. (7) becomes: 
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The fully plastic part of the J-integral for a circumferential surface crack in pipes, considering internal pressure, 

can be rewritten as: 
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where ( )b t a   is the uncracked ligament,  P is the applied pressure calculated in Eq. (8), 0P  is the plastic limit 

load for P. The limit pressure for perfectly plastic material is given by Eq. (10) [29]: 
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with / mc R   (For the thin-walled pipes with a large diameter),   is the crack angle and c  is the half crack length 

(Fig.1 (b)), h is the plastic influence functions for J-integral, h depends on crack size, pipe geometry, and strain-
hardening exponent n. α is a dimensionless constant that depends on n. 

In conclusion, in the case of straight pipe with a circumferential surface crack, the analytic formulas of the J 

integral can be written as: 
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From Eqs. (9) and (11), we note that the variation of J value depends on the pressure ratio  
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, with 
0  is the yield stress. 

 

 
 (a) (b) 

  

 

 
(c) 

Fig.1 

Straight pipe with crack: (a) Pressurized pipe exposed to a different load (b) Internal circumferential crack in a pipe (c) The 

meshing of the cracked pipe. 

2.2 J- integral in extended Finite Element Method (XFEM) 

The J-integral is the energy per unit fracture surface area, in a material [30], in this study, J is calculated by the G-

Method (Eq. (12)), which is implemented in the software Castem [7]. Sukumar [31] has used the gradient of the 

level sets to present the crack, [31] has defined this local basis by 1 2,e e    and  3 1 2e e e  . In XFEM, J is 

expressed on a local basis formed of level set functions [18]: 

 

c c

i i j j i i j

V

J P n d P dV 
  

       

(12) 

 

where i jP  is the Eshelby tensor [32], it is given by Eq. (13): 

 

 ( , , ) 1,2,3
ikij i j kjP w i j k        (13) 

 

with w is the elastic energy density,  and  are respectively stress and strain expressed in the basis  1 2 3, ,e e e  

(Fig.3).   is a field of displacement parallel to the plane of the crack and normal to the front (Fig. 2(b)), it is defined 

by Eq. (14):  
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 and  ( ) 0x    for   

0 1 2x       (14) 

 

V is a volume containing the crack front C (red arc in Fig. 2(a)) with 
0 1 2c cV       . 

c

 and 
c

 are 

the outer and inner surfaces respectively. 

 

  

 

 

 

 

 

 

 

Fig.2 

(a) The domain V in integral J computation, (b) example of θ 

field in 2 dimensions [12]. 

 

  

 

 

 

 

 

 

 

 

Fig.3 

The local basis on the crack front. 

3    NUMERICAL SIMULATION    

3.1 Geometry and loading 

The study considered the material in P265GH steel specially used in pressure equipment, this material is supposed to 

be elastic-plastic with kinematic hardening 200000H MPa . Table 1 presents the P265GH steel properties: 

 

Table 1 

Properties of P265GH steel. 

Young's modulus, 

E, (GPa) 

Yield stress,
 

0, ( )MPa  
Poisson’s ratio,   Breaking stress,

 
, ( )u MPa  

Nominal stress, 
, ( )f MPa  

200 320 0.3 470 148 

 

The type of pipe is defined by the parameter 
it R [10]:  

it R >0.1: the pipe is thick.  

it R <0.1: the pipe is thin.  

it R =0.1: the pipe has an average thickness. 

In this work, we considered a thin pipe it R =0.04 where t=20 mm. The pipe with thickness transition is 

subjected to internal pressure, P (Eqs. (7-8)). 0/P P is varied within the range {0.1; 0.2; 0.4; 0.6; 0.8; 1; 1.2; 1.4}. 

The shape of the studied defect is axisymmetric circumrenal external crack (Fig. 4 (b)). It is characterized by the 

depth ‘a’; the total length ‘2c’ and the crack angle ‘ ’; in this study / mc R  . 

The normalized crack length ( / )  takes the values 0.01; 0.02; 0.04; 0.06; 0.08. We used the parameter c, to 

define the crack elongation on the wall of the pipe.  

In order to study an extended configuration of the types of defect, we used the parameter (a/t) to define the depth 

of the crack in the pipe wall, the parameter (a/t) gives several types of defect: shallow crack for (a/t) <0.5 until deep 

crack for (a/t) = 0.8.  
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In the present paper, (a/t) takes values 0.1, 0.2,0.3, 0.4. This gives a set of 160 configurations of pipe under 

internal pressure. 

This study considered straight pipe (t) and pipe with thickness transition  2 3, ,t t t . In industry, pipe with 

thickness transition is in general used as a concentric or eccentric reducer [33]. Cracks are considered to be located 

at the base of the transition in the thin part of the pipe [3, 12, 33] (Figs. 4). 

 
 

 
(a) 

 
(b) 

Fig.4 

Cracked pipe with thickness transition: (a) Double slopes thickness transition (b) External circumferential crack in the pipe. 

3.2 Crack meshing and enrichment  

Applying the symmetry, we model only the half-pipe with thickness transition and an external circumferential crack 

(Fig. 4(b)), we used 2350 quadrangle elements (XC8R) with 512 Gauss points in block crack, for the rest of the 

mesh, we used 14950 standard elements (CUB8). The pipes thickness variations are generally located at the outlet of 

valves (reservoirs), therefore in boundary conditions, we fixed the displacement of the end of the thicker part of the 

pipe, in addition, we blocked the translation and the rotation in
 yu  and 

zu  axes by applying symmetry boundary 

conditions (Fig. 5(a)). We presented the crack by level sets; therefore, we define a normal level set φ (PHI) from the 

crack front and tangential level function ψ (PSI) from the crack face (Fig. 5(b)). The sign and the absolute value of 

the level sets give the distance and the location of the points of solid relative to the crack defined by the set: for a 

point x of the solid (Fig. 6): 

 
( ) 0

( ) 0{ x

xx crack 





 
 
 with ( 1)      (15) 

 

XFEM analysis by commercial software Castem [7] is conducted; it has the XFEM capabilities for the elastic-

plastic behavior of the material with hardening effect. It calculates the J integral with the G-Theta method (Eq. (12)). 

 

 

 
(a) 

 
(b) 

Fig.5 

(a) Cracked half –pipe with double slopes thickness transition, (b) meshing of the crack. 
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Fig.6 

(a) Representation of a crack with level sets, (b) normal level 

set, PHI, (c) tangential level set, PSI. 

4    RESULTS AND DISCUSSIONS  
4.1 XFEM model validation 

In order to verify the 3-D elastic-plastic extended finite element model, a straight pipe model is first generated 

taking account of a small circumferential surface crack (Fig.1) subjected to internal pressure. The pipe has the 

followed parameters: the thickness of the pipe is t=20 mm,
 

/ 0.04it R  , the half crack angle /  =0.01 and 0.08, 

Young's modules E= 20000 MPa, 
0 =320 MPa, α=1 and n=15, Poisson's ratio is 0.3. We calculated the mean 

values of J, numerically with XFEM for all values of a/t, /  and
0/P P . We compared the numerical values of J 

with analytical elastic-plastic solutions of J integral in the previous studies (Eq. (11)) [29]. Figs. 7-8 present the 

evolution of the values of J-integral according to the loads and crack depth (a/t). The results show a good 

concordance between the XFEM results and the literature [29], this gives confirmation to use numerical simulation 

based on XFEM to investigate the J integral at a thickness transition of pressurized pipe. 

 

 

 

 

 

 

 

 

 

 

Fig.7 

Comparisons of the values of J in this study with the analytical 

solution [29], /  =0.08, /t Ri =0.04. 
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Fig.8 

Comparisons of the values of J in this study with the analytical 

solution [29], /  =0.01, /t Ri =0.04. 

4.2 Effect of loading and crack size on J-integral 

In this section, we analyzed the effect of the load on J-integral. The pipe with thickness transition with a double 

slope is subjected to internal pressure P. The ratio / 0P P varies within the range {0.1, 0.2… 1.4}. Figs. 9(a) and 9(b), 

illustrate the variation of the mean value of the J-integral according to the loading for different values of /a t and 

/  . The results show that the J values depend on the crack depth and loading, for the great value of / 0P P  

( 0/ 0.5P P ), the J values increase when / 0P P and /a t  increase. The maximum of J-values is reached for great a 

value of /  , showing clearly that the longest and deepest crack propagates more easily than shallow and slightly 

elongated crack. This result is logical and it is due to the fact that the cracked zone becomes more stressed in the 

thickness transition with a double slope, because of the thickness transition which acts as an amplifier of the stress, 

so stresses are redistributed in the crack plane giving more stressed points. 

 

 
(a) 

 
(b) 

Fig.9 

The variation of J-values according to the loading for different values of /a t , /t Ri =0.04: (a) /   =0.01, (b) /  =0.08. 

4.3 Comparison between J-values of the pipe with uniform thickness and the pipe with thickness transition 

Considering the internal pressure, this section compares the values of J-integral of a circumferential crack between 

different types of pipe: straight pipe, pipe with thickness transition and different slopes. In order to know the 

harmfulness of a crack in a thickness transition in comparison to the straight pipe, we defined a parameter 
/1 1S J Js T  and

 
/2 1 2S J JT T  . Where Js , 1JT and 

2
JT are the value of the J-integral calculated for straight pipe, 

single-slope thickness transition pipe, and double-slope thickness transition pipe respectively. 

Fig. 10 (a-b) illustrate the variations of 
1

S  according to ( / 0P P ) for /  equal to 0.01 and 0.08 in the case of thin 

pipes ( / 0.04
i

t R  ). Whatever the value of /  and /a t ; 
1

S  is greater than 1, the single-slope thickness transition 

pipe presents more risk than the straight pipe. 

In previous studies [12, 13], we verified that a single-slope thickness transition pipe presents 4 to 6 times risk 

than uniform thickness pipe for elastic range. However, in this study, for the elastoplastic range, thickness transition 

tubes are riskier than the straight pipe of an order of a hundred, this mainly for large load value ( 0/ 0.8P P ).Fig. 

11 (a-b) present the variation of 2S  according to the loading and crack size. For the small value of loading 
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( 0/ 0.5P P  ), single-slope thickness transition pipe and double-slope thickness transition pipe present an almost 

similar risk. For 0/ 0.5P P , the J-value of the double-slope thickness transition pipe is 2 to 10 times riskier than 

the single-slope thickness transition pipe. 

The transition reacts as a raiser of stress; it amplified the stress close to the surface. When the applied pressure 

(P) and the depth of the crack (a/t) increases, the concentration of the stress increases, so, greater sizes of the defects 

(deeper or a more elongated cracks)create points with higher stress in the crack plane, and the stresses are more 

amplified near the surface because of the first and the second thickness transition then 12T T SJ J J . 

 

 
(a) 

 
(b) 

Fig.10 

The variation of 1S  according to ( / 0P P ), /t Ri =0.04: (a) /  =0.01, (b) /  =0.08. 

 

 
(a) 

 
(b) 

Fig.11 

The variation of 2S  according to ( / 0P P ), /t Ri =0.04: (a) /  =0.01, (b) /  =0.08. 

4.4 Effect of the transition zone on the variation of J-integral 

The thickness transition is related to the angle of the slopes by the following relation: 

 

3

2 2

2

1 2

(1 ) ( 1)

tan( ) tan( )

tt
t t

l t
 

 
 

 
  

 
 

 with   10
2


    and   20

2


    and  

2 3t t t
 
  (16) 

                          

(l) mainly depends on ( 2 /t t ),( 3 2/t t ),( 1 )and ( 2 ). We consider those parameters as variables and analyze 

their effect on the variation of J-values. The parameters of the geometry of the pipe are varied within the following 

ranges [34]:
1 2 2 30 30 , 0 45 , 1.1 35 , 7 40 7 40mm t mm mm t mm and mm t mm             . 

In the previous study [12,3] the most severe case encountered in industrial facilities for a pipe with a single slope 

thickness transition is a transition with 1 30   and 2 / 1.5t t  . The decreasing of the angle of slope and the 

increase of the length of the transition is one effective method of reducing the stress intensity factor for the elastic 

behavior of the material [12]. Therefore, to know the gravest case of ( 3 2/t t ) and ( 2 ), we fixed the parameters of 
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the first thickness transition and varied the remaining parameters.  Fig.12 shows the evolution of J-value according 

to 3 2/t t
 
and 2  for

 1 30  ,
 2 / 1.5t t  , 0/ 1.4P P   and / 0.08   . The ratio 3 2/t t  is varied from 1.1 to 3.   

The results show that for small values of 3 2/t t  ( 3 2/ 1.9t t ), the effect of the angle of the second slope has a 

very weak effect on J variations, but its effect appears noticeably when 3 2/ 2.1t t   where J-integral reaches the 

maximum value for 2 45  . Therefore, in elastic-plastic range, the second transition with 2 45   and 

3 2/ 2.1t t   present the grave case of the double-slope thickness transition pipe. In addition to that, the reducing of 

the parameter 3 2/t t  lead to decreasing of the J-value. We also check the influence of the first thickness transition 

on the variation of J-integral (Fig.13), we consider the parameters of the second thickness transition as 

constant( 2 45   and 3 2/ 2.1t t  ), we varied ( 2 /t t )and ( 1 ).The parameter ( 1 ) is varied within the range of 

5to 40 and the ratio ( 2 /t t ) is varied from 1.1 to 2.1. We concluded that J-values depend on the first slope 1  for 

all values of 2 /t t . As a result, the parameters of the first thickness transition (( 2 /t t ), ( 1 )) have more influence on 

the variation of J-integral than the parameters of the second thickness transition (( 3 2/t t ), ( 2 )). 

 

 

 

 

 

 

 

 

Fig.12 

The variation of J-values according to /3 2t t  and
 2 ,

 

30 ,1  / 1.5,2t t  / 1.4,0T T  / 0.08.    

 

  

 

 

 

 

 

 

 
Fig.13 

The variation of J-values according to /2t t  and
 1 ,

 

/ 2.13 2t t  , 452  , / 1.40T T  , / 0.08.    

5    CONCLUSION 

In this paper, we considered the elastic-plastic behavior of the material; we analyzed the effect of an external 

circumferential crack located in the thickness transition zone of a pipe with double slopes. The study showed that the 

angle 1 30   and 21.1 / 1.5t t  are grave cases of the first slope of the thickness transition. The effect of the 

second slope isn’t remarkable, that is to say, the parameters (( 2 /t t ),( 1 ))are more influential than the parameters 

(( 3 2/t t ), ( 2 )). Considering the internal pressure, this work highlighted the investigation of a 3D crack problem 

in a thickness transition pipe with a double slope, using XFEM. In XFEM, the level sets and the enrichment zone 

were defined. A crack is easily modeled by enrichment functions. The comparison between the values of the J-

integral showed that the pipe containing thickness transition with double slopes is more sensitive to the considered 

cracks. The decreasing of the angle of the slopes and the increase of the ratio of the thicknesses of the transition is 

one effective method of reducing the J-integral. 
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