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Abstract

Introduction: We consider the differential equations of the fractional pantograph as follows:
{D"y(t) =fty®),y(qt)), t€]=[0T], 1)
y(0) =0, y(T)=0,

where 1 <pu<2.0<q<1andf isacontinuous function. Also, .D* denotes the derivative of the Caputo fraction. To
solve problem (1), we transform it into the following Volterra-Fredholm integral equation:

1 ¢
y() = Tll)fo t— )" 1 f(sy(s),y(gs))ds .
T
_ %(ll)fn (T —7)»? f(r,y(r),y(q-[))d.[.

Since the problem (1) and Volterra-Fredholm integral equation (2) are equivalent, they have the same solutions. If equation
(1) is given along with inhomogeneous boundary conditions, it is possible to use the u = y — y, transformation to obtain
homogeneous boundary conditions. It yields y; = M t+y(0).

Method: Suppose ]L.(“'ﬁ) (t) is a Jacobian polynomial of degree i. Considering the
N

w® =) e P, 3)

i=N
As an approximation of the solution of the integral equation (2), first, we transfer the integrals on the right side of the
equation to the range [-1, 1] by changing the variables. Then, by placing the approximation (3) in the equation, we
approximate the integrals in it using the Gauss-Jacobi integration method. Next, considering N+1 collocation point as t; =

iﬁ‘i =1,2,--,N + 1. Let t = t; in the (3) we have

1 u ti(x,+ 1) ti(x,+1) ti(x,+1)
W) = o5 X’;f<l 5 ,yN(‘ 5 ).yN("‘ > >>wk
M
t;, T T(x;+ 1) T(x;, +1) qT (x; + 1)
s (5)“’; f( . .yN( ) ).yN( . )) O

where x;, .k = 0,1,---,M .are roots of ](,{,‘;11'0) (x) and wy are associated weights. The resulting system consists of N+1

nonlinear algebraic equation in terms of unknown coefficients a_i, by solving which the values of a_i are determined. Then,
by placing a_i in equation (3), an approximation of the solution of toe problem is given.

Findings: The results of the implementation of the method on three examples show that the error decreases with the increase
in the number of basic functions and the higher the order of smoothness of the solution of the problem, the better
approximation will be obtained.
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Discussion: In this research, we have numerically solved a set of nonlinear fractional pantograph differential equations with
boundary conditions using Jacobi polynomials. The present method turns the problem into a system of nonlinear algebraic
equations, which simplifies the problem. It is suggested to use Jacobi wavelets to solve such problems, because in problems
where the solution is not smooth enough, using wavelets by keeping the polynomial degree constant and increasing the
number of wavelets will lead to an improvement in the approximation.

Keywords: Fractional pantograph differential equation, Boundary conditions, Volterra-Fredholm integral equation, Jacobi
polynomials.
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