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corresponding metastasis is controlled using chemotherapy method.  The progress 
of a cancer tumours is contributed to two main factors including metastasis and 
mutation. It is observed that controlling the metastasis dynamic without considering 
the mutation phenomenon is doomed to fail. In this paper, the mathematical model 
of the cancer dynamic is improved considering the mutation of the stem cells and 
the effect of chemotherapy injection as the corresponding controlling signal is 
investigated in the extracted state space. Controlling the cancer growth and its 
mutation process is accomplished here using PID controller and State Feedback 
Control (SVFC) method. It is shown that by the aid of the proposed model of this 
paper, not only the number of the cancer cells can be converted to zero, but also the 
mutation process can be blocked since the feedback of the mutated cells are also 
engaged in the state space of the system. Verification of the model is conducted by 
the aid of simulation in the MATLAB and comparing the results with previous 
studies. 
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1 INTRODUCTION 

Mathematical model is extremely useful in different 

fields and nowadays it is also employed in biological 

research. Dynamic model of a system can predict the 

behavior of a system by the aid of its related analytic 

differential equations and thus provides a good 

prerequisite for controlling the response of the system. 

Some examples of the biological plants which can be 

modelled analytically using the mentioned differential 

equations are tumor growth, metastasis dynamics, 

chemotherapy, immunotherapy, and tumor 

heterogeneity. Cancer treatment using chemotherapy in 

its traditional form has some challenges such as extreme 

side effects and also mutation syndrome. One of the 

proposed solution toward neutralizing the mentioned 

deficiencies is modeling the dynamics of the cancer 

growth and estimating the proper controlling input. So 

far, researchers have used variety of models and 

controllers to treat the cancer. Most of the previous 

research are related to cancer metastasis while mutations 

and stem cells which are effectively engaged in cancer 

dynamics are ignored. Stem cell mutations causes tumor 

formation and cancer progress. Thus if the mutation 

could be modeled and consequently controlled properly, 

the efficiency of threatening can be increased 

enormously. The main studies in the field of growth 

modeling of cancer cells are as follow.  

Cancer is considered as a genetic disease in [1]. Here the 

dynamic of rich signalling is presented and its effect on 

the cancer cells and drug resistance is discussed. In 

2011, Andasari analyzed a mathematical model in which 

the attack of the cancer cells on the Extra Cellular Matrix 

(ECM) and tissue was also considered, and its task was 

to activate the urokinase plasminogen system [2]. In 

this article, a mathematical model was numerically 

examined based on the invasion of the cancer cells into 

tissues. Cell-specific GEMs was employed in [3] to 

prevent the growth of cancer cells. Differences of cancer 

cell lines and the related metabolic systems were also 

studied here.  This article studies the differences of the 

cell line metabolism as well as the anti-growth factors 

using CL-GEM which inhibits the growth of the cancer 

cells. In 2004, Jackson proposed a mathematical model 

for the treatment of the prostate cancer that describes 

pre-treatment growth of cancer cells and eventual return 

after surgery [4].  

In 2006, Kohandel, Sivaloganathan, and Oza presented 

a simple mathematical model to examine the repeated 

effect of chemotherapy and surgical treatments [5]. In 

2018, Fassoni proposed a mathematical model for the 

onset and development of cancer that considers three 

hallmarks of cancer, including self-sufficiency in growth 

signals, insensitivity to anti-growth signals, and escape 

from apoptosis [6]. At the mentioned studies, the cancer 

is modelled but no controlling signal is designed to cure 

the tumour. Considering the fact that the cancer is 

modeled, proper controlling input can be designed to 

stabilize the tumor growth. Shuo Wang in 2016, 

proposed a cancer treatment using chemotherapy which 

considers an optimal control with the aim of reducing the 

combination of tumor volume and side effects of 

chemotherapy [7].  

A new control plan was developed by Garawany 

considering the therapeutic limitations of cancer in the 

delivery system of chemotherapy drugs [8]. Kozusko et. 

al proposed a mathematical model related to the growth 

of the cancer cells and then its related response to the 

treatment with the antimitotic agent curacin was 

analyzed [9]. The dependency of chemotherapy to the 

cell cycle is investigated in [10]. Here the model is 

categorized according to the employed drug and the 

optimum control is selected according to the specified 

category. The proposed model is used to estimate the 

growth of the cancer cells in vitro for the growth and 

treatment of the cancer cells A2780 and MCF-7 and LY2 

by the aid of chemotherapy. In 2006, Dingli introduced 

a mathematical model that considers the dynamics of the 

cancer cell population. It also examined the equilibrium 

points for complete cure of the disease in terms of 

relative treatment and treatment inadequacy [11]. In 

2018, Vivek designed an ISA-PID controller for optimal 

drug scheduling during the treatment [12].  

In [13], it is explained that the main obstacles against a 

successful chemotherapy are the dependency of the cell 

cycle to treatment and also the resistance of the 

cancerous cell to cytotoxic. Optimal control is supposed 

in this research to overcome the mentioned challenges. 

According to their proposed thesis, the models should 

include division of the cell cycle into subphases and/or 

the mechanisms of drug resistance. Oke et. al has 

investigated a mathematical model of breast cancer 

which consists of a series of differential equations, 

chemotherapy and ketogenic diet. They employed 

optimal control in order to extract different 

combinations of chemotherapy drug and ketogenic diet 

and find out the optimum injection of drug dosage 

toward decreasing the cancer cells [14]. In 2019, it was 

shown in [15] that it is possible to postpone the drug 

resistance of chemotherapy of a tumor by the aid of 

optimal control. The proposed model divides the tumors 

to two sections including sensitive and resistant and 

includes a flow between compartments due to genetic 

mutations.  

A non-standard objective functional including a penalty 

for resistant phenotype is introduced here. Panjwani 

designed a two Degrees Of Freedom (DOF) fractional 

order PID controller to regulate concentration and 

toxicity of the drug [16]. Dunne et. al used human 

adipose tissue-derived extracellular matrix (hDAM) as a 

three-dimensional cell culture to grow and treat the 

breast cancer [17]. hDAM has been used here to study 
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the migration / invasion growth, morphology, and drug 

outcome of the cancer cells. In 2019, Khalili used a 

fuzzy controller to control the injection of the 

chemotherapy drugs [18]. For cancer and healthy cells, 

a fixed fuzzy control input was obtained in this article, 

by which the rate of the chemotherapy injection using a 

fuzzy controller can be achieved. The mentioned 

research just focusses on metastasis while as mentioned 

the main challenge in cancer progress is mutation. Few 

studies have considered this phenomenon so far. In 

2007, Wodarz discussed the effect of stem cell turnover 

on protection against the cancer and aging [19]. Samuels 

theoretically studied PIK3CA, which is mutated in 

various human cancers, by eliminating two common 

mutations in colon cancer [20]. The results of this 

method show that PIK3CA mutations amplify the 

neoplastic cells. Then in 2008, Ashkenazi proposed a 

model used to detect the onset of cancer as a multistage 

process of accumulation of somatic mutations in tissue 

cells and showed how the sequence of mutations and 

phenotypic changes in mutant cells affect the rate of 

carcinogenesis. This model predicts that the details of 

cancer growth dynamics are governed by the specific 

effect of mutations that lead to cell transformation. Also, 

differences in the dynamics of different cell populations 

have determined the accumulation of mutations and their 

physiological expression in a specific order [21]. 

Sameen, together with several other researchers, in 2015 

presented a mathematical model for analysing the 

behaviour of KRAS mutation in colorectal cancer with 

respect to a combination of moAb and Chemotherapy 

therapies to combat drug resistance [22]. In 2017, Stiehl 

and Czochra developed an insight into mathematical 

modelling for self-regenerating stem cells in cancer 

remodelling [23]. In 2019, Ascolani and Lio showed by 

modelling that how important the mutation of driver and 

metabolic material is in the progression of breast cancer 

to bone [24-25]. In 2020, Owolabi and Shikongo 

presented a mathematical model that expresses the 

inherent drug resistance to include the spatial effects of 

the cells involved and the creation of biological and 

asymptotic surfaces [26].  

As can be seen, controlling the mutation of cancer cells 

is not studied so far in the literature. In this study, by the 

aid of the proposed model of [21], the mentioned gap of 

mutation control is covered. In this model, both the 

sequential acquisition of phenotype-modifying 

mutations and tissue hierarchy are considered. Also the 

progressive effect of accumulated mutations that 

ultimately lead to the induction of genetic instability is 

studied in this model. As a result, a general mathematical 

framework for the quantitative study of the 

carcinogenesis is presented. This model considers key 

points of biological modelling such as the hierarchical 

structure of tissue and the maturation of productive cells.  

Moreover, all possible modes of stem cell divisions are 

included here, and the dynamics of each generation can 

be studied separately. The effect of the chemotherapy 

input is also investigated on the model and using the 

model of Pinho. PID controller is employed then to 

converge the cancer cells to zero. Also the related gains 

are tuned using pole placement method SVFC. It is 

shown by the aid of the extracted model and also 

conducting some simulation scenarios that the control of 

this type of cancer can be realized with the proposed 

controlling strategy and the mutation process can be 

blocked successfully by the aid the chemotherapy input 

according to the proposed controlling algorithm. At the 

next section, the proposed analytic model of the cancer 

mutation is presented and the related controlling input is 

added to the dynamics of the system. At section three, 

the controlling strategy according to PID and pole 

placement is implemented on the model. In section four, 

a simulation scenario is conducted in which the third 

mutation of cancer cells is controlled. The correctness of 

modelling is shown by comparing the results with 

previous simulations while the efficiency of the 

designed controller is validated by checking the 

applicability of the proposed chemotherapy schedule to 

block the mutation process. It will be concluded that 

using the mentioned model and control strategy, the 

mutation phenomenon can be successfully controlled by 

which the metastasis and cancer cells can be 

consequently stabilized. 

2 MODELING 

According to the presented model of [27], the stem cells 

can be divided symmetrically to a couple of stem cells 

or a couple of ordinary cells. Asymmetrically division is 

also possible which results in an ordinary cell and a stem 

cell as shown in “Fig. 1”. 

 

 
Fig. 1 Symmetric and asymmetric divisions of stem or 

progenitor cells. 

 

Based on this model, the state space related to the 

dynamics of the cancer growth without considering the 

mutation and controlling input can be presented as in 

“Eq. (1)”: 
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𝑑𝑆

𝑑𝑡
=  𝛼𝑆 − 𝛼𝑑 − 𝛿𝑆 𝑆

𝑑𝐶0

𝑑𝑡
=  2𝛼𝑑 + 𝛼𝑎 𝑆 −  𝛽0 + 𝜇0 𝐶0

𝑑𝐶𝑛

𝑑𝑡
= 2𝛽𝑛−1𝐶𝑛−1 −  𝛽𝑛 + 𝜇𝑛 𝐶𝑛

𝑑𝐶𝑁

𝑑𝑡
= 2𝛽𝑁−1𝐶𝑁−1 − 𝜇𝑁𝐶𝑁

 

 (1) 
 

Here, S is the stem cells, αS is the rate of the 

symmetrically self-renewing stem cells, αd is the rate of 

symmetrically differentiating stem cells and αa is the 

rate of the asymmetrically self-renew Stem cells. Also 

δS is the rate of the death of the stem cells, C0 is the rate 

of change in the number of earliest progenitors (the 

direct effect of the stem cell division, which is 

considered as the generation 0). Here each asymmetric 

differentiation division contributes two progenitors, 

while the asymmetric ones contribute one progenitor. β0 

and μ0 are the rate of division and death of the first 

generation of the stem cells respectively and N,n denotes 

the number of the divisions in the equations. 

2.1. Modeling of Mutation: 

According to [18], the controlling input as the 

chemotherapy injection rate can be added to the 

presented model of [22] as “Eq. (2)”. Here the dynamics 

of the stem cells is presented for 3 mutations with 2 

divisions: 

 
dS

dt
= ( 1 − 2mS αS − αd − mSαa − δS)S

       −
p10 S

a1 + S
U

dS i 

dt
= (2αS i−1 + αa i−1 )mS i−1 S

 i−1      
    
     +( 1 − 2mSi αSi − αdi − mSiαai − δSi)S

 i 

      −
p10 S

i

a1 + Si
U             i = 1.2

dS I 

dt
= (2αS I−1 + αa I−1 )mS I−1 S

 I−1          
        
        + αSI − αdI − δSI S

 I             

        −
p20 S

I

a2 + SI
U             I = 3 

 

 (2) 
 

It should be noticed that here, the natural divisions are 

take place with probability of  1 − mS  while the 

mutated divisions are taken place with probability 

of 𝑚𝑆. Also   {αSi. αS 1−I . αSI. αS 1−i } are the improved 

rate of symmetrically self-renewing stem cells, {αdI. αdi} 
are the improved rate of symmetrically differentiating 

stem cells and {αai. αa I−1 . αa i−1 } are the improved 

rate of symmetrically self-renew stem cells. i in the 

equations 
𝑑𝑆 𝐼 

𝑑𝑡
 and 

dS i 

dt
 denotes the mutation number 1, 

2 respectively while I denotes the third generation of the 

stem cells division. p10 shows the rate of the death of the 

normal cells by the chemotherapy drug which is equal to 

1.2 × 10−7 and finally 𝑎1 is the proliferation rate of the 

normal cell which is 1.1. Now the dynamic equations of 

the natural and mutated progenitor can be stated as “Eq. 

(3)”: 

 
dC0

dt
= (2αd 1 − mS + αa 1 − mS )S

       − β0 + μ0 C0 −
p10 C0

a1 + C0

U

dC0
 i 

dt
= (2αd i−1 + αa i−1 )mS i−1 S

 i−1 

      + 2αdi + αai  1 − mSi S
 i − (β0

 i + μ0
 i )C0

 i 

      −
p10 C0

i

a1 + C0
i
U                   i = 1.2

dC0
 I 

dt
= (2αd I−1 + αa I−1 )mS I−1 S

  I−1  

     + 2αdI + αaI S
 I − (β0

 I + μ0
 I )C0

 I 

     −
p20 C0

I

a2 + C0
I U                       I = 3

 

 (3) 
 

Here C0
 i 

 and C0
 I 

 show the number of the cells which 

are not engaged in any division and I, i denote the 

mutation. Also p20 shows the rate of the cancer cells 

death by chemotherapy drug where I is equal to 0.2051 

and a2 is the rate of cancer cells’ saturation which is 

equal to 4.6205. The rate of the changes in the mutated 

cells in the first division can be presented as “Eq. (4)”: 

 
dC1

dt
= 2βn−1 1 − mC Cn−1 −  βn + μn Cn

          −
p10 Cn

a1 + Cn

U             n = 1    

dC1
 i 

dt
= 2βn−1

i−1 mC i−1 Cn−1
 i−1 

    +2βn−1
 i  1 − mCi Cn−1

 i  − (βn
 i + μn

 i )Cn
 i 

     −
p10 Cn

i

a1 + Cn
i
U     n = 1 &  i = 1,2   

dC1
 I 

dt
= 2βn−1

 I−1 
mC2Cn−1

 I−1 

         +2βn−1
 I 

Cn−1
 I 

 − (βn
 I + μn

 I )Cn
 I 

         −
p20 Cn

I

a2 + Cn
I
U      n = 1 &  I = 3    

 

 (4) 
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In the above equations, 𝑛 = 1 shows the first division 

and the production of the last division which is shown 

by N can be expressed as follow: 

dCN

dt
= 2βN−1 1 − mC CN−1 −  βN + μN CN

          −
p10  CN

a1 + CN
U           N = 2 

dCN
(i)

dt
= 2βN−1

(i−1)
mC(i−1)CN−1

(i−1)

          +2βN−1
(i)  1 − mCi CN−1

(i)
− μN

 i CN
 i 

          −
p10  CN

i

a1 + CN
i

U         i = 1,2   &    N = 2

dCN
(I)

dt
= 2βN−1

(I−1)
mC(I−1)CN−1

(I−1)

           +2βN−1
(I)

CN−1
(I)

− μN
 I CN

 I 

           −
p20  CN

I

a2 + CN
I U          I = 3    &    N = 2

 

 (5) 

 

Dynamics of the system is simulated in two scenarios. In 

the first scenario, no controlling input is considered. 

Here the constant parameters are as “Table 1ˮ [21]. 

 
Table 1 The parameters used in MATLAB for normal cells 

and the Maturity Structured model of mutation 

Param

eter 
Biological Meaning 

Normal 

Value 

Mutated 

Value 

S Normal stem cells 
18000 

(cells) 

18000 

(cells) 

αS 

Probability of 

symmetrically self-

renewing stem cells 

0.2 [28] 0.4 

αa 

Probability of 

asymmetrically self-

renewing stem cells 

0.6 [28] 0.425 

αd 

Probability of 

symmetrically 

differentiating stem cells 

0.15[28] 0.025 

δS 
Probability of stem-cell 

death 
0.05[29] 0.025 

mc 
Probability of mutated 

divisions of progenitors 
10−6 10−4 

mS 
Probability of Mutated 

divisions in stem cells 
10−6 10−4 

β0 
The division rate in this 

population 
9.697 19.08 

μ0 
The death rate in this 

population 
0.1006 0.0484 

p10 

Rate of destruction of 

healthy cells by 

chemotherapy drug 

1.2
× 10−7 

_ 

p20 

Rate of cancer cells 

death by chemotherapy 

drug 

0.2051 _ 

a1 
Proliferation rate of the 

normal cells 
1.1 _ 

a2 
Proliferation rate of the 

cancer cells 
4.6205 _ 

 

2.2. Linearization Around the Operating Point 

Since the cancer cells are supposed to be destroyed, their 

number is around the equilibrium points of the extracted 

state space in the stable condition. Thus the equilibrium 

points are calculated here to linearize the state space 

around them as the related operating point. As a result it 

is possible then to control the system using a simple and 

strong controller of PID.  

According to homeostasis phenomenon, any material is 

set to be constant in the body for all of the limbs. In [21] 

it is supposed that this condition is realized by the aid of 

a constant number of stem cells, i.e. 
dS

dt
= 0. Thus if the 

rate of the asymmetric division and death would be non-

zero they should be balanced accordingly. Thus we have 

𝛼𝑠 = 𝛼𝑑 + 𝛿𝑠, which means that the stem cells are 

constant during the time S t = SH. As a result, the 

equilibrium points can be extracted as follow: 

 
5 7

3

5 5

5 6

6

[900000;8.93;1.1195 10 ;4.8959 10 ;

3.618;0.1788;0.4229;1.7151 10 ;

0.0011;2.8411 10 ;6.8861 10 ;

1.3606;6.8591 10 ;1.982 10 ;

3.9069 10 ;0.4555]

 

 



 



 

 



 (6) 

 

Linearizing the mentioned state space of the cancer 

dynamics results in: 
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𝑑𝑆

𝑑𝑡
= −1 × 10−6𝑆 − 1.2 × 10−4𝑢 − 0.9014

𝑑𝐶0

𝑑𝑡
= 0.9𝑆 − 9.07 × 104𝐶0 − 1.068 × 10−4𝑢

+48.9987
𝑑𝐶1

𝑑𝑡
= 1.81 × 105𝐶0 − 14.47𝐶1 − 1.2 × 10−4𝑢

+1.6227 × 103

 

𝑑𝐶2

𝑑𝑡
= 28.77𝐶1 − 0.07𝐶2 − 1.2 × 10−4𝑢 + 0.002

𝑑𝑆 1 

𝑑𝑡
= 1 × 10−6𝑆 + 0.225𝑆 1 − 9.1926 × 10−5𝑢

+1.7094

𝑑𝐶0
 1 

𝑑𝑡
= 9 × 10−7𝑆 + 0.72𝑆 1 − 19.13𝐶0

 1 

−1.6778 × 10−5𝑢 − 0.0172

𝑑𝐶1
 1 

𝑑𝑡
= 56.3𝐶0

 1 
− 23.8𝐶1

 1 
− 3.3323 × 10−5𝑢

+0.001

𝑑𝐶2
 1 

𝑑𝑡
= 2 × 10−5𝐶1 + 47.54𝐶1

 1 
− 0.014𝐶2

 1 

−7.311 × 10−5𝑢 − 1.6686
𝑑𝑆 2 

𝑑𝑡
= 1.2 × 10−4𝑆 1 + 0.41𝑆 2 − 1.1988 × 10−5𝑢

+7.0579 × 10−4

𝑑𝐶0
 2 

𝑑𝑡
= 7.2 × 10−5𝑆 1 + 0.5𝑆 2 + 28.5𝐶0

 2 

−3.0993 × 10−9𝑢 + 0.0016

𝑑𝐶1
 2 

𝑑𝑡
= 0.004𝐶0

 1 
+ 56.36𝐶0

 2 
− 33.16𝐶1

 2 

      −7.5116 × 10−9𝑢 + 3.2961 × 10−3

𝑑𝐶2
 2 

𝑑𝑡
= 0.005𝐶1

 1 
+ 65.65𝐶1

 2 
− 0.005𝐶2

 2 
− 6.6355

× 10−5𝑢 − 9.229 × 10−4

𝑑𝑆 3 

𝑑𝑡
= 0.014𝑆 2 + 0.22𝑆 3 − 3.044 × 10−6𝑢

−4.1507 × 10−6

𝑑𝐶0
 3 

𝑑𝑡
= 0.005𝑆 2 + 1.01𝑆 3 − 37.85𝐶0

 3 

−8.7979 × 10−8𝑢 − 1.243 × 10−6

𝑑𝐶1
 3 

𝑑𝑡
= 0.57𝐶0

 2 
+ 75.7𝐶0

 3 
− 42.5𝐶1

 3 
− 1.7342

× 10−7𝑢 − 1.7851 × 10−6

𝑑𝐶2
 3 

𝑑𝑡
= 0.66𝐶1

 2 
+ 85.1𝐶1

 3 
− 8.3 × 10−4𝐶2

 3 

−0.0184𝑢 − 0.2094

 

 (7) 

 

3 CONTROL 

3.1. PID Control using Pole Placement Tuner 

PID controlling strategy is supposed to be employed in 

this paper to stabilize the growth of cancer cells and 

consequently its related mutation process. In order to 

guarantee the convergence of the cancer cells to zero and 

blocking the mutation, the corresponding Eigen values 

are set to be negative using pole placement method. To 

cover this goal, considering the linearized equation of 

the system state space, the gains of the feedback 

controlling signal should be set in such a way that the 

poles of the closed-loop system would be located at the 

left side of the imaginary axis. The location of the 

desired poles determines the optimal performance of the 

system. Therefore, by choosing a suitable location for 

the poles of the closed-loop system, the required 

controlling gains can be extracted for achieving the 

stable condition of the cancer growth and mutation. The 

linearized state space and the related input of the system 

is: 

x Ax Bu   (8) 

u kx   (9) 

Here matrix B is a 16 × 1 vector which is as follows: 

 
𝐵1,1 = −1.2 × 10^ − 4

𝐵2,1 = −1.068 × 10^ − 4

𝐵3,1 = −1.2 × 10^ − 4

𝐵4,1 = −1.2 × 10^ − 4

𝐵5,1 = −9.1926 × 10^ − 5

𝐵6,1 = −1.6778 × 10^ − 5

𝐵7,1 = −3.3323 × 10^ − 5

𝐵8,1 = −7.311 × 10^ − 5

𝐵9,1 = 1.1988 × 10^ − 5

𝐵10,1 = −3.0993 × 10^ − 9

𝐵11,1 = −7.5116 × 10^ − 9

𝐵12,1 = −6.6355 × 10^ − 5

𝐵13,1 = −3.044 × 10^ − 6

𝐵14,1 = −8.7979 × 10^ − 8

𝐵15,1 = −1.7342 × 10^ − 7

𝐵16,1 = −8.3 × 10^ − 4

 

           (10) 

 

And matrix A is 16 × 16 and is a lower triangular matrix 

the values of its elements are given in “Eq. (10)”. The 

elements which are not mentioned here are zero.  
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𝐴1,1 = −1 × 10−6

𝐴2,1 = 0.9

𝐴2,2 = −9.07 × 10^4

𝐴3,2 = 1.81 × 10^ − 5

𝐴3,3 = −14.47

𝐴4,3 = 28.77

𝐴4,4 = −0.07

𝐴5,1 = 1 × 10^ − 6

𝐴5,5 = 0.225

𝐴6,1 = 9 × 10^ − 7

𝐴6,5 = 0.72

𝐴6,6 = −19.13

𝐴7,6 = 56.3

𝐴7,7 = −23.8

𝐴8,3 = 2 × 10^ − 5

𝐴8,7 = 47.54

𝐴8,8 = −0.014

𝐴9,5 = 1.2 × 10^ − 4

𝐴9,9 = 0.41

𝐴10,5 = 7.2 × 10^ − 5

𝐴10,9 = 0.5

𝐴10,10 = 28.5

𝐴11,6 = 0.004

𝐴11,10 = 56.36

𝐴11,11 = −33.16

𝐴12,7 = 0.005

𝐴12,11 = 65.65

𝐴12,12 = −0.005

𝐴13,9 = 0.014

𝐴13,13 = 0.22

𝐴14,9 = 0.005

𝐴14,13 = 1.01

𝐴14,14 = −37.85

𝐴15,10 = 0.57

𝐴15,14 = 75.7

𝐴15,15 = −42.5

𝐴16,11 = 0.66

𝐴16,15 = 85.1

𝐴16,16 = −8.3 × 10^ − 4

 

  (11) 

 

Here the desired poles of all of the states are supposed to 

be placed on “-1” using State Vector Feedback Control 

(SVFC). Equalizing the actual characteristic equation by 

the one which is extracted using the desired poles, one 

can concluded that: 

 
16

1SI A Bk S     (12) 

 

which results in: 

 
16 15 14

13 12 11

10 9 8

7 6 5

4 3 2

1 16

16 15 14

13 12 11

10 9 8

7 6 5

4 3 2

1 tan

m S m S m S

m S m S m S

m S m S m S

m S m S m S

m S m S m S

m S m Cons t S

    

     

      

     

     

    

 (13) 

 

The parameters {m, m1, m2, …, m16} are the product 

of coefficients SI A Bk  . Thus the required 

controlling gains (k) can be tunes as follow: 

 

[𝑘1;… ; 𝑘16]
= [−8440.13; 8.5059 × 108; 7.3252; 3.5641
× 10−12;  −552.25; 19328.403; −14341.511; 2.555
× 10−12; 247507.122; 1.0189 × 107;  −1.4508
× 107; 2.1782 × 10−11; 8.8709 × 107;  −3.860
× 109; 3.825 × 108;  −2.8772 × 10−14] 
 (14) 

4 SIMULATION AND VERIFICATION 

In order to show the correctness of modeling, the profile 

of the cancer cells growth during the days are depicted 

for the open loop system in which no chemotherapy 

injection is employed, and its response is compared with 

[21] (“Fig. 2ˮ): 

 

 

Fig. 2 Stem and cancer cells, obtained with MATLAB and 

reference [21]. 
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As was expected, not only the number of cancer cells are 

growing up exponentially, but also switching between 

the generations as the result of mutation results in 

converting the normal cells to cancer ones at the third 

generation of the stem cell division. Also the good 

compatibility of the profiles shows the validity of the 

modeling. Here the cancer is controlled in an open loop 

way by applying a constant value of 11.50 as the 

chemotherapy dosage input. The related block diagram 

of the system with constant input is as follow shown in 

“Figs. 3 to 7ˮ. 

 

 
Fig. 3 Open loop system block diagram. 

 

 
Fig. 4 State 13 with constant input.  

 
Fig. 5 State 14 with constant input. 

 

 
Fig. 6 State 15 with constant input. 

 

 
Fig. 7 State 16 with constant input. 

 

It can be seen that the number of cancer cells at the third 

generation of the stem cell division decreases rapidly 

which shows the efficiency of the proposed closed loop 

model of the cancer mutation. The number of cancer 

cells are converged to zero within 50 days. 

To show the performance of the designed controller, the 

treatment process of the patient is compared between 

three cases; constant input of injection, injection using 

PID controller with manual gains and the one which is 

tuned using pole placement method. The related block 

diagram of the cancer mutation which is under the 

therapy of the proposed closed loop controller is as 

shown in “Fig. 8ˮ. 

The comparison of the cancer performance for the 

mentioned cases can be seen in “Figs. 9 to 12ˮ. 
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Fig. 8 Block diagram for PID Controller. 

 
 

 
Fig. 9 Comparison of 3 controllers in state 13.  

 

 
Fig. 10 Comparison of 3 controllers in state 14. 

 

 
Fig. 11 Comparison of 3 controllers in state 15. 

  

 
Fig. 12 Comparison of 3 controllers in state 16. 

 

Here the following controlling gains are employed for 

the PID controller: 
 

𝑘𝑃 = 7; 𝑘𝐼 = 1; 𝑘𝐷 = 0.6                                           (15) 
 

It can be observed that the rate of recovery is 

significantly increased for the system in which the 

chemotherapy drug is determined using PID controller 

compared to constant case. This improvement is even 

strengthened for the case in which the gains are tuned by 

the aid of pole placement method. It can be observed 

that, the settling time of the closed loop system is 

decreased by about 80% for the critical state 16 

compared to the open loop system. Also the PID 

controller for which the gains are tuned, has decreased 

the settling time for about 50% compared to the system 

in which the gains are tuned manually. This study shows 

that, the mutation process and generating the cancer cells 

can be significantly blocked by the aid of modeling the 

dynamic of cancer mutation and design its proper 

controller for chemotherapy regime.  
 



82                                            Int  J   Advanced Design and Manufacturing Technology, Vol. 15/ No. 1/ March – 2022 
  

© 2022 IAU, Majlesi Branch 
 

The diagram shown in “Fig. 13” shows the input changes 

(chemotherapy injection) by day. As shown in the figure, 

the rate of drug injection gradually decreases to zero. 

According to the weight, 10 mg of chemotherapy drug 

should be received by patient per 1 kilogram of his 

weight.  

 
Fig. 13 Chemotherapy input obtained from two PID 

methods. 

 

It should be noticed that the chemotherapy input is 

decreased as the cancer cells are converged to zero, but 

its value is not ended to absolute value of zero and it is 

converged to a little constant dosage. This is contributed 

to the fact that, here pole placement method is used to 

control the cancer and this method is based on state 

vector feedback control in which the error of all of the 

states are involved. Although, here the cancer cells 

which are corresponding to the third mutation of the 

cancer cells are converged to zero, the other states are 

not decreased to absolute value of zero and the decrease 

of some of them to zero last for about 100 days. This 

means that the chemotherapy input should not be 

truncated immediately after the elimination of the cancer 

cells. This important conclusion shows the effect of 

mutation dynamics on treatment process. It means that 

considering the mutation phenomenon, the 

chemotherapy should be continued till the first 

generations of the cell states which are not cancerous 

and have a longer treatment duration would be also 

destroyed completely, otherwise the metastasis will be 

again relapsed [18]. 

5 CONCLUSION 

The dynamic of cancer cell growth was extracted 

considering its corresponding mutation. The related 

nonlinear state space was formed then and the 

controlling input was implemented on this space 

according to the chemotherapy injection model of Pinho 

[18]. Since it is supposed to control the mutation 

phenomenon, the nonlinear state space was linearized 

around its stable point and the linearized state space was 

gained accordingly. The PID controller was then 

designed and implemented on the mutation model of the 

cancer cells using pole placement method. It was shown 

by conducting some simulation scenarios that the cancer 

cells according to the extracted model of this paper 

grows exponentially to instability condition if no 

controlling input would be injected. This growth of 

cancer cells and progress of mutation levels which is 

similar to previous research shows the correctness of the 

modeling. Afterward a constant chemotherapy injection 

was implemented on the model and its was observed that 

the states and the cancer cells converge to zero within 50 

days. This result shows that the input injection is 

correctly placed on the dynamic model of the system. 

Finally the controlling injection was improved using 

PID controller and as was expected the disease was 

controlled with a less settling time and overshoot. The 

settling time is decreased by about 80 percent for the 

closed loop system and this improvement is even 

strengthened by about 50 percent by tuning the gains 

effectively. Also it was concluded that the main effect of 

consideration of mutation dynamics is that here, in order 

to prevent the relapse of metastasis, the chemotherapy 

and input injection should be continued even after the 

destroy of the mutant generation of the cancerous cells, 

till the first generations of risky cells would be also 

completely vanished. Thus it can be concluded that the 

cancer model with mutation phenomenon can be 

considerably controlled using the proposed model and 

controller.  

REFERENCES 

[1] Kolch, W., Halasz, M., Granovskaya, M., and 
Kholodenko, B. N., The Dynamic Control of Signal 
Transduction Networks in Cancer Cells, Nature Reviews 
Cancer Vol. 15, No. 9, 2015, pp. 515-527. 

[2] Andasari, V., Gerisch, A., Lolas, G., South, A. P., and 
Chaplain, M. A., Mathematical Modeling of Cancer Cell 
Invasion of Tissue: Biological Insight from 
Mathematical Analysis and Computational Simulation, 
Journal of mathematical biology, Vol. 63, No. 1, 2011, 
pp. 141-171. 

[3] Ghaffari, P., Mardinoglu, A., Asplund, A., Shoaie, S., 
Kampf, C., Uhlen, M., and Nielsen, J., Identifying Anti-
Growth Factors for Human Cancer Cell Lines Through 
Genome-Scale Metabolic Modeling, Scientific Reports, 
Vol. 5, No. 1, 2015, pp. 1-10. 

[4] Jackson, T. L., A Mathematical Investigation of the 
Multiple Pathways to Recurrent Prostate Cancer: 
Comparison with Experimental Data, Neoplasia, Vol. 6, 
No. 6, 2004, pp. 697-704. 

[5] Kohandel, M., Sivaloganathan, S., and Oza, A., 
Mathematical Modeling of Ovarian Cancer Treatments: 



Int  J   Advanced Design and Manufacturing Technology, Vol. 15/ No. 1/ March – 2022                                         83 

  

© 2022 IAU, Majlesi Branch 
 

Sequencing of Surgery and Chemotherapy, Journal of 
Theoretical Biology, Vol. 242, No. 2, 2006, pp. 62-68. 

[6] Fassoni, A. C., Yang, H. M., Modeling Dynamics for 
Oncogenesis Encompassing Mutations and Genetic 
Instability, Mathematical Medicine and Biology: A 
Journal of the IMA, Vol. 36, No. 2, 2019, pp.241-267. 

[7] Wang, S., Schättler, H., Optimal Control of a 
Mathematical Model for Cancer Chemotherapy Under 
Tumor Heterogeneity, Mathematical Biosciences & 
Engineering, Vol. 13, No. 6, 2016 pp. 1223 

[8] El-Garawany, A. H., Karar, M. E., and El-Brawany, M. 
A., Embedded Drug Delivery Controller for Cancer 
Chemotherapy Under Treatment Constrains, In 2017 Intl 
Conf on Advanced Control Circuits Systems (ACCS) 
Systems & 2017 Intl Conf on New Paradigms in 
Electronics & Information Technology (PEIT), 2017, pp. 
264-271. 

[9] Kozusko, F., Chen, P. H., Grant, S. G., Day, B. W., and 
Panetta, J. C., A Mathematical Model of in Vitro Cancer 
Cell Growth and Treatment with The Antimitotic Agent 
Curacin A, Mathematical biosciences, Vol. 170, No. 1, 
2001, pp. 1-16. 

[10] Swierniak, A., Polanski, A., and Kimmel, M., Optimal 
Control Problems Arising in Cell‐Cycle‐Specific Cancer 
Chemotherapy, Cell Proliferation, Vol. 29, No. 3, 1996, 
pp. 117-139. 

[11] Dingli, D., Cascino, M. D., Josić, K., Russell, S. J., and 
Bajzer, Ž, Mathematical Modeling of Cancer 
Radiovirotherapy, Mathematical Biosciences, Vol. 199, 
No. 1, 2006, pp. 55-78. 

[12] Vivek, P., Nikhil, P., Asha, R., and Vijander, S. Optimal 
ISA-PID-Based Drug Concentration Control in Cancer 
Chemotherapy, In Intelligent Communication, Control 
and Devices, 2018, pp. 165-171. 

[13] Kimmel, M., Swierniak, A., Control Theory Approach to 
Cancer Chemotherapy: Benefiting from Phase 
Dependence and Overcoming Drug Resistance, Tutorials 
in Mathematical Biosciences III, Springer, Berlin, 
Heidelberg, Vol. 1872, 2006, pp. 185-221. 

[14] Oke, S. I., Matadi, M. B., and Xulu, S. S., Optimal 
Control Analysis of a Mathematical Model for Breast 
Cancer, Mathematical and Computational Applications, 
Vol. 23, No. 2, 2018 pp. 21. 

[15] Bajger, P., Bodzioch, M., and Foryś, U., Singularity of 
Controls in A Simple Model of Acquired Chemotherapy 
Resistance, Discrete & Continuous Dynamical Systems-
B, Vol. 24, No. 5, 2019, pp. 2039. 

[16] Panjwani, B., Mohan, V., Rani, A., and Singh, V., 
Optimal Drug Scheduling for Cancer Chemotherapy 
Using Two Degree of Freedom Fractional Order PID 
Scheme, Journal of Intelligent & Fuzzy Systems, Vol. 
36, No. 3, 2019, pp. 2273-2284. 

[17] Dunne, L. W., Huang, Z., Meng, W., Fan, X., Zhang, N., 
Zhang, Q., and An, Z., Human Decellularized Adipose 
Tissue Scaffold as a Model for Breast Cancer Cell 

Growth and Drug Treatments, Biomaterials, Vol. 35, No. 
18, 2014, pp. 4940-4949. 

[18] Khalili, P., Zolatash, S., and Vatankhah, R., Fuzzy 
Control for Drug Delivery in Cancerous Tumors 
Chemotherapy. Modares Mechanical Engineering, Vol. 
19, No. 6, 2019, pp. 1467-1473. 

[19] Wodarz, D., Effect of Stem Cell Turnover Rates On 
Protection Against Cancer and Aging, Journal of 
Theoretical Biology, Vol. 245, No. 3, 2007, pp. 449-458. 

[20] Samuels, Y., Diaz Jr, L. A., Schmidt-Kittler, O., 
Cummins, J. M., DeLong, L., Cheong, I., Rago, C., 
Huso, D. L., Lengauer, C., Kinzler, K. W., and 
Vogelstein, B., Mutant PIK3CA Promotes Cell Growth 
and Invasion of Human Cancer Cells, Cancer Cell, Vol. 
7, No. 6, 2005, pp. 561-573. 

[21] Ashkenazi, R., Gentry, S. N., and Jackson, T. L., 
Pathways to Tumorigenesis—Modeling Mutation 
Acquisition in Stem Cells and Their Progeny, Neoplasia, 
Vol. 10, No, 11, 2008, pp. 1170-IN6. 

[22] Sameen, S., Barbuti, R., Milazzo, P., Cerone, A., Del Re, 
M., and Danesi, R., Mathematical Modeling of Drug 
Resistance Due to KRAS Mutation in Colorectal Cancer, 
Journal of Theoretical Biology, Vol. 389, 2016, pp. 263-
273. 

[23] Stiehl, T., Marciniak-Czochra, A., Stem Cell Self-
Renewal in Regeneration and Cancer: Insights from 
Mathematical Modeling, Current Opinion in Systems 
Biology, Vol. 5, 2017, pp. 112-120. 

[24] Ascolani, G., Liò, P., Modeling Breast Cancer 
Progression to Bone: How Driver Mutation Order and 
Metabolism Matter, BMC Medical Genomics, Vol. 12, 
No. 6, 2019, pp. 106. 

[25] Ascolani, G., Liò, P., Modeling Breast Cancer 
Progression to Bone: How Driver Mutation Order and 
Metabolism Matter, BMC Medical Genomics, Vol. 12, 
No. 6, 2019, pp. 106. 

[26] Owolabi, K. M., Shikongo, A., Mathematical Modelling 
of Multi-Mutation and Drug Resistance Model with 
Fractional Derivative, Alexandria Engineering Journal, 
2020. 

[27] Lee, M., Vasioukhin, V., Cell Polarity and Cancer–Cell 
and Tissue Polarity as A Non-Canonical Tumor 
Suppressor, Journal of Cell Science, Vol. 121, No. 8, 
2008, pp. 1141-1150. 

[28] Wu, M., Kwon, H. Y., Rattis, F., Blum, J., Zhao, C., 
Ashkenazi, R., Jackson, T. L., Gaiano, N., Oliver, T., and 
Reya, T., Imaging Hematopoietic Precursor Division in 
Real Time, Cell Stem Cell, Vol. 1, No. 5, 2007, pp. 541-
554. 

[29] Michor, F., Hughes, T. P., Iwasa, Y., Branford, S., Shah, 
N. P., Sawyers, C. L., and Nowak, M. A., Dynamics of 
Chronic Myeloid Leukaemia, Nature, Vol. 435, No. 
7046, 2005, pp. 1267-1270.

 


