
Available online at http://ijim.srbiau.ac.ir/

Int. J. Industrial Mathematics (ISSN 2008-5621)

Vol. 7, No. 4, 2015 Article ID IJIM-00673, 7 pages

Research Article

Autoconvolution equations and generalized Mittag-Leffler functions

S. Eshaghi ∗, A. Ansari †‡

————————————————————————————————–

Abstract

This article is devoted to study of the autoconvolution equations and generalized Mittag-Leffler func-
tions. These types of equations are given in terms of the Laplace transform convolution of a function
with itself. We state new classes of the autoconvolution equations of the first kind and show that the
generalized Mittag-Leffler functions are solutions of these types of equations. In view of the inverse
Laplace transform, we use the Schouten-Vanderpol theorem to establish an autoconvolution equation
for the generalized Mittag-Leffler functions in terms of the Laplace and Mellin transforms. Also, in
special cases we reduce the solutions of the introduced autoconvolution equations with respect to the
Volterra µ-functions. Moreover, more new autoconvolution equations are shown using the Laplace
transforms of generalized Mittag-Leffler functions. Finally, as an application of the autoconvolution
equations in thermodynamic systems, we apply the Laplace transform for solving the Boltzmann
equation and show its solution in terms of generalized Mittag-Leffler functions.
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1 Introduction and Preliminar-
ies

1.1 The generalized Mittag-Leffler
function

I
n year 1971, Prabhakar introduced the gener-
alized Mittag-Leffler function on his study on

singular integral equations as follows [23]

Eλ
µ,ν(z) =

∞∑
k=0

(λ)k
Γ(µk + ν)

zk

k!
, (1.1)

λ, µ, ν ∈ C, ℜ(µ) > 0,
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where (λ)k is the Pochhammer symbol [11]

(λ)0 = 1,

(λ)k = λ(λ+ 1) . . . (λ+ k − 1), k = 1, 2, . . . .

For λ = 1, we get the two-parameter Mittag-
Leffler function Eµ,ν(z) defined by

Eµ,ν(z) := E1
µ,ν(z) =

∞∑
k=0

zk

Γ(µk + ν)
, (1.2)

µ, ν ∈ C, ℜ(µ) > 0,

in addition, for λ = ν = 1, this function coincides
with the classical Mittag-Leffler function Eµ(z)
[21, 22]

Eµ(z) := E1
µ,1(z) =

∞∑
k=0

zk

Γ(µk + 1)
, (1.3)

where µ ∈ C, ℜ(µ) > 0.
Recently, many researchers have established
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many contributions on the generalized Mittag-
Leffler function especially in the theory of frac-
tional calculus and detect some of their appli-
cations in the physics and engineering. For ex-
ample, new definitions of generalized fractional
derivatives were introduced and solutions of the
Cauchy-type initial and boundary value problems
were expressed in terms of the generalized Mittag-
Leffler function [12, 13, 14, 15, 16, 17, 18, 19, 20],
[25, 26, 27].

1.2 The autoconvolution equations

One of the interesting functional equations
which their solutions can be led to the general-
ized Mittag-Leffler functions are autoconvolution
equations [30, 31]. These types of equations have
been developed much less in the literature and
are classified in three kinds. We consider the fol-
lowing form of the first kind

ρ(xz ∗ xρ−1) = γ(z ∗ z) + δ(z ∗ xρ), (1.4)

where * is the Laplace convolution integral given
by

(f ∗ g)(t) =
∫ t

0
f(t− ξ)g(ξ)dξ. (1.5)

For more details in the autoconvolution equations
and other forms of them see [2, 3, 4, 5, 6], [29].

1.3 Aims

The purpose of this paper is to obtain solu-
tions of the autoconvolution equations in terms of
the generalized Mittag-Leffler functions Eλ

µ,ν(z).
Also, in the particular case we reduce the solution
of these equations to the Volterra µ-functions. Fi-
nally, as an application of this technique we sur-
vey the Boltzmann equation and get its solution
in terms of the generalized Mittag-Leffler func-
tions.

2 Autoconvolution equations
for generalized Mittag-Leffler
function

In this section, we recall the Schouten-
Vanderpol theorem for the inverse Laplace trans-
form and present a class of the autoconvolution
equations. Next, using this theorem we show that

the solution can be expressed as the generalized
Mittag-Leffler functions. Also, in special case the
solution is reduced to the Volterra µ-function.

Theorem 2.1 (Schouten-Vanderpol Theorem)
Let F (s) and ϕ(s) be analytic functions in
half plane ℜ(s) > c, then, the inverse Laplace
transform of F (ϕ(s)) is given by [1]

L−1{F (ϕ(s));x}

=

∫ ∞

0
f(t)L−1{e−tϕ(s);x}dt, (2.6)

where F (s) is the Laplace transform f(x)

F (s) =

∫ ∞

0
f(t)e−tsdt. (2.7)

Lemma 2.1 The Laplace transforms of general-
ized Mittag-Leffler function (1.1) has the follow-
ing form [23]

L[xν−1Eλ
µ,ν(ωx

µ)](s) =
sλµ−ν

(sµ − ω)λ
, (2.8)

where λ, µ, ω ∈ C, ℜ(ν),ℜ(s) > 0 and | ωsµ |< 1.

Theorem 2.2 The solution of the following au-
toconvolution equation of the first kind is the gen-
eralized Mittag-Leffler function

ρ(xz ∗ xρ−1) = γ(z ∗ z) + δ(z ∗ xρ), (2.9)

x > 0, γ > 0, ρ > −1, δ ∈ R,

where

z(x) = M[L−1(e−τL{y(x);s}); τ → α], (2.10)

and notation M is the Mellin transform

F (α) = M{f(τ);α} =

∫ ∞

0
τα−1f(τ)dτ. (2.11)

Proof. First, we evaluate the laplace transform
of function z(x) using the Schouten-Vanderpol
theorem as

L{z(x); s} =

∫ ∞

0
τα−1e−τY (s)dτ

= L{τα−1;Y (s)}
= Γ(α)Y −α(s). (2.12)

Also, we use the following properties of the
Laplace transform

L{
∫ t

0
f(t− ξ)g(ξ)dξ; s}

= L{f(t); s}L{g(t); s}, (2.13)
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L{xnf(x); s}

= (−1)n
dn

dsn
L{f(t); s}, n ∈ N, (2.14)

and apply the Laplace transform on (2.9) to get
the following Bernoualli differential equation

− ρ
d

ds
[Γ(α)Y −α(s)]

Γ(ρ)

sρ

= γ[Γ(α)Y −α(s)]2

+ δ[Γ(α)Y −α(s)]
Γ(ρ+ 1)

sρ+1
, (2.15)

or equivalently

(Y −α)
′
(s) +

δ

s
Y −α(s) + γ0s

ρ(Y −α)2(s) = 0,

(2.16)

where γ0 = γΓ(α)
Γ(ρ+1) , and Y is the Laplace trans-

form of y. When δ ̸= 1 + ρ, the general solution
of the above equation is

Y (s) =
(ρ− δ + 1

γ0

)− 1
α ×

( 1

sδ

)− 1
α

×
( 1

sρ−δ+1 − C

)− 1
α
, C ∈ R, (2.17)

or equivalently by setting C = 1
K for K ̸= 0 we

have

Y (s) =
(δ − 1− ρ

γ0

)− 1
α ×

( 1

s1+ρ

)− 1
α

×
( K

sδ−1−ρ −K

)− 1
α
, K ∈ R. (2.18)

When C = 0, the solution of (2.17) takes the form

y(x) =
1

Γ(−ρ+1
α )

(ρ− δ + 1

γ0

)− 1
α
x−

ρ+1
α

−1,

and for K = 0 ,the relation (2.18) gives the trivial
solution y = 0.
Now, by using the relation (2.8) in subcase δ <
1 + ρ of (2.17), we obtain the general solution of
(2.9) as follows

y(x) =
(1 + ρ− δ

γ0

)− 1
α
x−

ρ+1
α

−1

× E
− 1

α

1+ρ−δ,− ρ+1
α

(Cx1+ρ−δ), C ∈ R,

(2.19)

and in the subcase δ > 1 + ρ, we get

y(x) = K− 1
α

(δ − 1− ρ

γ0

)− 1
α
x−

δ
α
−1

× E
− 1

α

δ−1−ρ,− δ
α

(Kxδ−1−ρ), K ∈ R.

(2.20)

Corollary 2.1 In the case δ = 1+ρ, the equation
(2.16) gives the solution

Y (s) =
( 1

γ0 ln(s) +K

)− 1
α
( 1

sδ

)− 1
α
. (2.21)

By putting K = γ0 lnα0, α0 > 0, we have

Y (s) =
( 1

γ0 ln(α0s)

)− 1
α
( 1

sδ

)− 1
α
, (2.22)

δ = 1 + ρ, ρ > 0,

which has the general solution

y(x) = (γ0)
1
α

1

α
ρ+1
α

+1

0

× µ(
x

α0
,− 1

α
− 1,−ρ+ 1

α
− 1), (2.23)

where µ is the Volterra µ-function [11]

µ(z, α, β) =

∫ ∞

0

zu+αuβ

Γ(β + 1)Γ(u+ α+ 1)
du,

ℜ(β) > −1.

3 More autoconvolution equa-
tions

Now we note another classes of autoconvolution
equations.

Theorem 3.1 For x > 0, the solution of the fol-
lowing autoconvolution equation(

xy ∗ xµ(λ+1)−2Eλ
µ,µ(λ+1)−1(−xµ)

)
= (y ∗ y)

+ µλ
(
y ∗ xµ(λ+1)−1Eλ+1

µ,µ(λ+1)(−xµ)
)
, (3.1)

is the generalized Mittag-Leffler function, where
λ and µ are complex numbers.

Proof. We apply the Laplace transform on the
above equation and use the mentioned properties
for the Laplace transform (2.13) and (2.14), and
Lemma 2.1 to get

1

sµ−1(sµ + 1)λ
Y ′(s)

+
µλ

(sµ + 1)λ+1
Y (s) = −Y 2(s), (3.2)
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or

Y ′(s) + µλ
sµ−1

sµ + 1
Y (s)

+ sµ−1(sµ + 1)λY 2(s) = 0, (3.3)

that is a Bernoulli differential equation and has
the following general solution for k ̸= 0

Y (s) = µ
1

(sµ + 1)λ
1

sµ + µk
. (3.4)

Now, by expanding the fraction

1

sµ + µk
, |µk|< |sµ|,

we can easily get

Y (s) =
∞∑
n=0

(−k)nµn+1 s
−(n+1)µ

(sµ + 1)λ
,

which by using Lemma 2.1, the relation (3.1)
gives the solution

y(x) =
∞∑
n=0

(−k)nµn+1xµ(λ+1+n)−1

×Eλ
µ,µ(λ+1+n)(−xµ). (3.5)

Similarly, when |µk|> |sµ| we have

Y (s) =

∞∑
n=0

(−1)n

µnkn+1

sµn

(sµ + 1)λ
,

and therefore

y(x) =
∞∑
n=0

(−1)n

µnkn+1
xµ(λ−n)−1Eλ

µ,µ(λ−n)(−xµ),

In the case sµ = µk, the relation (3.1) gives the
solution

y(x) =
1

2k
xµλ−1Eλ

µ,µλ(−xµ),

or by taking µk = sµ

y(x) =
1

2
µxµ(λ+1)−1Eλ

µ,µ(λ+1)(−xµ).

Corollary 3.1 By setting k = 0 and k = 1
µ in

relation (3.4), we get the solution of (3.1) as fol-
lows

y(x) = µxµ(λ+1)−1Eλ
µ,µ(λ+1)(−xµ), (3.6)

y(x) = µxµ(λ+1)−1Eλ+1
µ,µ(λ+1)(−xµ). (3.7)

Here we discuss about two examples of the au-
toconvolution equation by starting the Mittag-
Leffler type function.

Example 3.1 We consider the generalized
Mittag-Leffler function

y = xµ(n+1)Eλ
µ,µ(n+1)+1(x

µ), (3.8)

with the Laplace transform

Y (s) =
sµ(λ−n−1)−1

(sµ − 1)λ
.

We apply the first derivative of Y (s)

Y ′(s) = [µ(λ− n− 1)− 1]

× sµ(λ−n−1)−2(sµ − 1)λ

(sµ − 1)2λ

− λµ(sµ − 1)λ−1sµ−1sµ(λ−n−1)−1

(sµ − 1)2λ
, (3.9)

and quadratic product of Y (s)

Y 2(s) =
s2µ(λ−n−1)−2

(sµ − 1)2λ
,

to construct the following relation

1

(sµ − 1)λ−1
Y ′(s) + λµY 2(s)

=
1

(sµ − 1)λ−1

[
[µ(λ− n− 1)− 1]

1

s

+ λµsµ(λ−n−2)−1[
1− s−µ(λ−n−2)

1− s−µ
]
]
Y (s),

or

1

(sµ − 1)λ−1
Y ′(s) + λµY 2(s)

=
1

(sµ − 1)λ−1

[
[µ(λ− n− 1)− 1]

1

s

+λµ
λ−n−2∑
k=0

sµ(λ−n−k−2)−1
]
Y (s).

At this point, by applying the inverse Laplace
transform on the above relation term by term
and using Lemma 2.1 and relations (2.13) and
(2.13), we deduce that the generalized Mittag-
Leffler function (3.8) satisfies the autoconvolu-
tion equation

(xy ∗ xµ(λ−1)−1Eλ−1
µ,µ(λ−1)(x

µ))
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= λµ(y∗y)+([1−(λ−n−1)µ]

(y ∗ xµ(λ−1)Eλ−1
µ,µ(λ−1)+1(x

µ)))

− λµ
( λ−n−2∑

k=0

y ∗ xµ(n+k+1)Eλ−1
µ,µ(n+k+1)+1(x

µ)
)
.

(3.10)

Example 3.2 In the same procedure to previous
example, the generalized Mittag-Leffler

y = x−nµEλ
µ,1−nµ(x

µ), (3.11)

satisfies the autoconvolution equation

(xy ∗ xµ(λ−1)−1Eλ−1
µ,µ(λ−1)(x

µ))

= λµ(y ∗ y) +
(
[1− (λ+ n)µ]

(y ∗ xµ(λ−1)Eλ−1
µ,µ(λ−1)+1(x

µ))
)

−λµ
( λ+n−2∑

k=0

y ∗ xµ(k−n)Eλ−1
µ,µ(k−n)+1(x

µ)
)
.

(3.12)

4 Application to the Boltzmann
equation

In year 1872, Boltzmann introduced a nonlin-
ear evolution equation for description of configu-
ration of particles in a gas. In the modern liter-
ature, the Boltzmann equation is often used in a
more general sense and refers to any kinetic equa-
tion that describes the change of a macroscopic
quantity in a thermodynamic system [8, 9, 10, 28].
In this section, we intend to consider an auto-
convolution equation for the Boltzmann equation
and express its solution with respect to the gen-
eralized Mittag-Leffler function. This equation is
given in the following form

xy(x) = (y ∗ y)(x) + αx2y′(x). (4.13)

In the same manner to previous section, by using
the Laplace transform we get

Y ′(s) + Y 2(s) + α(sY (s))′′ = 0, (4.14)

s → ∞, sY (s) → 1,

or equivalently by setting Z = sY (s) we obtain

αs2Z ′′ + sZ ′ − Z(1− Z) = 0, (4.15)

where s → ∞, Z(s) → 1. At this point, by con-
sidering the solution in the form [7]

Z =
1

(s−β + 1)2
, (4.16)

and applying the following algebraic relations

Z ′ = 2β
1

(s−β + 1)3
s−β−1,

Z ′′ = 6β2 1

(s−β + 1)4
s−2β−2

− 2β(β + 1)
1

(s−β + 1)3
s−β−2,

αs2Z ′′ + sZ ′ = 6αβ2 1

(s−β + 1)4
s−2β

− 2β(αβ + α− 1)
1

(s−β + 1)3
s−β,

Z(1− Z) =
1

(s−β + 1)2
− 1

(s−β + 1)4
,

we rewrite the left hand side of (4.15) as

αs2Z ′′ + sZ ′ − Z(1− Z)

=
6αβ2s−2β + 1

(s−β + 1)4

− ([2αβ2 + 2β(α− 1)] + 1)s−β + 1

(s−β + 1)3
.

(4.17)

If αβ2 = −1
6 and (α− 1)β = −5

6 (β = 1
2 , α = −2

3
or β = 1

3 , α = −2
3), then we observe that this

equation is identical to zero and the equation is
satisfied. This means that there are exactly two
solutions for the Boltzmann equation in the form
of (4.16). Therefore, the Laplace transform of
solution of the Boltzmann equation is

Y (s) =
1

s

1

(s−β + 1)2
, β =

1

2
,
1

3
, (4.18)

which implies that the solution is

y(x) = x−2βE2
−β,1−2β(−x−β), β =

1

2
,
1

3
.

(4.19)
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[26] H. M. Srivastava, Ž. Tomovski, Fractional
calculus with an integral operator containing
a generalized Mittag-Leffler function in the
kernel, Applied Mathematics and Computa-
tion 211 (2009) 198-210.

[27] Z. Tomovski, R. Hilfer, H. M. Srivastava,
Fractional and operational calculus with gen-
eralized fractional derivative operators and
Mittag-Leffler type functions, Fractional Cal-
culus and Applied Analysis 21 (2010) 797-
814.

[28] C. Villani, A review of mathematical top-
ics in collisional kinetic theory, Handbook of
mathematical fluid dynamics 11 (2002) 7174

[29] L. Von Wolfersdorf, Einige Klassen
Quadratischer Integralgleichungen, Sitzungs-
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