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Abstract

In this paper an coupled Burgers’ equation is considered and then a method entitled interval finite-
difference method is introduced to find the approximate interval solution of interval model in level wise
cases. Finally for more illustration, the convergence theorem is confirmed and a numerical example

is solved.
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1 Introduction

He partial differential equations have an im-
T portant role in many scientific fields. One
of the models that is a special form of incom-
pressible Navier-Stokes equation without having
pressure term and continuity equation is the non-
linear coupled Burgers’ equation. The Burgers’
equation as an important member of family of
partial differential equations is derived from fluid
dynamics, and is widely used for various physical
applications, such as traffic flow, gas dynamics
and shock waves and Coupled Burgers equation
is a simple model of physical flows that could
be used in many physical fields like interaction
between two viscous fluids. Several numerical
methods are introduced to solve the differential
equations which one of them is interval method
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[10]. An interval method based on the theory of
backward finite difference method to find the ap-
proximate solution of one-dimensional heat con-
duction equation was proposed by Jankowska [7].
Then the first approach to an interval version
of Crank-Nicolson method to solve above men-
tioned equation with Dirichlet boundary condi-
tions was introduced in [9]. A similar method for
constructing an interval method to solve a partial
differential equation was introduced by Hoffmann
[6]. In this research the conventional central-
difference method is used with interval method
to solve the Poisson equation. An overview of
the researches on interval methods for solving the
initial and boundary value problems is presented
in [10, 12]. Also the following researchers have
been published about the related interval arith-
metic models [1, 2, 8, 4, 5, 13, 14, 11]. In this
paper we will consider one dimensional interval
coupled nonlinear Burgers’ equations (1.1), (1.2)
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in generalized form:

@4_5@_'_ 8711’
ot oz2 T
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ot "oz ox " "oz
(1.2)

subject to the initial conditions (z € Q):
u(z,0) = [a;(2), a1 (2)]; (1.3)

where Q = {z : ¢ <z < d} is the computational
domain, d,u,n and € are real constants, and «
and [ are arbitrary constants depending on the
system parameters. The interval functions u(x, t)
and v(z, t) are undetermined velocity components
that should be determined and their uncertainty
are related to Ql,QQ,Ql,QQ,&l,ZLg,Bl and by. It is

u
clear that the known function 5 is unsteady in-

ou
terval term, u— is the nonlinear convection in-

Ox

2

terval term, — is the diffusion interval term and

its uncertainty should be considered based on two
types of interval differentiability. The rest of the
paper is organized as follows. In section 2 some
concepts, definitions, theorems and lemmas are
mentioned that are used in this study. In section
3, main research of the paper is introduced. In
section 4 an example is solved and the subject
ends by conclusion in section 5. .

2 Preliminaries

All the following required definitions in this sec-
tion are referred to [3, 15].

Definition 2.1 An interval number(IN) U is de-
fined as the set of real numbers such that

U=ua={ueu<d <u}l. (2.5)
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Definition 2.2 We define distance between two
interval numbers U = [u,u] and V = [v, 0] as:

u—v)2 u—1v)2
d(w):\/< Y+ (@-2)

Indeed it is a modified version of Fuclidean dis-
We know
that the Fuclidean distance on the interval num-
bers is as follow:

dp(U,V) = /(u—v)% + (@ — )2

(2.6)

tance between two interval numbers.

Obviously, if interval numbers U = [u,u] and
V = [v,9] are real numbers, i.e., u = u = u and
v =v =0, then we conclude dg(U,V) # |u — v

whereas d(U, V') = |u — v|.

Therefore, the function d(-,-) preserve the tradi-
tional distance in real space. Whereas the func-
tion has dg(.,.) not such property, we call it
“modified Euclidean”.

Definition 2.3 The distance between two inter-

val number vectors U = (uy,uz,...,un)’ and
V = (v1,v2,...,0,)7T is as follow:
D(U,V) = max d(U;, V;), (2.7)

1<i<n

where the function d(-,-) is defined in Definition
2.2.

Definition 2.4 The n X n linear system

anUi + aUs+ ...+ a1,U, = V1,
a21Ur + a2Us+ ... + a2 Uy, = Vo,
. . (2.8)
an1Ur + angUa+ ...+ apn U, = n»

where the coefficient matric A = (aij)nxn i an
n x n real valued matriz and V; = [v;,v;], 1 <1i <
n are interval numbers is called an interval linear
system (ILS). We denote the ILS in compact form
as

AU =V, (2.9)
where U = (ui,ug,...,u,)’ and V =
(v1,v9, . .. ,vn)T are the interval number vectors.

Let conv(R) be a space of all nonempty closed in-
tervals U = [u1, u2] C R with the following Haus-
dorff metric:

h([u1, uz], [v1,v2]) = max {|v1, u1], vz, ual}.



M. Norouzi et al, /IJIM Vol. 9, No. 3 (2017) 215-22/

Definition 2.5 LetU,V € IN, an interval num-
ber Z such that U =V + Z is called a Hukuhara
difference of the intervals U and V is denoted by

h
Uu-V.

Lemma 2.1 Let diameter of U € IN is (U) =
@ — u. The Hukuhara difference of the sets U =
[u,a] and V = [v,v] exists iff (U) > (V) and is
equal to

[u—v,u— 7).

Proof.
U)=tu-u(V)=v-0
(U) = (V)
U—u>v—uv
—u+v>-u+v
—(~ut+uv>-u+7)
U—v<SU—v
z2<zZ=[z,2] = [u—v,u—17]
=

Conversely:

N
Il
-
|
<
|
e’
|
S
N
|
=
|
I
ul

25z
u—v<u—10
U—u<V—0
—(u—u<v-0)
U—u>v—uv
Uu>vVv

Let U : I — conv(R) be an interval-valued map-
ping; (to—A,to+A) C I be a A-neighborhood of
apoint tg € I; A > 0. For any ¢t € (tg — A, to+A)
consider the following Hukuhara differences if
these differences exist.

Ut) 2 Ut),t > to, (2.10)
Ulte) 2 U(t), > to, (2.11)
Ulte) 2 U(t),t < to, (2.12)
U 2 Ute),t < to, (2.13)

The differences (2.10) and (2.11) [(2.12) and
(2.13)] are called the right [left] differences. From
the definition of the Hukuhara difference it fol-
lows that both one-sided differences exist only in
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the case when U (t) = F+{f(t)} for t € [to, to+A)
or t € (top — A, to]. If all differences (2.10)-(2.13)
exist, then U(t) = F + {f(t)} in A-neighborhood
of the point to. If for all t € (tg— A, to+ A) there
exists only one of the one-sided differences, then
using the properties of the Hukuhara difference,
we get that the mapping diam U : I — R, in the
A-neighborhood of the point ¢y can be:
[a)]non-decreasing on (tg — A, top + A); non-
increasing on (to— A, to+ A); non-decreasing
on t € (tp — A,tp) and non-increasing on
(to,to+A); non-increasing on t € (to— A, tg)
and non-decreasing on (tg, tg + A);

Hence, for each of the above mentioned cases only
one of combinations of differences is possible:

2. (2.10) and (2.12);
2. (2.11) and (2.13);
3. (2.11) and (2.12);
4. (2.10) and (2.13).

Consider four types of limits corresponding to one
of the difference types:

1 h

lm ——(U() Z Ulte)  (214)
—to 0

ﬁmt_t(UWQEUU» (2.15)
—to 0

ymt_(mme@) (2.16)
o—t 1o

lm ——(U() “ ()  (217)
o—t 1o

So it is possible to say that in the point ty not
more than two limits can exist (as we assumed
that there exist only two of four Hukuhara dif-
ferences). Considering all above, only following
combinations of limits exist:

(2.14) and (2.16);

—_

(

2. (2.15) and (2.17);
3. (2.15) and (2.16);
4. (2.14) and (2.17).

Definition 2.6 The generalized Hukuhara dif-
ference of two interval numbers U and V is de-

fined as follows:

Ltgpe: 22V Y
P A =u— w07

7=V -U
IEtype: | A = ja—v,u—1)
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3 Numerical Scheme (II-FDM)

In this section, we illustrate the interval implicit
finite-difference method (II-FDM). To this end
suppose u; and v;' denote the discrete approx-
imations of u(z,t) and v(z,t), respectively, at
the grid point (iAz,nAt) for i = 0,1,2,...,n,,
n=0,1,2,..., Az = 1/ny, Az is the grid size in
x-direction, and At represents the time step. In
this method we will approximate the derivatives
using forward and central differences as follow:

n+1 n
I - (uz Y )
t A +1’ +1
n n
utl = Uiy — Ui—g
’“" 2Ax ’
n+1 n+1 n+1
un+1 uz—i—l 2ui + uz 1
n+1 n
n+1 (vi Uy )
T UTAr )
n+1 n+1
ntl Viyr — Vi1
2Azx ’
n+1 n+1 n+1
o1 Vg — 20 vy

By substituting equation (3.18) in (1.1), (1.2) we
have:

n+1 n+l n+1 n+1
u; Uiy —2u; T uy

A (Az)?
n+11 un—f—ll
1 1 +
+ (77'U/?+ + Oé’l)n+ ) (w>
v"n—f—l vn—i—l
+ aut! <+12Ax =0 (3.19)
U;LJFI —uP N v;ﬂ:“ll — ZU?H + vf_ﬁl
At (Ax)?
Un—i—ll Un+11
1 1 1+
+ (&0 + Buf™) T oAr
n—l—ll un—i—l
n+1 i+
CRRRY (s 2 B W) [ 2
+ av; ( 5AL ) 0 (3.20)

The nonlinear systems of interval equations ob-
tained from equations (3.19) and (3.20) can be
written in the form:

Bw)=0 (3.21)

Where § = (g;),w = ()

j2(wd)
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Ga)=() e

Pr=(B1pBp-- ’§2n€)T’
6 = (Bl'r:/g?m "7B2n7“)T7

n+1 __ (n+1 n+1 , n+l  n+l

wy (T A T G 1 N
up o)t

wgﬂ (u?'H T)?H,ﬂ”“ ‘§+1,...,
uptt ot T

and

B = (élf’§247 s 7@27127 BlTaBQT? ceey BZ’RT)T

are the nonlinear equations containing interval
parameters. With applying the Newton’s method
n (3.22), the following steps are being taken:

(0)

1. Set w©® = (Z}O)) an initial approximation.

2

2. While for £ = 0,1,2,... until convergence

do:
e solve

J(w®)Aw® = —g(w®),
. k k
() Co) ()
J2 wék) Awék)
b1 ng)
o Bs (k) ’
J1 wik) Aw,y (k) — -5 w
]2&)§k) Awgk) = —[09 ka)

o set wkt) = k) 4 AWK

wgkﬂ) wg Awgk)
<W§k+1)) N (wék)> " (Awék))
)
)

In general form the Jacobian matrix J(w®) =

)

) is as follows:

|:A2n€ B2n€:|
C2nr D2nr
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where A and B are 2nl square matrix and C, ntl u?’fll —utt
D are 2nr square matrix and A(w®)) is the Yoo =\ T oAr
correction vector. Newton’s iteration at each el S R
time-step is stopped when [|3(w®)| < & Con- [ B T i Uit — Wi
sidering different kinds of differentiability in in- 2Ax ’ 2Ax

terval arithmetic, we have the following theo- n+17an+l]

rems. In the all cases two types of differentia-

bility of u, uy, gy, Ve, v+ and v, are considered.
. Then using definitions of finite difference meth-
ods based on forward and central differences, we
have many cases of FDMs (many cases) where in u;’_:’ll L 4 gntl
this research only four cases of them are consid- Upe = (Az)?

ered and the others are similar.

Theorem 3.1 Let u,v € IN,(u = [u,u],v = =

Ax)2
[v,7]) and suppose that s, Uy, Uy, Vg, Vi, Vg aTE (Az)
I-type differentiable. Then the equations (1.1), a;ﬂjll — 2@?“ + a?_*ll
(1.2) convert to: (Ax)?
w, + ou,, + (nu + av)u, +au v, =0 = [up ™
Uy + WUy + (§u + Bu)v, + v u, =0
Ut + 0lge + (N + )ty + ity =0
Ut + gy + (EU + SO)U; + aVUy = 0
Proof. Lets suppose that w, ug, Uys, vz, v¢ and ol vi”H -
Vg are I-type differentiable, then: t At
ntl _ .n —n+l _ —n
U = [ﬂa’a]’ut = [Qtvﬂt]ﬂ’bw = [Qx’ﬂm]’ - |:<UZ At = > ’ (UZ At . >:|
Ugy = [ﬂx;mﬂ:m:]a v = [Qa ’DLUI& = [ﬂta I_Jt]a _ [U;H_l 1—}?—5—1]
Uy = [ymz_}l“] and Vga = [sza'l_)zx]-
By substituting in equations (1.1), (1.2) we have:
Lower:
Un+1 _ vn+1
Uy + 0y, + (Mu + av)u, +au v, = ot = | Ll
2A
Yy + 0y, + (Eu+ By, +ov u, = !

0
1 1 4l —ntl
Upper: _ vy — oy U 0
ppet: 2Ax ’ 2Azx

Ut + Olgy + (MU + V) Uy + ativy =0 = [+ gt
Ut + [WUzq + (€U + a0) 0y + avly =0

Therefore, the proof of Theorem is completed.

Now using equation (3.18) we have the fol- 1 U?J:Fll — QUZTH 1y v?jll
lowing results and the finite-differences for the Ve = (Az)?
derivatives are given as: _— _— .
nil N A v vy
Wt = Ui T (Az)? ’
At —n+1 ~n+1
Q?H —ur a?ﬂ —ar Ui — 207
Tl At A (Az)?

_ [Q?'H’ﬂ?—’_l]’ _ [UnJrl —n+1]
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Lower: Proof. Lets suppose that wug, us, tys, vz, v¢ and
vz are Il-type differentiable, then:
u ™t —up upf = 20 i i i
At +5 (Ax)g U = [Q,u],Ut: [utagtLul’ = [umang
na1 na1 Ugy = [ﬁwzaﬂxg;]yv = [Q; 6]7’”75 = [’l_)t,yt],
+ (qu*t 4+ au? i1 — Uizt Uy = [Ug,v,] and gy = [Uga, Ugyl-
- -t 2Ax
ntl _ et For this case suppose that us, Uy, Ugs, Uz, ¢ and
+oauttt [ FAL L) o vge are Il-type differentiable. In this case the
20z lower and upper forms of the equations (1.1),
ART . Q?j_ll — ot (1.2) are as follows:
At (Az)? Lower:
+1_ et i + 01 i Oy =
I (§Un+1 + But) vy — v U + Oy + (1u + Qw)ty + auvy =0
¢ = 2Ax Uy + gz + (Eu+ B)0, + avily =0

Upper:
Upper: Uy + 0y, + (MU + av)u, + ot v, =
Uy + MUy + (fﬂ =+ ﬁg)ya: + v Uy =
_n+1 —n n+l n+1 —p—i—l
uiAi_ui +6 <UZ+1 ?Z E + Uiy > Therefore, the proof of Theorem is completed.
t T
. ) amt — gt Now again using equation (3.18) we have
+ (nutt + avPth) tit AL = the following results:
+1 +1 n+l _ j=n+l1 n+l n+l _ =n+l1 , n+l
X Ozﬂn'i—l IL—H - v:‘_l —0 Uy [ut ) Uy ]’ Uy [ux y Uy ]’
2Ax u;;crl - [a2;17 ug;l] v = [Q, @]7
1 1 1 1 _ [=n+l 1
gt — gy N ot — 2ot 4 gl vt = [vf; ot ]ai’g+ +T [ vt
At (Az)2 and vg' = [0, vy -
+1 +1
+(eov 4 gty ( Uity — Uiy ) Lower
o N L et R
n+l _ —n+l ¢ ! + 1) 5
+ apntl itr —U%i1 | _ 0 At (Azx)
¢ 2Ax g+l _ gntl
+ (ul ™ + et <Z+12A il )
T
Now case 2:
—n+11 2—}7'1+11
n+1 Yit1 Vi1 =0
+oy; 2Azx
Theorem 3.2 Let wu,v S IN, (u = g+l _ gn gl _ggntl 4 gntl
[u,a],v = [v,0]) and let’s suppose that ! Az L+ A= AZ 5 1
Uty Uz, Uge, Vg, Veand Vg are Il-type differen- (Az)
tiable. Then the equations (1.1), (1.2) convert (e 4 g fzzjll ot
to: -t -t 2Ax
_ _ _ _ +1 _ —n+l
Up + Olgy + (MU + W)Uy + qudy =0 1t Uity — Uiy —0
Ut + gy + (Eu+ )0, + avty, =0 - 2Ax

uy + 0y, + (Nt + ad)u, + at v, =0
vy + vy, + (0 + BU)v, + v u, =0
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Upper:
N
At (Az)?
n+11 un—f—ll
Zntl ~n+1 —i+ 12—
+ (nu!™ + av]) ( AL )

case3

Theorem 3.3 Let u,v € IN,(u = [u,ul,v =
[v,v]) and suppose that uy is I-type differentiable
and the others are Il-type differentiable. Then the
equations (1.1), (1.2) convert to:

Ut + 0lUge + (Nu + av)u, + ou T, =0
Vg + Wze + (§u + Bv)0; + v u, =0
w01y, + (N + av)u, + ativ, =0
Ut + KU gy + (fﬂ + 51_))91‘ + O“_}Qx =0

Proof. Suppose that u, is I-type differentiable
and the others are II-type differentiable, then:

[ﬂtaﬂt]y Uy = [ﬂxa ﬂm],
[@byt]a

and vz, = [ﬁxmay$$]-

u = [ﬂa ’a]’ut =
Ugy = [ﬂﬂmﬁﬁxw]? v = [Qv ’DLvt =
Vg = [ﬁxaﬂw]
In this case we have a system of equations where

in each equation two endpoints are appeared.
Lower:

Ut + 0lUge + (MU + av)u, +ou v, =0

Ut + WUz + (f@ + 52)1_% +av u, = 0
Upper:

w01y, + (Nt + av)u, + ativ, =0

U + MU gq + (éa + ﬁ@)gm + aqj@x =0

Therefore, the proof of Theorem is completed.
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By approximation of the derivatives using

equation (3.18) we have : Lower:

A

N G
t (Az)?

+1 +1
+ (,'7 n+1 —I—OM}TH_l) u?—i—l @n 1
2Ax

~n+1 ~n+1
v; -
+au?+1( i+1 1)20

2Ax
AR ol = 2prtt gl
(AUC)

3
At M
1—}'@—&-11 q—Jn—i-ll
+1 +1 i+
=+ (fﬂ? + 5@? ) T oAz
+1 +1
+ O@?H (“?ﬂ ™y ) ~0

2Ax
Upper:

+1 n+1
uy At_ u;' 15 <z+1

n+1 n+1

2u; Ty
(Az)?

—n+1

Z+1

—n—+1
— U
2Ax
n+1 Un—l—l
+aun+1 Yit1 —i—1 -0

2Ax

v —of iy < vy — 207 +UZ'L+11>
At (Az)?

!

=i+1
| Un+11
—n+1 —n—+1 7z+ =1
+ (60" + Bui ™) Y va—
n+1 an+1
—n+1 i+1 i—1
4 ol mEl )
+ov; ( 2Ax )

case4

Theorem 3.4 Lets u,v € IN,(u = [u,ul,v =
[v,7]) and suppose that ui, Uy, Uz, are I-type dif-
ferentiable and the others are Il-type differen-
tiable. Then the equations (1.1), (1.2) convert
to:

u, + 0u,, + (nu+ av)u, + au v, =0
Ut + fUzq + (5“"_/87))796"‘ av u, =0
Ut + Otgy + (MU + av)uy + ativ, =0
vy + vy, + (0 + Bo)v, + avty =0
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Proof. Lets suppose that u, ug, tgq

are I-type differentiable and the others are II-
type differentiable, then:

[ut7 ﬂt]) Uy = [@xv /ELSCL

[@t, yt]v

and Vg = [Ugg, Vpyl-

u=[u,u],us =

Uy = [Ugy, Uz, v = [V, 0], 01 =

Uy = [T)x; Qx]

In this case we have a system of equations where
in each equation two endpoints are appeared.
Lower:

w; + Uy, + (nu+ av)u,
Vg + UWUgzg + (5@ + Bﬂ)'[_)x

Upper:

Ut + Otgy + (N0 + o)ty + v, =0

U+ WUy, + (T + BO)v, + avly =0

Therefore, the proof of Theorem is completed.

By approximation of the
equation (3.18) we have :

derivatives using
Lower:

n+1 n n+1
U; t_ﬂz +5<“z’+1

A

+1 +1
— 20+
(Az)?

un—i—l un—i—l
+ (nﬂzﬂrl + aQ;LJrl) <z+12Ax 1 )

—n+1 —n+1
V; —U;

+1 i+1 —1
- 2Ax

1777,-‘,—1 o @n ,U?"L+1 _ 2,(—)n+1 + ,Dnjl
[ i i+1 7 i—1

A (Az)?

l—]n+1 ,DnJrl
i+1 1
+ (Gt + ul ) <+2A>

n+1 n+1
U, — U,
+1 [ =+1 —=i—
+ avn —_— = O
-t 2Ax
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Upper:

-n+l _ —n
'U/,L» UZ-

4 Numerical Example

As an example, consider the following coupled
Burgers’ equation:

g T2
ot "oz T Vo T

ou P, v (o0 on\_,
ot  0x? vf)a: uxvx_’

ou  0%*u ou < Ov 8u> 0

Subject to the initial conditions:

u(z,0) = [min{(l +0.4(0.2)) sin,
(1 - 0.4(0.2))sina},
max {(1 + 0.4(0.2)) sinz,
(1 —-0.4(0.2))sinz}

v(z,0) = | min{(1 4+ 0.4(0.2)) sin z,

(1 -0.4(0.2))sinx},

max {(1 +0.4(0.2)) sinz,

(1 —0.4(0.2))sinz}

To compute the numerical solution, the following

parameters are used in this example:

Az = 0.0635, At =0.001

Due to the symmetry in the problem, u and v
have similar graph which is displayed in the fol-
lowing figure.
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5 Conclusion

In this research for generalization, an interval
difference method is introduced to solve inter-
val coupled Bergers’ equation. Based on interval
arithmetics the interval difference method is used
to transform the coupled equations to a system
of interval numbers which is solved using New-
ton’s method. Since the type of differentiability
should be considered for the interval derivatives,
many kinds of cases are appeared. For simplic-
ity only four cases were considered and discussed.
Finally a numerical example shows the accuracy
and stability of the proposed method.
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