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Abstract

Fuzzy Newton-Cotes method for integration of fuzzy functions that was proposed by Ahmady in [1].
In this paper we construct error estimate of fuzzy Newton-Cotes method such as fuzzy Trapezoidal
rule and fuzzy Simpson rule by using Taylor’s series. The corresponding error terms are proven by
two theorems. We prove that the fuzzy Trapezoidal rule is accurate for fuzzy polynomial of degree one
and fuzzy Simpson rule is accurate for polynomial of degree three. The accuracy of fuzzy Trapezoidal
rule and fuzzy Simpson rule for integration of fuzzy functions are illustrated by two examples.

Keywords : Fuzzy integration; Fuzzy Newton-Cotes method; Fuzzy trapezoidal’s rule; Fuzzy Simpson’s
rule.

—————————————————————————————————–

1 Introduction

T
he fuzzy integration problem plays a ma-
jor role in various areas such as mathe-

matics, physics, statistics and engineering. The
Newton Cotes methods with positive coefficient
for integration of fuzzy function by Allahviran-
loo [2] were discussed. Bede and Gal, [5] pro-
posed quadrature rules for integrals of fuzzy-
number-valued, they introduced some quadrature
rules for the Henstock integral of fuzzy-number-
valued mappings by giving error bounds for map-
pings of bounded variation and of Lipschitz type.
They considered special class of quadrature rules
for the Henstock integrals , such as midpoint-
type, trapezoidal and three-point-type quadra-
ture. Ahmady introduced fuzzy Newton-Cotes
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formula, such as fuzzy trapezoidal method and
fuzzy Simpson method for integration of fuzzy
functions [1]. In this paper error estimation of
Newton-Cotes formula is discussed. This paper
is organized as follows: In Section 2, some basic
definitions and results which will be used later are
brought. Error Term of Fuzzy Trapezoidal Rule
and Fuzzy Simpson’s rule for solving fuzzy inte-
gral are introduced in Section 3 and 4. Examples
are presented in Section 5, and the final Section
contains a conclusion.

2 Preliminaries

First, we introduce the notation that will be used
in this paper.

2.1 Notation and definitions

A fuzzy number u is a fuzzy subset of the real line
with a normal, convex and upper semicontinuous
membership function of bounded support. The
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family of fuzzy numbers will be denoted by RF .
An arbitrary fuzzy number u is represented by an
ordered pair of functions (u(r), u(r)), 0 ≤ r ≤ 1
that, satisfies the following requirements:

• u(r) is a bounded left continuous nondecreas-
ing function over [0,1], with respect to any r.

• u(r) is a bounded left continuous nonincreas-
ing function over [0,1], with respect to any r.

• u(r) ≤ u(r) , 0 ≤ r ≤ 1.

Then the r-level set

[u]r = {s| u(s) ≥ r}, 0 < r ≤ 1,

is a closed bounded interval, denoted by

[u]r = [u(r), u(r)].

Let I be a real interval. A mapping y : I → RF

is called a fuzzy process, and its r−level set is
denoted by

[y(t)]r = [y(t, r), y(t, r)], t ∈ I, r ∈ (0, 1].

Definition 2.1 [7] Distance between two fuzzy
numbers u = (u(r), v(r)) and v = (v(r), v(r)) is
given by

d(u, v) =

{
∫ 1

0
{(u(r)− v(r))2 + (u(r)− v(r))2}dr

} 1
2
.

Definition 2.2 A fuzzy-valued function f :
[a, b] → RF is said to be continuous at t0 ∈
[a, b] if for each ϵ > 0 there is δ > 0 such
that d(f(t), f(t0)) < ϵ, whenever t ∈ [a, b] and
|t − t0|< δ. We say that f is fuzzy continuous
on [a, b] if f is continuous at each t0 ∈ [a, b] such
that the continuity is one-sided at endpoints a, b.

Theorem 2.1 [4] Let f is continuous function
from the open set U ⊆ Rn, n ∈ N in to RF , then
f, f are continuous functions from U into R, for
all r ∈ [0, 1].

In this paper CF [a, b] is the space of all continuous
fuzzy-valued function on [a, b].

3 Error Term of Fuzzy Trape-
zoidal Rule

Fuzzy Trapezoidal rule for approximating∫ b
a f(x)dx, xi = a, xi+1 = b, h = b − a, was
introduced by [1] as follows∫ xi+1

xi

f(x, r)dx =
h

2
{f(xi, r) + f(xi+1, r)}

∫ xi+1

xi

f(x, r)dx =
h

2
{f(xi, r) + f(xi+1, r)}

The composite fuzzy trapezoidal rule is obtained
by applying the fuzzy trapezoidal rule in each
subinterval [xi, xi+1], i = 0, · · · , n − 1, if xi =
a + ih, where h = b−a

n , the fuzzy trapezial rule
for fuzzy function f(x) is obtain as follows:

∫ b

a
f(x, r)dx =

h

2
{f(a) +

n−1∑
i=1

f(a+ ih) + f(b)},

∫ b

a
f(x, r)dx =

h

2
{f(a) +

n−1∑
i=1

f(a+ ih) + f(b)},

Consider approximating
∫ xi+1

xi
f(x)dx, where

xi = x0 + ih and h = xi − xi−1, error terms of
trapezoidal rule Ei(r) and Ei(r) are defined as
follows:

Ei(r) = (3.1)∫ xi+1

xi

f(x, r)dx− {h
2
{f(xi, r) + f(xi+1, r)}}

Ei(r) = (3.2)∫ xi+1

xi

f(x, r)dx− {h
2
{f(xi, r) + f(xi+1, r)}}

Let us start with Taylor’s series for f(x, r) and

f(x, r) around xi, where the first two derivative
f(x, r) and f(x, r) are continuous on (a, b), and

h = b−a
n ,

h

2
{f(xi, r) + f(xi+1, r)} (3.3)

=
h

2
{f(xi, r) + {f(xi, r) + hf ′(xi, r) +

h

2
f ′′(ηi, r)}

= hf(xi, r) +
h2

2
f ′(xi, r) +

h3

4
f ′′(ηi, r).
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Also integrating from xi to xi+1 gives:∫ xi+1

xi

f(x, r)dx

=

∫ xi+1

xi

{f(xi, r) + (x− xi)f
′(xi, r)

+
(x− xi)

2

2!
f ′′(ηi, r),

= x.f(xi, r) +
(x− xi)

2

2
f ′(xi, r)

+
(x− xi)

3

3!
f ′′(ηi, r)|xi+1

xi .

Therefore∫ xi+1

xi

f(x, r)dx (3.4)

= h.f(xi, r) +
h2

2
f ′(xi, r) +

h3

3!
f ′′(ηi, r),

by subtracting (3.4) and (3.3) and cancels the
similar terms, obtain:

Ei(r) = −h3

12
f ′′(ηi, r), ηi ∈ [xi, xi+1], (3.5)

By similar way

Ei(r) = −h3

12
f
′′
(ηi, r), ηi ∈ [xi, xi+1], (3.6)

Now we want to put fuzzy error Ei(r) to zero.
For this propose let d(Ei, 0) = 0, thus:∫ 1

0
(Ei(r) + Ei(r))

2dr = 0, (3.7)

this means

Ei(r) + Ei(r) = 0

therefore for ηi ∈ [xi, xi+1], and i = 0, · · · , n − 1,
the error of fuzzy trapezoidal rule for each inter-
val [xi, xi+1] denoted by Ei(FT (h)) is obtained
as follows

Ei(FT (h)) = −h3

12
(f ′′(ηi, r) + f

′′
(ηi, r)). (3.8)

Theorem 3.1 Let f ∈ C2([a, b], RF ) the er-
ror term for the composite fuzzy trapezoidal rule
for h = b−a

n = xi+1 − xi, is E(FT (h)) =

− (b−a)
24 h2{f ′′(η, r) + f

′′
(η, r)}, where η ∈ [a, b].

Proof : The error of composite fuzzy trapezoidal
rule is obtained by applying the error of fuzzy
trapezoidal rule in each subinterval [xi, xi+1], for
i = 0, · · · , n− 1, i.e∫ b

a
f(x)dx =

∫ xn

x0

f(x)dx =∫ x1

x0

f(x)dx+

∫ x2

x1

f(x)dx+ · · ·+
∫ xn

xn−1

f(x)dx,

therefore

E(FT (h)) = −h3

12
{(f ′′(η1, r) + f

′′
(η1, r))

+(f ′′(η2, r) + f
′′
(η3, r)) + · · ·

+(f ′′(ηn, r) + f
′′
(ηn, r))},

f ′′ is continuous by theorem (2.1), f ′′ is continu-
ous, therefore there exist m1 and M1 such that
m1 ≤ f ′′(ηi, r) ≤ M1 for ηi ∈ [xi, xi+1] therefore

n.m1 ≤ f ′′(η1, r) + f ′′(η2, r)

+ · · ·+ f ′′(ηn, r) ≤ n.M1,

m1 ≤
f ′′(η1, r) + f ′′(η2, r) + · · ·+ f ′′(ηn, r)

n
≤ M1,

by using continuity conditions there exist
f ′′(η, r), such that

minx∈[a,b]f(x, r) ≤ f ′′(η, r) ≤ maxx∈[a,b]f(x, r)

therefore

f ′′(η, r) =
f ′′(η1, r) + f ′′(η2, r) + · · ·+ f ′′(ηn, r)

n
nf ′′(η, r) = f ′′(η1, r) + f ′′(η2, r) + · · ·+ f ′′(ηn, r),

by similar way we obtain:

f
′′
(η, r) =

f
′′
(η1, r) + f

′′
(η2, r) + · · ·+ f

′′
(ηn, r)

n
,

nf
′′
(η, r) = f

′′
(η1, r) + f

′′
(η2, r) + · · ·+ f

′′
(ηn, r),

Therefore for error term we have

E(FT (h)) = −h3

12
{(f ′′(η1, r) + f

′′
(η1, r))

+ (f ′′(η2, r) + f
′′
(η2, r))

+ · · ·+ (f ′′(ηn, r) + f
′′
(ηn, r))},

thus for η ∈ [a, b],

E(FT (h)) =

−n.h3

12
{n.f ′′(η, r) + f

′′
(η, r)},

= −(b− a)

24
h2{f ′′(η, r) + f

′′
(η, r)},



20 N. Ahmady et al, /IJIM Vol. 8, No. 1 (2016) 17-23

Remark 3.1 Since the error term for the fuzzy
trapezoidal rule involve (f ′′, f

′′
), the rule gives the

d(E, 0) = 0 when applied to any function whose
second derivatives is identically zero.

4 Error Term of Fuzzy Simpson
Rule

Consider approximating
∫ xi+2

xi
f(x)dx, where

xi = x0 + ih and h = xi − xi−1, fuzzy Simpson
rule was introduced by [1] as follows:

∫ xi+2

xi
f(x, r)dx

=
h

3
((
5

4
f
i
(x, r)− 1

4
f i(x, r))

+ 4f
i+1

(x, r)

+ (
5

4
f
i+2

(x, r)− 1

4
f i+2(x, r)),

∫ xi+2

xi
f(x, r)dx

=
h

3
((
5

4
f i(x, r)−

1

4
f
i
(x, r))

+ 4f i+1(x, r)

+ (
5

4
f i+2(x, r)−

1

4
f
i+2

(x, r)),

The composite fuzzy Simpson rule is obtained by
applying the fuzzy Simpson rule in each subinter-
val [xi, xi+1], i = 0, · · · , n− 1, i.e.,

∫ xn

x0

f(x, r)dx (4.9)

=
h

3
{(5
4
f(x0, r)−

1

4
f(x0, r))

+4(f(x1, r) + f(x3, r) + · · ·+ f(xn−1, r))

+2[(
5

4
f(x2, r)−

1

4
f(x2, r))

+(
5

4
f(x4, r)−

1

4
f(x4, r))

+ · · ·+ (
5

4
f(xn−2, r)−

1

4
f(xn−2, r))]

+(
5

4
f(xn, r)−

1

4
f(xn, r))},

and ∫ xn

x0

f(x, r)dx (4.10)

=
h

3
{(5
4
f(x0, r)−

1

4
f(x0, r))

+4(f(x1, r) + f(x3, r) + · · ·+ f(xn−1, r))

+2[(
5

4
f(x2, r)−

1

4
f(x2, r))

+(
5

4
f(x4, r)−

1

4
f(x4, r))

+ · · ·+ (
5

4
f(xn−2, r)−

1

4
f(xn−2, r))]

+(
5

4
f(xn, r)−

1

4
f(xn, r))}.

For estimating the error of fuzzy Simpson rule for
approximating

∫ xi+2

xi
f(x)dx, where xi = x0 + ih

and h = xi − xi−1, error terms Ei(r) and Ei(r)
are defined as follows:

Ei(r) =∫ xi+2

xi

f(x, r)dx− {h
3
((
5

4
f
i
(x, r)− 1

4
f i(x, r))

+4f
i+1

(x, r) + (
5

4
f
i+2

(x, r)− 1

4
f i+2(x, r))},

Ei(r)

=

∫ xi+2

xi

f(x, r)dx− {h
3
((
5

4
f i(x, r)−

1

4
f
i
(x, r))

+4f i+1(x, r) + (
5

4
f i+2(x, r)−

1

4
f
i+2

(x, r))}.

By using Taylor’s series for f(x, r) and f(x, r)
around xi, where the first four derivative f(x, r)

and f(x, r) are continuous on (a, b), h = b−a
n .

Then we observe that∫ xi+2

xi

f(x, r)dx =∫ xi+2

xi

{f(xi, r) + (x− xi)f
′(xi, r)

+
(x− xi)

2

2!
f ′′(xi, r)

+
(x− xi)

3

3!
f (3)(xi, r)

+
(x− xi)

4

4!
f (4)(ηi, r)}dx,

= 2h.f(xi, r) +
(2h)2

2
f ′(xi, r)

+
(2h)3

3!
f ′′(xi, r) +

(2h)4

4!
f (3)(xi, r)

+
(2h)5

5!
f (4)(ηi, r),
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Again we have

h
3 ((

5

4
f(xi, r)−

1

4
f i(xi, r))

+ 4f
i+1

(xi, r)

+ (
5

4
f
i+2

(xi, r)−
1

4
f i+2(xi, r))

=
h

3
((
5

4
f(xi, r)−

1

4
f(xi, r))

+ 4{f(xi, r) + hf ′(xi, r) +
h2

2
f ′′(xi, r)

+
h3

3!
f (3)(xi, r) +

h4

4!
f (4)(ηi, r)}

+ (
5

4
{f(xi, r) + 2hf ′(xi, r)

+
(2h)2

2
f ′′(xi, r) +

(2h)3

3!
f (3)(xi, r)

+
(2h)4

4!
f (4)(xi, r)}

− 1

4
{f(xi, r) + 2hf

′
(xi, r) +

(2h)2

2
f
′′
(xi, r)

+
(2h)3

3!
f
(3)

(xi, r) +
(2h)4

4!
f
(4)

(ηi, r)}

Hence

Ei(r) = −h

6
f(xi, r)−

h2

6
f ′(xi, r)−

h3

6
f ′′(xi, r)

− h4

9
f (3)(xi, r)−

h5

15
f (4)(ηi, r)

+
h

6
f(xi, r) +

h2

6
f
′
(xi, r) +

h3

6
f
′′
(xi, r)

+
h4

9
f
(3)

(xi, r) +
4h5

3.4!
f
(4)

(ηi, r),

Ei(r) = −h

6
f(xi, r)−

h2

6
f
′
(xi, r)

− h3

6
f
′′
(xi, r)−

h4

9
f
(3)

(xi, r)−
h5

15
f
(4)

(ηi, r)

+
h

6
f(xi, r) +

h2

6
f ′(xi, r) +

h3

6
f ′′(xi, r)

+
h4

9
f (3)(xi, r) +

4h5

3.4!
f (4)(ηi, r),

Now we want to equal error term to zero, there-
fore

d(E, 0) = 0,

this means

Ei(r) + Ei(r) = 0

and finally for ηi ∈ [xi, xi+1] the error term for
fuzzy Simpson rule is denote by Ei(FS(h)) is ob-
tained as follows:

Ei(FS(h)) = −h5

90
(f (4)(ηi, r) + f

(4)
(ηi, r)).(4.11)

Theorem 4.1 Let f ∈ C4([a, b], RF ) the er-
ror term for the composite fuzzy Simpson rule
for h = b−a

n = xi+1 − xi, is E(FS(h)) =

− (b−a)
180 h4{f (4)(η, r) + f

(4)
(η, r)}, η ∈ [a, b].

Proof :The error of composite fuzzy Simpson
rule is obtained by applying the error of fuzzy
trapezoidal rule in each subinterval [xi, xi+2], for
i = 0, · · · , n− 2, i.e∫ b

a f(x)dx =∫ xn

x0
f(x)dx =

∫ x2

x0

f(x)dx+

∫ x4

x2

f(x)dx

+ · · ·+
∫ xn

xn−2

f(x)dx,

we observe that

E(FS(h)) =

− h5

90
{(f (4)(η1, r) + f

(4)
(η1, r))

+ (f (4)(η3, r) + f
(4)

(η3, r))

+ · · ·+ (f (4)(ηn−1, r) + f
(4)

(ηn−1, r))}

f (4) is continuous, by theorem (2.1), f (4) is con-
tinuous, therefore there exist m1 and M1 such
that m1 ≤ f (4)(ηi, r) ≤ M1 for ηi ∈ [xi, xi+2],
then:

n

2
m1 ≤ f (4)(η1, r) + f (4)(η3, r)

+ · · ·+ f (4)(ηn−1, r) ≤
n

2
M1,

therefore by using continuity conditions there ex-
ist f (4)(η, r),

minx∈[a,b]f
(4)(x, r) ≤ f (4)(η, r)

≤ maxx∈[a,b]f
(4)(x, r),

where and

n

2
f (4)(η, r) = f (4)(η1, r) + f (4)(η3, r)

+ · · ·+ f (4)(ηn−1, r),
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By similar way

n

2
f
(4)

(η, r) = f
(4)

(η1, r) + f
(4)

(η3, r)

+ · · ·+ f
(4)

(ηn−1, r)

therefore the error term for fuzzy Simpson rule is
obtained as follows

E(FS(h))

= −h5

90
{(f (4)(η1, r) + f

(4)
(η1, r))

+(f (4)(η3, r) + f
(4)

(η3, r))

+ · · ·+ (f (4)(ηn−1, r) + f
(4)

(ηn−1, r))}

Thus for η ∈ [a, b],

E(FS(h))

= −h5

90
{n
2
f (4)(η, r) +

n

2
f
(4)

(η, r)}

= −(b− a)

180
h4{f (4)(η, r) + f

(4)
(η, r)}.

Remark 4.1 Since the error term for the fuzzy

Simpson rule involve (f (4), f
(4)

), the rule gives
the d(E, 0) = 0 when applied to any function
whose forth derivatives is identically zero.

5 Numerical Example

Example 5.1 Consider the following fuzzy inte-
gral,∫ 1

0
f(x)dx, f(x, r) = (

2r

1 + x2
,
4− 2r

1 + x2
)

the exact solution is 1
4π(2r, 4 − 2r). By h = 0.1

and fuzzy trapezoidal method we obtain:∫ 1

0
(

2r

1 + x2
,
4− 2r

1 + x2
)dx

= (1.469962994r + 0.1,

3.039925988− 1.469962994r),

and the error of fuzzy trapezoidal rule is:

E(FT (h)))

= (0.100833333r − 0.1,

0.101666667− 0.100833333r),

obviously

d(E(FT (h), 0) = 0.001666667,

By using fuzzy Simpson rule and h=0.1, we ob-
tain: ∫ 1

0
(

2r

1 + x2
,
4− 2r

1 + x2
)dx

= (1.964053351r − 0.3932570440

3.534849657− 1.964053351r),

and

E(FS(h))

= (−0.393257024r + 0.3932570440

,−0.393257002 + 0.393257024r),

therefore for fuzzy Simpson rule we have:

d(ES(h), 0) = 4.2× 10−8.

Example 5.2 Consider the following fuzzy inte-
gral, ∫ 1.4

−1
f(x)dx,

where

f(x, r) = ((0.5 + 0.5r)x3, (1.5− 0.5r)x3).

the exact solution is

0.7104(0.5 + 0.5r, 1.5− 0.5).

By fuzzy trapezoidal rule and h = 0.1 we obtain:∫ 1.4

−1
((0.5 + 0.5r)x3, (1.5− 0.5r)x3)dx

= (0.1 + 0.62r, 1.34− 0.62r),

the error term for fuzzy Trapezoidal rule is:

E(FT (h))

= (0.2552− .2648r,−0.2744 + 0.2648r),

and distance of error to zero is:

d(E(FT (h)), 0) = −0.0192,

By using fuzzy Simpson rule and h = 0.1, we
have:∫ 1.4

−1
((0.5 + 0.5r)x3, (1.5− 0.5r)x3)dx

= (−0.0056 + .716r, 1.426400000− 0.716r),

the error term is obtain as follows

E(FS(h))

= (0.3608− 0.3608r,−0.3608 + .36080r),

and the distance to zero is:

d(E(FS(h)), 0) = 0,

Clearly we see the fuzzy Simpson rule is accurate
for fuzzy polynomial of degree three.
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6 Conclusion

In this paper the error term for fuzzy Trape-
zoidal and fuzzy Simpson rules was discussed. We
proved that the fuzzy Trapezoidal rule is accu-
rate for fuzzy polynomial of degree one and fuzzy
Simpson rule is accurate for polynomial of degree
three.
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