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Abstract

Several authors have proposed different methods to find solution to fully fuzzy linear programming
(FFLP) problems. However, it seems all the existing methods are based on the assumption that all
fuzzy coefficients and fuzzy variables are non-negative fuzzy numbers. Nevertheless, a new method is
proposed herein to solve FFLP problems with arbitrary fuzzy coefficients and arbitrary fuzzy variables,
where there are no restrictions on the elements used in the FFLP problems. By utilizing the radius of
gyration function (ROG), it is demonstrated that fuzzy solution obtained by solving FFLP problems,
produce exact fuzzy optimal solutions for those problems. The introduced in this article is very easly
understood and simple to apply to fully fuzzy linear systems occurring in real life situations.

Keywords : Fully fuzzy linear programming; Exact fuzzy optimal solution; Ranking function; Radius
of gyration.

—————————————————————————————————–

1 Introduction

L
inear programming (LP) is one of the most
frequently applied operations research

techniques. In real world situations, a linear
programming model involves many parameters
with values assigned by experts. However,
frequently neither experts nor decision makers
the precise know the values of those parameters.
Therefore, it is useful to consider the experts,
knowledge regarding the parameters as fuzzy
data [1], such as the first formulation of fuzzy
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linear programming (FLP) proposed by Sanei-
fard et al. [12]. Afterwards, many authors have
considered various kinds of FLP problems and
have proposed several approaches for solving
these problems [2, 3, 4, 5, 7, 8, 9]. Fuzzy set
theory, for instance, has been applied to many
disciplines such as control theory, management
science, mathematical modeling, and industrial
applications. The concept of fuzzy linear pro-
gramming (FLP) on a general level was first
proposed by Saneifard et al [11]. Later on, other
authors considered various types of FLP prob-
lems and proposed several approaches to solve
them. The fuzzy linear programming problem
in which all parameters and variables are repre-
sented by fuzzy numbers is known as fully fuzzy
linear programing problem (FFLP) problems.
Wang et al. [9] proposed a method to find the
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solution for a fully fuzzified linear programming
problem by changing the objective function into
a multi-objective LP problem. Allahviranloo
et al [1] offered a method based on ranking
functions for solving FFLP problems. Murakami
et al. [10] suggested a method for solving LP
problems with vagueness in constraints by using
ranking functions. The main disadvantage of the
solutions obtained by existing methods is they
do not satisfy the constraints with precision.
In varios financial applications, linear systems
of equations play a major role. Yager [19]
proposed a fuzzy linear programming approach
for finding the exact solution of, fully fuzzy linear
system of equations; however, it is applicable
only if all the elements of the coefficient matrix
are nonnegative fuzzy numbers. Later, Chen
et al. [6] proposed a new method to attain
fuzzy optimal solutions to FFLP problems with
equality constraints; however, these can only be
applied if the elements of the coefficient matrix
are symmetrical fuzzy numbers and the ob-
tained solutions are approximate but not exact.
Saneifard [12] proposed a new effect of radius
of gyration with network FFLP. Saneifard [15]
later proposed a new method for defuzzification
by weighted distance. The primary focus in this
paper is to introduce a new method for solving
FFLP problems using ranking functions, and
illustrated the proposed method with an example
in section 5.

The paper is organized as follows: Section 2 re-
views some basic definitions and arithmetics be-
tween two trapezoidal fuzzy numbers. In Section
3, Ranking function radius of gyration for solv-
ing FFLP problems is presented. In Section 4,
the general form of FFLP problems with equal-
ity constraints is presented. Section 5 proposes
a new method for solving FFLP problems with
equality constraints having arbitraris fuzzy coef-
ficients and unrestricted fuzzy variables.

2 Preliminaries

In this section some basic definitions of fuzzy set
theory are reviewed.

Definition 2.1 The Characteristic function µA

of a crisp set A ⊆ X assigns a value either 0 or

1 to each member in X . This function can be
generalized to a function µÃ such that the value
assigned to the element of the universal set fall
within a specified range i.e. µÃ : X −→ [0, 1].

The assigned value indicate the membership
grade of the element in the set A.

The function µÃ is called the membership

function and the set Ã = {(x, µÃ(x));x ∈ X}is
called a fuzzy set.

Definition 2.2 A fuzzy number Ã is said to be
an unrestricted fuzzy number if the domain of its
membership function is a set of real numbers.

The set of unrestricted fuzzy numbers can be rep-
resented by F (R).

Definition 2.3 A fuzzy number Ã is said to be
non-negative fuzzy number if and only if µÃ(x) =
0 ∀x < 0.

The set of non-negative fuzzy numbers may be
represented by F (R+).

Definition 2.4 A fuzzy number Ã = (a, b, c, d) is
said to be a trapezoidal fuzzy number if its mem-
bership function is given by , where a ⩽ b ⩽ c ⩽ d

µÃ(x) =


0 x < a
x−a
b−a a ⩽ x < b

1 b ⩽ x ⩽ c
d−x
d−c c < x ⩽ d.

Definition 2.5 A trapezoidal fuzzy number Ã =
(a, b, c, d) is said to be a non-negative (or non-
positive) trapezoidal fuzzy number i.e., Ã ⩾
0 (Ã ⩽ 0) if and only if a ⩾ 0 (c ⩽ 0).

The set of non-negative trapezoidal fuzzy num-
bers can be represented by TF (R+).

Definition 2.6 Two trapezoidal fuzzy number
Ã1 = (a, b, c, d) and Ã2 = (e, f, g, h) are said
to be equal i.e., Ã1 = Ã2 = if and only if
a = e, b = f, c = g, d = h.

Definition 2.7 A fuzzy number Ã is called N-
zero fuzzy number ,denoted by Ã ≡ 0 if its
membership function µÃ(x) satisfies µÃ(0

−) =
µÃ(0

+) = µÃ(=) ̸= 0.
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Henceforth a trapezoidal fuzzy number
Ã = (a, b, c, d) ≡ 0 if and only if: 0 < 0 < d.

Remark 2.1 A trapezoidal fuzzy number that is
not positive, not negative and not zero is a N-zero
trapezoidal fuzzy number.

Remark 2.2 A trapezoidal fuzzy number is a tri-
angular fuzzy number if b = c and a N-zero tri-
angular fuzzy number if 0 < 0 < d; b = c.

Definition 2.8 Let Ã1 = (a, b, c, d) and Ã2 =
(e, f, g, h) be two non-negative trapezoidal fuzzy
number then

i) Ã1 ⊕ Ã2 = (a, b, c, d) ⊕ (e, f, g, h) =
(a+ e, b+ f, c+ g, d+ h),

ii) −Ã1 = −(a, b, c, d) = (−d,−c,−b,−a),

iii) Ã1 ⊖ Ã2 = (a, b, c, d) ⊖ (e, f, g, h) =
(a− h, b− g, c− f, d− e),

iv) Ã1 ⊗ Ã2 = (a, b, c, d) ⊗ (e, f, g, h) ∼=
(ae, bf, cg, dh),

Remark 2.3 Let Ã1 = (a, b, c, d) and Ã2 =
(x, y, z, w) denote two unrestricted trapezoidal
fuzzy numbers. Then

Remark 2.4 The minimum and maximum are
represented by min and max respectively, where

min(a, b) =

(
a+ b

2

)
−
∣∣∣∣a− b

2

∣∣∣∣ ,
max(a, b) =

(
a+ b

2

)
−
∣∣∣∣a− b

2

∣∣∣∣ .
Definition 2.9 The moment of inertia of the
area A with respect to the x axis and the moment
of inertia of the area A with respect to the y axis
are defined respectively as:

{
Ix =

∫
y2dA,

Iy =
∫
x2dA,

The moment of inertia of the trapezoidal fuzzy
number can be obtained as follows :

Ã
1
⊗

Ã
2
=

                      (m
in
(a
x
,d
x
),
m
in
(b
y
,c
y
),
m
a
x
(b
z
,c
z
),
m
a
x
(a
w
,d
w
)

if
(a
,b
,c
,d
)
≥

0,
th
a
ti
s,
if
a
≥

0
(m

in
(a
w
,d
w
),
m
in
(b
y
,c
y
),
m
a
x
(b
z
,c
z
),
m
a
x
(d
w
,a
x
)

if
(a
,b
,c
,d
)
≡

0,
th
a
ti
s,
if
a
<

0
≤

b
≤

c
<

d
(m

in
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w
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x
),
m
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z
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y
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m
a
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y
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z
),
m
a
x
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w
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0,
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<
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<

0
<

c
<

d
(m

in
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w
,d
x
),
cz
,b
z
,m

a
x
(d
w
,a
x
)

if
(a
,b
,c
,d
)
≡

0,
th
a
ti
s,
if
a
<

b
⩽

c
<

0
<

d
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{
Ix = (Ix)1 + (Ix)2 + (Ix)3,
Iy = (Iy)1 + (Iy)2 + (Iy)3,

where


(Ix)1 =

(b−a)
12 ,

(Ix)2 =
(c−b)

3 ,

(Ix)3 =
(d−c)
12 .

(Iy)1 =
(b−a)3

4 + (b−a)2

2 a2 + 2(b−a)2

3 a,

(Iy)2 =
(c−b)3

3 + (c− b)b2 + (c− b)2b,

(Iy)3 =
(d−c)3

12 + (d−c)
2 c2 + (d−c)2

3 c.

Therefore, the (ROG) point of a trapezoidal
fuzzy number (a, b, c, d) can be calculated as:

rx =

√
(Ix)1 + (Ix)2 + (Ix)3
((c− b) + (d− a))/2

ry =

√
(Iy)1 + (Iy)2 + (Iy)3
((c− b) + (d− a))/2

Definition 2.10 For n fuzzy numbers
A1, A2, ..., An the minimum crisp value τmin

is defined as:

τmin = min{x|x ∈ Domain(A1, A2, ..., An)}

3 Ranking function

A ranking function is a function RR : F (R) −→
R, where F(R) is a set of fuzzy numbers defined
on set of real numbers, which maps each fuzzy
number into the real line, where a natural order
exists.
Let Ã1, Ã1 ∈ F be two arbitrary fuzzy numbers.
Then efine the ranking of Ã1 and Ã1 by RR on
F as follows:

1) RR(Ã1) > RR(Ã2) ⇐⇒ Ã1 > Ã2,

2) RR(Ã1) < RR(Ã2) ⇐⇒ Ã1 < Ã2,

3) RR(Ã1) = RR(Ã2) ⇐⇒ Ã1 ≈ Ã2.

For any arbitrary fuzzy number Ã, the ranking

function proposed by Saneifard [15] is as follows:

RRÃ =
√

(rAx − τmin)2 + (rAy − 0)2

4 Fully fuzzy linear program-
ming problem

Consider the following fully fuzzy linear program-
ming problems with m fuzzy equality constraints
and n fuzzy variables that may be formulated as
follows:

Max(Min)z̃ = c̃1 ⊗ x̃1 ⊕ · · · c̃n ⊗ x̃n

Subjecttoã11 ⊗ x̃1 ⊕ · · · ã1n ⊗ x̃n = b̃1

...

ãm1 ⊗ x̃1 ⊕ · · · ãmn ⊗ x̃n = b̃m

x̃ ∈ F (R).

The matrix form of the above equation is:

Max(Min)z̃ = c̃T ⊗ X̃,

SubjecttoÃ⊗ X̃ = b̃,

Where c̃T = [c̃j ]1×n, X̃ = [x̃j ]n×1, Ã =
[ãij ]m×1, b̃ = [b̃i]m×1andÃij , c̃j , x̃j , b̃i ∈ F (R).

Definition 4.1 Any X̃ = [x̃j ]n×1 which satisfies
the set of constraints of FFLP is called a feasible
solution.

Let be the set of all feasible solutions of FFLP.
We say that x̃∗ is optimal feasible solution for
FFLP if for all x ∈ S:

RR(c̃T ⊗ x̃∗) ≥ RR(c̃T ⊗ x̃)

(in case of maximization problem ),

RR(c̃T ⊗ x̃∗) ≤ RR(c̃T ⊗ x̃)

(in case of minimization problem ).

5 Proposed method

In this section a new method is proposed to solve
a fully fuzzy linear programming problem with
no restrictions on the parameters The steps of
the proposed method are as follows:
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Step 1:

Substituting Ã = [ãij ]m×n, b̃ = [b̃i]m×1, X̃ =
[x̃j ]n×1andc̃

T = [c̃j ]1×nwhereãij , c̃j , x̃j , b̃i ∈
F (R).

The FFLP problem (P1) can be written
as:

Maximize(orminimize)(
∑

c̃j ⊗ x̃j),

Subjectto
∑

ãij ⊗ x̃j = b̃i, ∀i = 1, 2, · · · ,m

where, x̃j ∈ F (R).

Step 2:

Substituting c̃j , ãij , b̃i and x̃j are represented
by unrestricted trapezoidal fuzzy numbers,
(p̃j , q̃j , r̃j , s̃j), (ãij , b̃ij , c̃ij , d̃ij), (b̃i, g̃i, h̃i, k̃i),
(x̃j , ỹj , z̃j , w̃j) respectively the FFLP problem,
obtained in step 1, can be written as:

Max(min)(

n∑
j=1

(p̃j , q̃j , r̃j , s̃j)⊗ (x̃j , ỹj , z̃j , w̃j)),

Subject to

n∑
j=1

(ãij , b̃ij , c̃ij , d̃ij)⊗(x̃j , ỹj , z̃j , w̃j) = (b̃i, g̃i, h̃i, k̃i),

∀i = 1, 2, · · · ,m

where, (x̃j , ỹj , z̃j , w̃j) ∈ TF (R).

Step 3:

Assuming

(p̃j , q̃j , r̃j , s̃j)⊗ (x̃j , ỹj , z̃j , w̃j) = (l̃ij , m̃ij , ñij , õij),

(ãij , b̃ij , c̃ij , d̃ij)⊗(x̃j , ỹj , z̃j , w̃j) = (f̃ij , p̃ij , g̃ij , r̃ij),

where (x̃j , ỹj , z̃j , w̃j) ∈ TF (R).

The FFLP problems obtained in step 2,
may be written as:

Max(orMin)(
n∑

j=1

(l̃ij , m̃ij , ñij , õij), ∀i = 1, · · · ,m

Subjectto
n∑

j=1

(f̃ij , p̃ij , q̃ij , r̃ij) = (b̃j , g̃j , h̃j , k̃j),

where (x̃j , ỹj , z̃j , w̃j) ∈ TF (R). And

(l̃ij , m̃ij , ñij , õij) = (p̃j , q̃j , r̃j , s̃j)⊗ (x̃j , ỹj , z̃j , w̃j)

(f̃ij , p̃ij , q̃ij , r̃ij) = (ãij , b̃ij , c̃ij , d̃ij)⊗(x̃j , ỹj , z̃j , w̃j).

As ãij , x̃j and c̃j are orbitrary fuzzy numbers, the
above product can be defined in four subcases.

Step 4:

Using ranking function radius of gyration, the
fuzzy objective function of the FFLP problem
obtained in Step 3, can be converted into the
crisp objective function and using Definition
2.6 the fuzzy linear programming problem, can
be converted into the following crisp non-linear
programming problem:

Max(Min)PR(

n∑
j=1

(l̃ij , m̃ij , ñij , õij)

Subjectto
n∑

j=1

(f̃ij ∀i = 1, 2, · · · ,m

n∑
j=1

(p̃ij ∀i = 1, 2, · · · ,m

n∑
j=1

(q̃ij ∀i = 1, 2, · · · ,m

n∑
j=1

(r̃ij ∀i = 1, 2, · · · ,m

yj − xj ≥ 0, zj − yj ≥ 0, wj − zj ≥ 0

where xj , yj , zj , wj ∈ R ∀i = 1, 2, · · · ,m, j =
1, 2, . . . , n.

Step 5:

Solve the crisp non-linear programming problem,
obtained in step 4 to find the optimal solution
xj , yj , z − j and wj .

Step 6:

Put the values of xj , yj , z− j and wj , obtained in
step 5, in x̃j = (xj , yj , z− j, wj) to find the exact
fuzzy optimal solutionx̃j .
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C
a
se

1
:

If
(a

ij ,b
ij ,c

ij ,d
ij )≥

0
,
(p

j ,q
j ,r

j ,s
j )≥

0
th
a
t
is

ã
ij ≥

0,p̃
j ≥

0

(lij ,m
ij ,n

ij ,o
ij )
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(( p

j
+

s
j

2
)x

j −
( s

j −
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)|x

j |,( q
j −

r
j
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( r

j −
q
j
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r
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( r
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q
j
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j |,( p
j
+

s
j
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j
+
( s

j −
p
j

2
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j |).

(f
ij ,p

ij ,q
ij ,r

ij )
=

(( a
ij
+

d
ij

2
)x

j −
( d

ij −
a
ij

2
)|x

j |,( b
ij
+

c
ij

2
)y

j −
( c

ij −
b
ij

2
)|y

j |,( b
ij
+
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ij

2
)z

j
+
( c

ij −
b
ij

2
)|z

j |,( a
ij
+

d
ij

2
)w

j
+
( d

j −
a
j

2
)|w

j |).

C
a
se

2
:

If
(a

ij ,b
ij ,c

ij ,d
ij )≡

0,(p
j ,q

j ,r
j ,s

j )≡
0
th
a
t
is

a
ij
<

0
≤

b
ij ⩽

c
ij
<

d
ij ,p

j
<

0
<

q
j ≤

r
j
<

s
j .

(lij ,m
ij ,n

ij ,o
ij )

=
(( p

j w
j −

q
j x

j

2
)−

| p
j w

j −
q
j x

j

2
|,( q

j
+

r
j

2
)y

i −
( r

j −
q
j

2
)|y

j |,( q
j
+

r
j

2
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j
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( r

j −
q
j

2
)|z

j |,( s
j w

j
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p
jx

j

2
)
+

| s
j w
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p
j w

j

2
|).

(f
ij ,p

ij ,q
ij ,r

ij )
=

(( a
ij w

j −
d
ij x

j

2
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| a
ij w

j −
d
ij x

j

2
|,( b

ij
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ij

2
)y

i −
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ij −
b
ij
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)|y
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ij
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ij
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C
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b i
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Step 7:

Put the values of x̃j , obtained in step 6, in∑n
j=1 c̃j ⊗ x̃j to find the fuzzy optimal value.

6 Conclusion

In this paper a new method is proposed for
solving fully fuzzy linear programming prob-
lems, having arbitrary fuzzy coefficients and un-
restricted fuzzy variables. The proposed methods
are very easy to understand and to apply for fully
fuzzy linear systems occurring in real life situa-
tion.
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