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Abstract

The polygroup theory is a natural generalization of the group theory. In a group the
composition of two elements is an element, while in a polygroup the composition of two
elements is a set. Polygroups have been applied in many area, such as geometry, lattices,
combinatorics, and color scheme. Also, Crossed modules and its applications play very
important roles in category theory, homology and cohomology of groups, homotopy theory,
algebra, k-theory, etc. In this paper, we have definition of a polyfunctor and transformation
for polygroups. Also, we introduce the concept of the symmetric crossed module to the
symmetric crossed polymodules. Our results extend the classical results of crossed modules
to crossed polymodules of polygroups.
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1. Introduction

The Yang-Baxter equation plays a fundamental role in various areas of mathematics. In fact,
this equation plays a fundamental role in such apparently distant fields as statistical
mechanics, particle physics, quantum field theory and quantum groups. Its solutions, called
braidings, are built, among others,

1. from Yetter-Drinfel’d modules over a Hopf algebra,
2. from self-distributive structures,
3. from crossed modules of groups.

Also, Crossed modules and its applications play very important roles in category theory,
homology and cohomology of groups, homotopy theory, algebra, k-theory etc. Therefore,
study crossed modules and it’s all kinds automorphisms at least through this is very important.
This is in fact one of the motivations of recent half-century studies in this field. Crossed
modules was defined by Whitehead in [1]. So many mathematicians work on this subject.
There are many application of crossed module such as Actor crossed module, Pullback
crossed module, Pushout crossed module and Induced crossed module, etc [2,3]. Nilpotent,
Solvable, n-Complete and Representations of crossed modules were studied by
Dehghanizadeh and Davvaz [4,5,6,7,8]. Polygroups were studied by Comer [9], also see in
[10]. Specially, Comer and Davvaz developed the algebraic theory for polygroups. Alp and
Davvaz in [11] introduced the notion of crossed polymodule of polygroups and they give some
of its properties. Also, they introduced new important classes by the fundamental relations.
Alp and Davvaz, introduce the concept of pullback and pushout crossed polymodules and
describe the construction of pullback and pushout crossed polymodules. Arvasi, Porter and
Onarh in [12,13] introduce the notion of an (co)-induced 2-crossed module, which extends the
notion of an (co)-induced crossed module which were defined by Brown, Gilbert, Loday and
Mosa [14,15,16]. The notion of crossed polysquares was introduced by Dehghanizadeh,
Davvaz and Alp in [17]. They introduce the notion of crossed polysquare of polygroups and
gave of its propertiesa Also, we extend the classical results of crossed squares to crossed
polysquares [18].

2. Polygroups and crossed polymodules

The polygroup theory is a natural generalization of the group theory. In a group the
composition of two elements is an element, while in a polygroup the composition of two
elements is a set. Polygroups have been applied in many areas, such as geometry, lattices,
combinatorics, and color scheme. There exists a rich bibliography: publications appeared with
in 2012 can be found in "Polygroup Theory and Related Systems" by Davvaz [10]. This book
containsthe principle definitions endowed with examples and the basic results of the theory.
Applications of hypergroups appear in special subclasses like polygroups that they were
studied by Comer [9], also see in [10,19]. Specially, Comer and Davvaz developed the
algebraic theory for polygroups. A polygroup is a completely regular, reversible in itself
multigroup. According [9], a polygroup is a multi-valued system M =<P,o, >, with ecP,

TP 5P, o:PxP—> P*(P) , where the following axioms hold for all x,y,z in P:
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1. (Xey)oz=Xo(ye2z),
2. EoX=Xoe=X,

3. Xeyoz implies yexoz and zeyox.

In this definition, P*(P) is the set of all the non-empty subsets of P ,and if xe P and A, B
are two non-empty subsets of P, then Ao x=| Jaob,and AoX= Ao{x}, xe A={x}oA.

acA
beB

The following elementary facts about polygroups follow easily from the axioms:
-1
eexox 'Nx'ox, et=eand (x‘l) =X.

If K is a non-empty subset of P, then K is called a subpolygroup of P if e K and
<K,o,8,"> is a polygroup. The subpolygroup N of P is said to be normal in P if

atoN cac N, for every ae P . There are several kinds of homomorphisms between
polygroups [10]. In this paper, we apply only the notion of strong homomorphisms. Let
<P,o,e, "> and < P’,0,&,™" > be two polygroups. A mapping ¢ from P into P’ is said to
be a strong homomorphism if ¢(e) =e and p(a-b) = ¢p(a)*@(b) forall a,b e P . Astrong
homomorphism ¢ is said to be an isomorphism if ¢ is one to one and onto.

Definition 2.1. Let P =<P,o,e,”"> be a polygroup and © be a non-empty set. A map

a PxQ—P(Q), where a(p,w) =" w is called a (left) polygroupaction on Q if the
following axioms hold:

1. ‘w=o,

h(pa))=h"p o, where "A=| JPa and *w=|J w forall AcQ and BC P.
acA beB

. Upa)=Q,

weQ)

4. forall peP, ac’h=be" a.

N

w

Definition 2.2. [11] A crossed polymodule y =(C,P,0,a) consists of polygroups
<C,*,e, "> and < P,o,e, " > together with a strong homomorphism 0:C — P and a (left)
action a: PxC — P (C) on C, such that the following conditions hold:

1. 8("0): poo(c)op forallceC and peP,
2. ©c=cxc'xc* forall c,c'eC.

Example 2.1. Every polygroup P has its trivial subpolygroup 1 consisting of just the identity
element of P.

This subpolygroup is always a normal subpolygroups. Therefore we have crossed polymodule
(LP)=(LP,c,id, ).
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Example 2.2. Every polygroup P contains the whole polygroup P as a normal
subpolygroup. Therefore, we have crossed polymodule (P,P)=(P,P,c,id, ).

Example 2.3. [11] A conjugation crossed polymodule is an inclusion of a normal
subpolygroup N of P, with action given by conjugation. In particular, for any polygroup P

the identity map id, : P — P is a crossed polymodule with the action of P on itself by

conjugation. Indeed, there are two canonical ways in which a polygroup P may be regarded
as a crossed polymodule: via the identity map or the inclusion of the trivial subpolygroup.

Example 2.4. [11] If C isa P -polymodule, then there is a well-defined action « of P on
C . This together with the zero homomorphism yields a crossed polymodule (C, P,a,a) :

Example 2.5. Let P be a polygroup and NAP be a normal subpolygroup. Consider the
polygroup morphism
C, :P— Aut(N)
p—(c,Iyn—>n°)
Then we have a crossed polymodule
(N,P)=(N,P,CN,idP |N).

Definition 2.3. Let y =(C,P,d,a) and y'=(C',P,&',") be two crossed polymodules.
A crossed polymodule morphism f = (Z,F) : x — x' is a tuple of strong homomorphism,
such that the diagram

£ 25
(‘)l l(’)’
P s P
r

commutes, and A(pac) =T'(p)a'A(c) forall peP, ceC.

3. Categories and polyfunctors
In this section we introduce the concept of categories and polyfunctors in the polygroups.

Let P,Q,R and K be categories of polygroups, so a category is given by
B = (Mor(P),0b(P),(s,i.t),e)
where Mor(P) is the set of morphisms, Ob(P) is the set of objects, (polygroups).
s:Mor(P) — Ob(P) is the source map, i:0Ob(P)— Mor(P) is the map sending an
object to its identity morphism, t:Mor(?) — Ob(P) is the target map, and () is the
composition of morphisms.
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If B——>P,——P, is in P, then we implicitly suppose given objects P, P, and
P, € Ob(P) and morphisms u, v e Mor(P) with us=P,, ut="P, and vs=P,, vf =P,
Definition 3.1. A morphism B, ——P, from Mor(P) is called a strong isomorphism, If
there exists a morphism v e Mor(P) such that uev=id, and veu =id, hold, we write
v=u",and we call u™ the inverse of u.

If P,P, €Ob(P), then we write (P, P,), ={aeMor(P)| as=PR,at="P,} for the set

morphisms from P, to P,.

Definition 3.2. A polyfunctor from P to Q is given by F:(Mor(F),Ob(F)), where
Ob(F):0b(P) > Ob(Q) and Mor(F):Mor(P)—> Mor(Q). A polyfunctor must
satisfy these conditions:

usOb(F) = uMor(F)s,
utOb(F) =uMor(F)Hi,
RiMor(F) = BOb(F)i,
for ue Mor(P), P, € Ob(P),
(uev)Mor(F) =uMor(F) evMor(F),

and for BL——P,—— P, in P.
Also, for P, €Ob(P), we writt BJF =POb(F)eOb(Q), and forue Mor(P),
uF =uMor(Q) € Mor(Q) .

If 7:P—>Q and G:Q — R are polyfunctors, then we write (F *G):P — R for the
composite of F and G, also if unambiguous, we write FG = F *G for brevity.

Definition 3.3. A polyfunctor F :P — Q s called an isopolyfunctor from P to Q, if
there exists a polyfunctor G: Q — P such that 7G =id,, and GF =id,, and we write

F=G.Also, if P=Q then an isopolyfunctor F : P — Q is called an autopolyfunctor.
We denote the set of autopolyfunctors from P to P by Aut(P), that is

{F|F: P — P, Fisan autopolyfunctor}.
Also, if F e Aut(P), we write (P—f)P) = (PL)P) for F,G € Aut(P), and
Fi=G'Fg.
Let F:P —Q isapolyfunctor, P'c P and Q' Q, also, suppose given a polyfunctor

F'.P"'— Q'such that the following diagram commutes:
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7)/ F Ql
In other words, for P'€ Ob(P") and u € Mor(P"), we have P'F'=P'Fand uF'=ufF
, then we write F [2=F":P'—>Q".
Also, if P" is asubcategory of P, then we write J,,.,, : P* — P, for embedding polyfunctor
from P' to P. We often abbreviate J = J,,.,, : P' — P In the following, we write [P, Q]
for the category of polyfunctors from P to Q. The set of objects Ob([P,Q]) of this

category consists of the polyfuncrors from Pto Q. The set of morphisms Mor([P,Q])
consists of the transformations between such polyfunctors.

Definition 3.4. Let F,G e Ob([P, Q]) be polyfunctors from PtoQ . A transformation
(F—2>G)eMor([P,Q])from F toG is a tuple of morphisms(RF —=—PG)

R eOb(P)

with the property that the following diagram is commutative for B —— P, € Mor(P)

P2 P

or)| Jue

P F —— P,G
Psa
Certainly, for more explanation, sometimes we write

Pra

Pl P1F—>P1G

Pia
a= (PIF S PIG)ple()b(p) = lu — ul*'l uG
P, P,F % PG

for the transformation from Fto G .

Definition 3.5. If (F—>F")e I\/Ior([P, Q]) and (G—>G")e I\/Ior([P,R]) are
transformations, then their horizontal composite, is defined by

axb=(PFG—A% ,pF'G’)
P,<0b(P)

(aG) e (F'b) =(Fb)e(aG’)
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/\/\
\/\/

Pay attention for P, € Ob(P), the following diagram is commutative:

P Fb

P FG P FG
l P (axb) l
PlaG Pl(l.G/
P F'G P F'G
PiF"b
Proposition 3.1. Horizontal composition * is associative.

Proof. If
F—>F'eMor([P.Q]),
G—25G'eMor([Q,R]),

and (H—>H"e Mor([R,IC]), then
(axb)*c=(axb)H e(F'G")c

=(aGeF'b)H e(F'G)cC

=(aGH)e(F'bHeF'G'c)

=(aGH)eF'(bH «G'c)

=a(GH)eF'(c*b)

=ax*(bx*c).
Definition 3.6. (F——G) e Mor([P,Q]) is an isotransformation, if for Ba € Mor(P)
is an isomorphism, for P, € Ob(P).

Definition 3.7. If (F——F"), (F'——F ") € Mor ([P, Q] are transformations, then
thier vertical composite is

a*b:(Pl (Ra)(Rb) 3 P )
ReOb(P)

Proposition 3.2. Vertical composition e is associative.
Proof. If (E—>F), (F—>G), and (G—>H)are in Mor([P,Q]), then for
P, € Ob(P), we have
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4. Symmetric crossed polymodules
In group theory, we have for each category y, a symmetric crossed module
S, :(MZ,GZJ/Z, fl), where (M,G,y, f) is a crossed module, and G, consists of the
autofunctors of y and M  consists of the isotransformations from the identity id ,tosome
autofunctor of y . In this section, we introduce the concept of the symmetric crossed module
to crossed polymodules.
Theorem 4.1. Suppose y =(Mor(x),0b(y),(s,i,t),®) be a category of polygroups. Also,
consider the set Q, =Aut(y)={F| F:x— y, Fisanautopolyfunctor}, together
with the composition of functors (*) , and PQI =Q, U{H } suchthat H¢Q, . Then R, is
polygroup by the appropriate hyperoperations.
Proof. The composition of functors is associative, and therefore, the multiplication in QZ is
associative. If F,GeQ,, then F*GeQ,. Also F*id, =Fand, id *F =F. Hence
1, =id,.Wehave F*F™=id and F™*F =id, . So, the inverse for Fis F". Hence
(QZ,*) is a group. Now, if HgQ,, then we define on PQ/ =Q, U{H} , the
hyperoperations as follows:
1. H®H=id ,
2 idZ®F:F®idZ:F,forall F EPQ/
3. H®F=F®H=F foral FeR, —{id, H},
4. F®G=F=*G,forall (F,G) er such that G = F*,

-1 - .
5. FOF*={id, H|, forall FeP, —{id, H}.

We show that (PQI,®,idZ,‘1) is a polygroup. If {F,G, K}U{idl, H}z@, then we have

two following cases:
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(i) F=G'#K and F = K™. Inthis case
(FoG)oK = (F *G)*K
— F #(G*K)
=F®(G®K)
(i) Thereexists {u,v} = {F,G,K} suchthat u=v". Without losing generality,
suppose that F =uand G=Vv.So (F®G)®K :{idl,H}®K . Hence
{idl, H}@ K = K .Therefore, if G = K™, then
FR@G®K)=F®{id, H}=F=G"=K,andif G=K™, we have
FO(G®K)=F®(G*K)
=F *(G*K)
=(F*F™)=*K
=id *K =K
On the other hand ® is the associative.
Now, if {F,G,K}U{idl,H};ﬁ@, and let id, e{F,G,K}, then the associativity
condition holds. Suppose that {F,G, K}U{idl, H} ={H} . without losing generality, let

F =H, in this case we have

H G=H,K=H
K G=H,K=H
(F®G)®K=F®(G®K)=: G G#H,K=H

G*K G=#K™',G=H=K
{id,,H} G=K™*G=H=K

Therefore, according to the structure of ® we conclude that idl is the identity element of

P

Q, and the other conditions for being polygroup hold too.

P
Proposition 4.1. If Q, is a group, then % =Q,.
P

Proof. It is straightforward.
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Theorem 4.2. Suppose y =(Mor(y),0b(y),(s,i,t),*) be a category of polygroups.
Consider the set P, = {(idl—a> F):Fe Aut(;()} , Where a ais an isotransformation, and

on PX , we define a multiplication by

(id, —=>F)«(id,—>G)=(id, —2>FG)=ae(Fb) =be (aG),
then PPI = PZ U{H} such that H ¢ PZ , by the appropriate hyperoperation is polygroup.

Proof. We have that multiplication (*) is the horizontal composition of transformations.

Hence in particular, (*) is associative.
If (idl—fﬂz),(idl—E)G)e P, then
ax*b=aeFb=bcaG :id, > FG.

Hence, a*b is an isotransformation to an autofunctor FG . Therefore, a*b e PZ . But, we
have

axid, =(id, ——F)x(id, —>id, |
=id,, e(aid,)=a,
id,,, *a=id, —*id, | «(id, —>F)
=ae(id, F)=asid. =a,
hence, 1, =id;, . Now, we have

(') =a*Fiid, >F*

A1 . . . . L
S0 (a ) is an isotransformation, where F* is an isofunctor. Hence, (a ) ebP .

a*(a*)_l = (idl—fﬂz)*(idl atpt F‘l)

=(a'F*)e(aF *)=(atea)F "=id F ' =id

FF id, 7
(a") *a=(id i)F‘l)*(idz—"")F)

X
—ae(a'F'F)=asa’=id, =1,,

Ve
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-1
hence, (a*) is the inverse of a.

Now, if K ¢ P, , then we defineon P, =P, U{K} the hyperoprations as follows:
1. K®K=id
2 idZ®F:F®idZ:F,forallFePPZ,

3. K®F=F®K=F, forall FeP, —{id, K},

4, FRG=F =G, forall (F,G)eP}(2 such that G = F*,

5. F®F*={id, K}, forall FeR, —{id, K},

hence (Ppl,®, idl,’l) is a polygroup.

Theorem 4.3. Suppose y :(Mor(;(),Ob(;(),(s,i,t),O) be a category of polygroups, and
suppose given functors F,G: y — y. Let given transformations (idl—a>F) and
(id, ——>F) suchthat a*b=b*a=id,, holds, then

1. Wehave F,G € Aut(y), i.e., the functors F and G are autofunctors, and we have

G=F*.
2. The transformations a and b are isotransformations.

Proof. It is straightforward.
Theorem 4.4. Let ;(:(Mor(;(),Ob()(),(s,i,t),O) be a category of polygroups, and
V =(P,Q,a, f) beacrossed polymodule. Also Q, = Aut(y),

P :{(idl—a>F)| F eAut(;()},

P
where, a is an isotransformation. Then we have a polyaction of QZ on PZ, given by the
polygroup morphism

a,:Q, — Aut(P)

Q- (id, —>F) - (id, —22>QFQ),
and a polygroup morphism
f,:P,—>Q,

(id, —2>F)>F.

Then (PZ,Ql,al, fl) is a crossed polymodule, (Symmetric Crossed Polymodule on y ), and

we write
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SZ

(Pz’Qz’az’ fz)'
Also, we write, for (idl—f‘>F) eP,,and QeQ,,
a® =(a)(Qa, )
=Q™aQ:id, » F°
-Q'FQ

for the polyaction of Q on a.

Proof. a, is well-defined, because according to the assumption Q €Q, and id, —>F,
idl—?>H e P, we have
Q'aQ: id, —> F°=Q'FQ
where Q'FQ is an aut of unctor of y, and Q'aQ is an isotransformation. Hence
Q'aQe P,.But,
Q' (a*b)Q=Q'(asFb)Q

=Q'aQeQ'FbQ

=Q"aQe(Q'FQ)(Q Q)

=(Q"aQ)*(Q Q).
Also,

(Q%)7(Q"aQ)Q*=QQ"aQQ* = 4,
Q" ((Ql)l an) =Q'QaQ'Q=a

Now, we show that «, is a polygroup morphism. If Q,H €Q, and (idl—f>F) eP,,
then
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@)((QH),, ) =(id, —20 (QH ) F (QH))
= (id, -2, HQFQH )
= (id, —22>Q"FQ)(Ha, )
=(id, —=—>F)(Qa, )(Ha, )
= (a)(Qa, )(Ha,).
But f, is a polygroup morphism, since if (id, —2—>F),(id,——>Q) € P,, then
(a*b) f, =(id, —2>FQ) f, = FQ
(i, —F) 1, (¢, —0)t,
- (af ) o1, ).
For two conditions of crossed polymodule, if (id, ——F)e P, and Q €Q, , then
@*)f, :(id _9' - 1FQ)f =Q'FQ=F%=(af ).
Also suppose given (id, —2—F),(id, ——>Q) P, , then
a’ =b™**axb

= (id, 2 5Q)+(id, —>F ) x(id, —>Q)

-b
=he (b Q Q) (Q"aQ)
=beb*e(Q'aQ)=Q'aQ=a%=a"

Definition 4.1. (PZ,QZ,aZ, fl) is a crossed polymodule, and called the Symmetric
Crossed Polymodule on y and we write

S, —(P Q,.a,f,).
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5. Conclusion

The paper presented a thorough definition of polyfunctors and transformations for
polygroups.We also, introduced the notion of symmetric crossed modules to symmetric
crossed polymodules. The study's findings expanded the classical results of crossed modules
to encompass crossed polymodules of polygroups. In further studies, it will be interesting and
useful to investigate the functors for crossed squares and also obtain the properties of
symmetric crossed squares and study them. Then findings extended the classical results of
crossed squares to crossed polysquares of polygroups.
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