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Abstract

Two of the essential and important topics of scholars' research are congestion and
classification in Data Envelopment Analysis. There are lots of papers that researchers
represented their methods in these fields separately. Assume that there is a different method
that can predict the congestion of Decision-Making Units. In this paper, we represented our
method that predicts the congestion of DMUs instead of calculating their congestion. The
advantage of this method is for the time that measured the congestion of DMUs but we need
to add new DMUs and we do not want to calculate the congestion of all DMUs again. For this
reason, we define available DMUs into three groups such as DMUs with strong congestion,
DMUs with weak congestion, and DMUs with no congestion; then predict the congestion of
new DMU. In the last section, we represent the numerical example of our purpose method.
The result shows that the prediction of congestion is so correct.
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1. Introduction

Discriminant Analysis (DA) is one of the powerful tools for classification and predicting
group membership of new Decision-Making Units (DMUs). Data Envelopment Analysis
(DEA) is used to classifying the DMUs into efficient and inefficient groups by measuring
their relative efficiency. DEA has lots of applied models such as BCC (Banker et al. [1]), CCR
(Charnes et al. [2]), Additive, and so on.

In using DEA models, must defined inputs and outputs for DMUs. When an increase in
one/more inputs causes reduce in one/more outputs, without improving any other inputs or
outputs, congestion happens (Cooper et al. [3], Cooper et al. [4]). Fare and Grosskopf [5], [6]
represented a method to recognize the input factors responsible for the congestion. Brockett
et al. [7] believed that congestion of DMU depends on its inputs. Some of the researchers try
to present the method by solving fewer models to measure the congestion (Cooper et al. [8],
Noura et al. [9], Navidi et al. [10]). Congestion has usage in different cases, such as the
economy, industry, energy, and so on. Sueyoshi et al. [11], [12] have perused in these cases.
They expressed their method by explaining desirable and undesirable congestion. Khoveyni
etal. [13] present their method for identifying congestion with negative data. Wang et al. [14]
present a new definition of congestion. Sole-Ribalta et al. [15] researched on congestion of
multiplex networks. The other interesting subject for the researcher in the congestion topic is
energy efficiency (Zhou et al. [16], Zhou et al. [17], Hu et al. [18]).

In (1999) the additive model of DEA compared with the represented GP approach for DA.
Sueyoshi believed that combining DA and DEA in the framework of GP is so useful and helps
us to specify the group membership of new observation, more accurately. So, he presented his
DEA-DA method by using GP (Sueyoshi [19]) then he completed his model (Sueyoshi [20]).
In the real situation, sometimes we have not accessed to exact data, there should be used
imprecise data. Jahanshahloo et al. [21], Duarte Silva et al. [22, 23] and Angulo et al. [24]
represented their method for interval data and Hosseinzadeh Lotfi et al. [25, 26], Khalili-
Damghani et al. [27], Omrani et al. [28], Ji et al. [29], Ghasemi et al. [30] and Dotoli et al.
[31] represented their method for fuzzy data.

Measuring the congestion of DMUSs needs a complex method for calculateing it and this is
time-consuming. In the case that we measure the congestion of all DMUs but in the middle of
the process we have to add new DMUSs, what should we do? Should we calculate the
congestion of all DMUs again?

In this paper, we represent our method for the time when we have the congestion of some
DMUs and we need to know the congestion of new DMU without calculating its congestion,
so we predict its congestion.

One of the important usages of the DEA-DA method is classification. In this paper, we use
DEA-DA methods to classify the DMUs according to their congestion into three groups. At
first, we measure the congestion. Then by using discriminant analysis can divide DMUs into
defined groups such as DMUs with strong congestion, DMUs with weak congestion, and
DMUs with no congestion; then by using this information we predict the group membership
of new DMUs.

The remainder of this paper is organized as follows: In section 2, we reviewed some related
previous works. Our proposed method is presented in section 3. The empirical example of our
purpose method is represented in section 4. The conclusion is represented in section 5.

2. Background
In this section, we reviewed some related previous works.
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2.1. Congestion
Assume that, the number of DMUs, inputs, and outputs are n, m, and s. The vectors

X; = (X1 X)) and Y, =(Yyjr--r Yyy)' are the input and output values of DMU;,
j=1,...,n, respectively.

Noura et al. [9] represented their method as follow:
First, solve the output-oriented BCC model (Banker et al. [1]):

Max ¢+5(ZS:S: +isi‘) (1)
r=1 i=1

st.

Zn:/ljxij+si;:xio ,1=12,....m

j=1

Zﬂjyrj _S:O =0 Yo r:1121---,5
=

Zﬂ,:l
=1
0<A,s',s. J=L2,...,n,i=12,....m, r=12,...,s

j*~ro! Yio

The optimal solution of (1) is (¢*, A%, s*, s7%).
Then define set E as follow:

E={iloj =1} (2)
(¢jise” for DMU))

A DMU in set E has the highest amounts of ith input component compared with other DMUs
is selected.

A(teE); V(jeE)=x 22X (3)
X, =% , i=1...,m
We have congestion if and only if, at least one of the two following conditions is satisfied:
l. @ >landthereisatleastone x, >x (i=12,...,m)

II.  There is at least one s~ >0 (r=212,...,5) and there is at least one
X, >%X (i=12,...,m)
2.2 DEA-DA

Sueyoshi [20] represented his extended DEA-DA method for two groups.
The first stage that is classification and overlap identification is formulated as follows:
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min > S+ DS,
jeG j€G,
Kk

st. Y (A —A)Z;+S;;—S;; =d +1, jeG,

|
LN

(ﬂ’|+_2’|_)zij+sgj_sz_j=d’ jEGz (4)

M- M-

> (4 +27) =1

all slacks>0 , 4">0 , A4 >0 , d:unrestricted

Il
4N

Where S/, S, (jeG,) are the positive and negative aberration of a piecewise linear

k
discriminant function Z(/lf — A )Z;; from a discriminant score d of Gy, respectively. The
i=1

positive aberration, specify an event of group misclassification on the jth observation in G,
and the negative aberration, specify an event of group correct classification. The above

description for G; expand to G, (S;; , S;; (J €G,)).

Kk
All the observed factors Z;; are connected by Z&Zij where 4; is a weight for the ith factor.
i=1

These weights are limited in the way that the sum of total values of A4 =(4"—A4") for all
i=1..,K isunity.

The new sample that is mth observation, whose value is defined by Z;,,,, can be classified by
the following principle:

K
I If D A7, >d +1 then meG,
i=1

k
. If d"+1>> A4'Z, >d" then meG, NG,

i=1

k
. If d*>> 4’7, then meG,

i=1

(A" =(4" =4 ), d"are the optimal solutions of (4))

For using these principles, the whole set G has divided into the following subset:
Kk

C.={ieG ) A4Z,2d"+1}

i=1
k

C,={ieG, 1Y 47, <d}

i=1

Dl :Gl_cl
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D, =G, -C,
When the overlap is identified, the second stage that is handling overlap has used for two
subgroups (D, w D, ). The handling overlap is formulated as follows:

min > S+ Y. S,

jeb ieb,
k
st. Y (AT -A)Z; 2d +1, jeC,

i=1

k

DA =A)Z;+S), -8, =c, jeD (5)
i=1

k
Z(ﬂ;_ﬂ';)zij"'s;j_szijzci jeDb,
i=1

k
2(21+_217)Zij <d, j€C,
i=1

k
DA+ A)=1

i=1
d<c<d+1

all slacks>0 , A" >0, 4 >0, d:unrestricted , c:unrestricted
All correct classified observations have limited by constraints numbers 1 and 4 in the model
(5).

k K
(Z(ﬂ«f—ﬂ«f)zij >d+l  jeC, ; Z(ﬂ’r—ﬂii)zij <d, 1€C,)

i=1 i=1

The new discriminant score (c) is specified by minimizing the total aberration of observation
in the overlap. The new sample that is rth observation which is identified as an overlap in the
first stage can be classified by the following principle:

k
I If D A'Z, >c" then reG,
i=1

k
1. 1f D A'Z, <c” then reG,

i=1

(A" =(A" =47, ¢ are the optimal solutions of (5))
For more comprehension, we bring Fig.1
A
il Lty A
“« a @ o A
g O
Fig 1. Classification for two groups
312



M. Rostamy-Malkhalifeh, et al./ 1JIM Vol. 15, No.4, (2023), 308-320

3. Proposed method

3.1. Measuring congestion

In this section, we used the Navidi et al. [10] method for measuring the congestion for
verification of the DEA-DA method that represents in the model (5) to see its prediction of
DMUs congestion is correct or not.

Assume that, the number of DMUs, inputs, and outputs are n, m, and s. The vectors

X :(xij,...,xmj)T and Yi Z(ylj,...,y,j)T are the input and output values of DMU;,
J=1...,n, respectively.
we will consider the maximum value in each component of the output. For DMU; we have:

Max Y= yl*l , Max Yo = y;1 , .oy Max Ya = y; (6)

For DMU,, we have:

MaX yln = yl*n ’ MaX y2n = y;n LR MaX ysn = y:n
Afterward, we define the set F as follow:
F:{y’:j ,r=1,...,s,j:1,...,n} (7)

A DMU in set F has the highest amounts of ith input component compared with other
DMUs is selected.

3(0eF);V(jeF)=x,2x (8)
X, =% , i=1...m
For example, in set F:

DMU, has the highest amounts of first input component compared with the first input
component of the other DMUs:

A(peF);V(jeF)=x,2x%; ; X,=X
and so on.
We have congestion if at least there is one X, > X (i=12,...,m)

The congestion in the ith input of DMUp is
Sic = Xip - Xi* ! (Xip > X|*) (9)

3.2. Classification of observations

In this section, we used our represented Discriminant Analysis method for the classification
of observations.

The proposed is the classification of the congestion with the DEA-DA model. Therefore,
assume that there are n observations j=(1,...,n) that are belong to 3 groups, each
observation defines by k independent factors i = (1,...,k) indicated by Z;;.

The DEA-DA model for more than two groups is formulated as follows:

313



M. Rostamy-Malkhalifeh, et al./ 1JIM Vol. 15, No.4, (2023), 308-320

min Dot + D b+ Doty + Dty

jeG i€G, j€G, <Gy
k
st. D AZ,-c >-t, jeG,
i=1
k
Y AZ;-c <ty jeG, (10)
i-1
k
Zﬂizij_czz_tsj' jeG,
i-1
k
zﬂizij_czgtﬂ’ jeG,
i-1

C,,C, sunrestricted , 4 :unrestricted , t;; >0 , t,,

Kk

All the observed factors Z;; are connected by Z&Zij where 4; is a weight for the ith factor.
i=1

The different 3 groups separate with discriminant scores C,. The variables ¢, t5;,t3; , t4;,

Kk
are the aberration of discriminant function Z A4Z;; fromadiscriminant score C; to minimize
i=1
an event of group misclassification.
The new sample that is Ith observation, whose value is defined by Z;;, can be classified by
the following principle:

k
I If Y A'Z,2¢] then 1eG,

i=1

. Ifc >)» A'Z,>c, then 1€G,

(N

1]
4N

Mm. Ifc,2) A’'Z,>2c; then leG,

(C; and A are the optimal solutions of (5))

4. Numerical example

4.1. Measuring congestion

In this section, at first, we calculate the congestion for verification of the DEA-DA method to
see its prediction of DMUs congestion is correct or not.
Assume that we have 15 DMUs as shown in Table 1.

314



M. Rostamy-Malkhalifeh, et al./ 1JIM Vol. 15, No.4, (2023), 308-320

Table 1. Source: Khoveyni etal. [13]

bDMuU | A| B|C|D|E]JF|G]|H | J K L M

lnputl | -1 | -3 ] 0 | -2 ]| -2 2 4 | -2 | -2

w
N
w

N2

w|w|O

4
Input2 | -3 | -1 | -2 0 2 2| -2 4 2 4 -2 3 3
Output | -1 | -1 1 1 1 1 0 0 1 0

o
&
o
3
o
3
1
N

w

By using Navidi et al. [10] method we have:
F:{yC:yD:yE:yF:yI:l} ) X1*:X1F:2 ) X;:XZE:XZIZZ

1 =KX =4-2=2
Xp =Xop —X; =4-2=2
© :{xu—x{=4—2=2
X, =X, =4-2=2
XE :X1K_X1*:3_2:1

C *
X, =Xy =X, =3-2=1

o K =3-2=1
M T *
Xo =%, =3-2=1

c_ XiO_Xi* =3-2=1
Xo = :

X0 =X, =3-2=1
As you see here, we measure the congestion in each input and discern weakly or strongly
congestion of all DMUs so easy. The results are shown in Table 2.

Table 2. Results of congestion

DMU Congestion

Weak congestion
Weak congestion
Strong congestion
Weak congestion
Weak congestion
Strong congestion
Strong congestion

O LZrXl«lT|o

For more comprehension, we bring Fig.2.
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BR.2) 6.2

0

Fig. 2. Source: Brockett et al. [7] and Noura et al. [9]

4.2. Classification
In this section, we apply model (5) to our data. Table 3 present the A" (i=1,2,3) and

¢, (9=12).
Table 3. Weight estimates and discriminant scores

e [ 069
c; | 037
2, | 032
2, | 032
2, | 0.36

In this research we used 3 indexes (2 inputs and 1 output that has shown in Table 1) to
discern the 15 DMUs to 3 following groups:

G,= {Strong congestion}

G,={Weak congestion}

G3={No congestion}

Table 4 present the group membership and prediction of the group membership of DMUs
that were achieved from using the model (5).

Table 4. Classification

Obs Group | Prediction
J G, G,
M G, G,
0 G, G,
G G, G,
H G, G,
K G, G,
L G, G,
A G4 Gs
B G4 Gs
C G4 G4
D G, G,
E G; G,
F G; G,
[ G; G,
N G; G,

As you see in Table 4, all of the 15 DMUs are classified as 100% correct. Model (5) is a
simple and convenient model that can correctly predict group membership easily.
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5. Conclusion

As we know, two of the significant topics in DEA are measuring the congestion and
conjecturing the correct classification of a new sample. There are lots of models and methods
represented in these fields. The represented method for measuring the congestion is tried to
present their method that needs to solve the fewer model. Also, most of the represented
methods for classification are just useful for classifying observation into two groups.

In this paper, at first, we used a convenient method to measure the congestion of DMUs that
includes simple calculations to verify the DEA-DA method. Then we used the DEA-DA
method that can be classified the congestion of DMUs into three groups such as DMUs with
strong congestion, DMUs with weak congestion, and DMUs with no congestion. As shown
in Table 4, the method predicted all of the congestion of DMUs 100% correct.

Future work can expand our framework to other alterations of the DEA methods. Also, the
represented DEA-DA method can use for imprecise data, so it seems good to measuring the
congestion with imprecise data and then predict the congestion of new DMUs with these
methods.
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