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Abstract

In the present investigation, Variational Iteration Method (VIM) is applied to solve the dynamic
oscillation of a current-carrying wire in a magnetic field which is generated by a fixed current-carrying
conductor parallel to the wire. Two linear springs are considered to restrict the wire to a rigid wall. In
a special case, the periodic solution of the problem is obtained by VIM and compared with numerical
solutions for different parameters. Results indicate high accuracy of this method which can be easily
extended to solve other non-linear vibration equations, therefore can be applicable in other engineering
problems.
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1 Introduction

N
onlinear oscillator models arise in many ar-

eas of physics and engineering and are im-

portant in mechanical dynamics because in theo-

retical and applied physics and mechanics, there

are many nonlinear systems involving oscillation,

wave propagation, electromagnetic systems, etc.

These scientific problems and phenomena are

modeled by ordinary or partial differential equa-

tions. In most cases, these problems do not ad-

mit analytical solution, so these equations should

be solved using special techniques. In recent

years, much attention has been devoted to the
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newly developed methods to construct an ana-

lytic solution of equation, such methods include

the Adomian decomposition method [1]-[3], the

Homotopy Perturbation Method (HPM) [4]-[9],

and the Variational Iteration Method (VIM) [10]-

[15]. Perturbation techniques are too strongly

dependent upon the so-called small parameters

[16]-[17]. Thus, it is worthwhile developing some

new analytic techniques independent upon small

parameters. The Variational Iteration method

(VIM) is one of the well-known methods to solve

the nonlinear equations. This method estab-

lished by He [10]-[11]. The method has been

used by many authors in [12]-[15] and the ref-

erences therein to handle a wide variety of sci-

entific and engineering applications: linear and

nonlinear, and homogeneous and inhomogeneous

as well. It was shown by many authors that this
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method provides improvements over existing nu-

merical techniques. In this Letter, the basic idea

of the VIM is introduced and then the problem of

a special case of dynamic oscillation of a current-

carrying wire in a magnetic field is solved through

VIM and numerical methods. This method gives

rapidly convergent series with specific significant

features for each scheme.

2 Analysis of the Variational It-
eration Method

To illustrate the basic concept of the Variational

Iteration Method, we consider the following dif-

ferential equation [10]-[11]:

Lu+Nu = g(t) (2.1)

where L is a linear operator, N a nonlinear oper-

ator and g(t) an inhomogeneous term. According

to the Variational Iteration Method, we can con-

struct a correct functional as follows:

un+1(t) = un(t)+∫ t
0 λ(t)(Lun(τ) +Nũn(τ)− g(τ))dτ

(2.2)

where λ(t) is a general Lagrangian multiplier

which can be identified optimally via the variat-

ional theory. The subscript n indicates the nth

approximation and ũn is considered as a re-

stricted variation δũn = 0. Therefore, we first de-

termine the Lagrange multiplier λ(t) that will be

identified optimally via integration by parts. The

successive approximations un+1(t) ≥ 0, n ≥ 0

of the solution u(t) ≥ 0 will be readily ob-

tained upon using the obtained Lagrange mul-

tiplier and by using any selective function u(t).

With λ(t) determined, then several approxima-

tions uj(t), j ≥ 0, follow immediately. Conse-

quently, the exact solution may be obtained by

using:
u = lim un

n → ∞ (2.3)

3 Problem statement and
mathematical formulation

Consider the problem of current-carrying wire-

conductors in parallel where the wire which is re-

strained to a fixed wall by linear elastic springs.

The physical model of this problem is presented in

Fig. (1). The distance between wire and conduc-

tor is b, parallel to one another for a length l, and

carrying currents i1 and i2, respectively. Let x̄ be

the displacement of the wire, k be the stiffness co-

efficient of the springs and m be the mass of the

wire. In dimensionless form, the equation of mo-

tion for the current-carrying wire in the magnetic

field generated by the fixed conductor is [18]:

d2x

dt
+ x− Λ

1− x
= 0, x(0) = Â,

dx

dt
(0) = 0

(3.4)

where x = x̄
b , t = w0t̄, w

2
0 = k

m and Λ = 2i1i2l
kb2

and Â is the initial value of x(0) it is an exam-

ple of a conservation nonlinear oscillatory system

having a rational form for the restring force. To

construct a analytical solution, Sun et al. [18]

introduced a variable as:

u = x− α (3.5)

Where α is one of the stable equilibrium points.

Substituting Eq. (3.5) into Eq. (3.4), we will

have:

d2u
dt + α+ u− Λ

1−u−α = 0, u(0) = A,
du
dt (0) = 0

(3.6)

where A = Â − α. The corresponding potential

energy function is:

V (u) =
1

2
(α+ u)2 + Λ.ln|1− u− α|. (3.7)

To solve Eq. (3.6) via an analytical method,

a special case of the problem is considered as

follows[18]:

u” + α1u+ α2u
2 + α3u

3 = 0 (3.8)

where primes denote differentiation with respect

to t and:

α1 = 1− Λ(1− α)−2 (3.9)

α2 = −Λ(1− α)−3 (3.10)

α3 = −Λ(1− α)−4 (3.11)

and the boundary conditions of the Eq. (3.8) are:

u(0) = A, u
′
(0) = 0 (3.12)
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Eq. (3.8) with the boundary conditions (3.12)

are solved by Sun et al. [18] for different values

of parameters Λ, A and α. In this article, we re-

consider this equation and solve it by Hes analyt-

ical method called Variational Iteration Method

(VIM).

4 Solution with Variational It-
eration Method

The Variational Iteration Method is an analyt-

ical method that has been used to solve effec-

tively, easily, and accurately a large class of linear

and nonlinear, ordinary or partial, deterministic

or stochastic differential equations with approx-

imate which converge rapidly to accurate solu-

tions. In this section, we will apply the VIM to

solve differential equation (3.8). In order to solve

Eq. (3.8) using VIM, we construct a correction

functional, as follows:

un+1(t) = un(t)+∫ t
0 λ(t)(τ

d2u
dτ2

+ α1u(τ) + α2u
2(τ) + α3u

3(τ))dτ
(4.13)

where λ(t) is Lagrange multiplier, which can be

identified optimally via the Variational theory.

Its stationary conditions can be obtained as fol-

lows:

λ”(τ)+λ(τ)|τ=t= 0, 1−λ
′
(τ)|τ=t= 0, λ(τ)|τ=t= 0

(4.14)

The Lagrange multiplier can be identified as

λ(τ) = sin(τ − t) and the following Variational

iteration formula can be obtained:

un+1(t) = un(t)+∫ t
0 sin(τ − t)(τ d2u

dτ2
+ α1u(τ) + α2u

2(τ)+
α3u

3(τ))dτ
(4.15)

We begin with an arbitrary initial approximation

as:

θ0 = Acos
√
α1t (4.16)

Using (4.15) we obtain the 1th-order approxima-

tions. For comparison with existing studies, for

one case, we set Λ = −1.5, α = −3.5 and A = 1.

Therefore, we obtain the following 1th-order ap-

proximate solution as follows:

u[1](t) = 1, 292968cos(1, 038327t)−
0, 276801cos(t) + 0.876627E−
3cos(3, 114983t) + 0.737028E−
2cos(2, 0766559t)− 0, 024414

(4.17)

In the same manner, for the different values of Λ,

α and A, the solutions of equation (3.8) have been

obtained for 2th-order approximate and presented

in 1 and Figs. (2)-(7).

5 Conclusion

In this paper, we have successfully developed

VIM to obtain the exact solutions of a special

case of dynamic oscillation of a current-carrying

wire in a magnetic field. Also, governing equa-

tion is solved by the numerical method (Runge-

Kutta method of order four) using the software

MAPLE whose results and the consequent results

of the two different methods of VIM and NM are

compared in Table ((1) and Figs. (2)-(7). It is

apparently seen that this method is very powerful

and efficient techniques for solving different kinds

of problems arising in various fields of science and

engineering and present a rapid convergence for

the solutions.

Figure 1: Schematic diagram of the physical sys-
tem
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