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Abstract

In this paper, optimal control problem is applied to Human immunodeficiency viruses (HIV)
and Herpes simplex virus type 2 (HSV-2) coinfection model formulated by a system of
ordinary differential equations. Optimal control strategy was employed to study the effect of
combining different intervention strategy on the transmission dynamics of HIV-HSV-II
coinfection diseases. The necessary conditions for the existence of the optimal controls were
established using Pontryagin’s Maximum Principle. Optimal control system was performed
with help of Runge-Kutta forward-backward sweep numerical approximation method.
Finally, numerical simulation illustrated that a combination of all controls is the most effective
strategy to minimize the disease from the community.
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1. Introduction

Human immunodeficiency viruses (HIV) are an RNA retrovirus. HIV translates its RNA to
DNA with a viral enzyme called reverse transcriptase [1]. The target cell of HIV is CD4 T
cells. A healthy human body has about 1000/mm? of CD4 T cells. When the CD4 T cells of a
patient decline to 200/mm? or below, then that person is classified as having AIDS [2]. In the
world, new HIV infections among young women aged 15-24 years were reduced by 25%
between 2010 and 2018. The annual number of deaths from AIDS-related illness among
people living with HIV globally has fallen from a peak of 1.7 million in 2004 to 770 000 in
2018. The global decline in deaths has largely been driven by progress in eastern and southern
Africa, which is home to 54% of the world’s people living with HIV. AIDS-related mortality
in the region declined by 44% from 2010 to 2018.The annual number of new infections since
2010 has declined from 2.1 million to 1.7 million in 2018 [3].

Herpes simplex virus type 2 (HSV-2) infections is widespread throughout the world and is
almost exclusively sexually transmitted, causing genital herpes [4]. Genital herpes infections
frequently have no symptoms, or mild symptoms that go unrecognized. When symptoms do
occur, genital herpes is characterized by one or more genital or anal blisters or open sores
called ulcers. In addition to genital ulcers, symptoms of new genital herpes infections often
include fever, body aches, and swollen lymph nodes. HSV-2 is mainly transmitted during sex,
through contact with genital surfaces, skin, sores or fluids of someone infected with the virus.
HSV-2 can be transmitted from skin in the genital or anal area that looks normal and is often
transmitted in the absence of symptoms [5]. An estimated 491 million (13%) people aged 15
to 49 years worldwide were living with the infection in 2016. More women are infected with
HSV-2 than men in 2016 it was estimated that 313 million women and 178 million men were
living with the infection [6, 7].

Epidemiological analysis has recognized a link between the prevalence of HSV-II and HIV.
In fact, individuals infected with HSV-II are at greater risk of acquiring HIV after exposure,
underscoring the fact that herpes infection is an important cofactor for HIV transmission.
While the prevalence of HIV is much lower than that of HSV-II, the global burden of HIV is
significant [8]. In many countries, the major public health significance of HSV-II relates to
its potential role in facilitating HIV transmission. HSV-I11 is highly widespread in most regions
experiencing severe HIV epidemics, with infection rates rising sharply with age to arrive at
levels of 70% or more among adult women and men in some African countries [9].

Several mathematical models involving Ordinary Differential Equations (ODESs) have been
developed to describe the transmission dynamics of HIV-HSV-II coinfection and control.
These models have been used by several authors to increase the understanding of mechanisms
involved in the transmission dynamics of HIV-HSV-I1I coinfection [10,11]. Moreover, many
studies have used autonomous system of ODEs to assess the impact of using different control
strategies, such as, vaccination, prevention, Screening and treatment on the transmission
dynamics of coinfection disease [12,13].

The study of Pontryagin et al. [14] has laid the foundation for comprehending how to introduce
control into compartmental models, as well as deriving Optimal Control (OC) strategy for
containing the transmission dynamics of various infectious diseases. Particularly, formulation
of Optimal Control Problem (OCP) depends on the desired aim to be achieved. The Cost
Functional (CF) or objective functional is considered based on the successive time for
implementing the control intervention. One may choose to implement the control strategy at
the final time of the control intervention period or at each time the control intervention is
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administered. Hence, it is necessary to decide whether there is the need to include terminal
costs or not. The three well-known standard forms of OCP are Lagrange, Bolza, and Mayer
formulations [15]. In mathematical epidemiology, the most often used technique for OCP
formulation of the transmission dynamics of infectious diseases is Lagrange form. The theory
of OC has been applied to compartmental models in order to derive the efficient strategies for
control implementation that are helpful to decision makers in the controlling and decline of
the spread of infectious diseases [16-18].

The goal of this work is to study the effect of incorporating various control strategies on
mathematical model of HIV and HSV-II co-infection in [19].

2. Model Assumption

HIV-HSV-II coinfection model divided the total population at time t, denoted by N(t) in
Susceptible individuals S(t), unawared HIV infected individuals I, (t), unawared HSV-II
infected individuals 1I,4(t), unawared HIV-HSV-II coinfected individuals I,,s(t),
screened HIV infected individuals Ig,(t), screened HSV-II infected individuals I¢(t),
screened HIV-HSV-II coinfected individuals Ig,4(t), individuals with AIDS A(t),
individuals with HSV-II H(t), individuals with both AIDS and HSV-II AH(t) and
recovered individuals R(t). It is assumed that susceptible individuals are recruited into the
population at a constant rate I1. Susceptible individuals may acquire HIV infection with force

of infection A, = W when they come into effective contact with an infectious
h

individual at the rate (3, that may lead to infection. Also, susceptible individuals may acquire

HSV-II infection with force of infection A, = W when they come into effective
N

contact with an infectious individual at the rate S, that may lead to infection. The unawared
HIV infected individuals are screened and join the screened HIV infected subclass at a rate «.
However, some of the unawared HIV infected individuals progress to AIDS at arate § and
others join the unawared HIV-HSV-II coinfection subclass at a rate ¢. Furthermore, screened
HIV infected individuals’ progress to AIDS at a rate w and also joined the screened HIV-
HSV-1I coinfection subclass at a rate ¢. Also, the unawared HIV-HSV-II coinfection
individuals are screened and join the screened HIV-HSV-II coinfected subclass at a rate 6.
But, some of the unawared HIVV-HSV-II coinfected individuals progress to AIDS and HSV-
Il coinfection subclass at rate p. The screened HIV-HSV-II coinfection is also progress to
AIDS and HSV-II coinfection subclass at rate o. The unawared HSV-I1I infected individuals
are screened and joined the screened HSV-II infected subclass at a rate y and others join the
unawared HIV-HSV-I1I coinfection subclass at rate 1. However, some of them are progress
to HSV-II subclass with rate ¢ and recovered naturally by body immunity at rate x. The
screened HSV-II infected individuals are treated at rate € and joined the recovered subclass
with this rate. Some of them are progress to HSV-11 subclass and screened coinfection of HIV-
HSV-I1I subclass with rate n and 7 respectively. AIDS individuals and HSV-II individuals
are also progress to coinfection of AIDS and HSV-I11 subclass withrate vand y respectively.
Finally, recovered individuals revert to susceptible subclass after losing their immunity at a
rate 9. All individuals suffer natural mortality at a rate u and sick individuals die of AIDS,
HSV-1I and AIDS-HSV-II coinfection at rate ¢ [19].

The above assumptions can be written as linear system of differential equation as follows [19]:
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L =T+ 9R— (A + A5+ WS

DUk = 1S — (P45 + @ + 8 + )l

d;;s = A4S — WA +e+y + K+ Wy

15 — gLy + Wnls — (9 + 0 + W)l D
d(isth =aly, — (@ + o+ g,

%:y{us—(’[+ﬂ+€+#)lss

% = Olyps + Qlsp + Tlss — (0 + W gns

dA
Ez&luh+a)lsh—(v+,u+f)A

dH
E=slus+nlss—()(+n+u+§)H

& = Klys + €lss + TH — (9 + iR

dAH

7= pluhs +O'Ishs + vA +)(H - (M+€)AH

With initial condition S(0) = S, Lun(0) = Luno, Tus(0) = Lyse Lyns(0) = Lo, Ien(0) =
Lgpo, 155(0) = Igs0, Ishs(o) = Isnso, A(0) = Ao, H(0) = H,, AH(0) = AH,, R(0) =
R,.

3. Stability Analysis of HIV-HSV-I1 Co-infection Model
In this section, the analysis of HIV-HSV-11 co-infection in model equation (1) was considered.
3.1 Invariant Region

Theorem 1: The total population size N of the system of model equation (1) is bounded in
the invariant region(). That is, size of N is bounded for all ¢.
Proof: In model equation (1) the total population of N is given a
N=S+1Iy+1I+ s+ Igp + I+ Igps + A+ H+AH +R
Differentiating N both sides with respect to t leads to
an _ ds | dlun | dlus

dlgg dH = dAH | dR

Aluns | Ash dlsns | d4 daH
ot e TTae Tata T Tatat et @)
Substituting model equation (1) into equation (2), we can get
=T —puN — §(A+ H + AH) 3)
In the absence of mortality due to disease (¢ = 0), then equation (3) become
dN
E <Il- [,lN (4)

Rearranging and integrating both sides of (4), we get
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f dN <fdt
IM—uN —

= ‘711n(n — uN) <t +cy, , Where ¢y, isintegration constant

= In(I1 — uN) > —ut + cq3, where ¢;3 = —ucy,

= (1 — uN) > ce M, where ¢ = e~“13

Then, applying initial conditionN(0) = N,, we obtain ¢ = I — uN,
= I —uN = (11— uNy)e ™

1 Je~kt 5)

>N <D [
m p

As t — oo in equation (5), the population size N(t) —>E which implies that 0 < N(t) <
(g) . Thus, the feasible solution set of the model equation (1) enters and remains in the
region:Q = {(S, Iyn, lus, Iunss Isns Issr Isns, A, H, AH, R) € R} : N, <T/u}.
Therefore, the model equation (1) is wellposed epidemiologically and mathematically. Hence,
it is sufficient to study the dynamics of the model in the regionQ.

3.2. Existence of solution

Lemma 1: Solutions of the model equations (1) together with the initial conditionsS(0) > 0,
Iuh(o) > 0' Ius(o) > O' Iuhs(o) > 0: Ish(O) > 0, Iss(O) > 0' Ishs(o) > 0: A(O) > O;
H(0) > 0,AH(0) > 0, R(0) > 0 exist in R1i.e., the solution of the model variables S(t),
Iuh(t)' Ius(t)' Iuhs(t)' Ish(t): Iss(t)v Ishs(t)v A(t)' H(t), AH(t)and R(t) exist for
all t and will remain inR3!.

Proof: Existence of solutionfor ( S, Iyn, lLus, Isn, Iss, A, H, R)[19]. Now, positivity
for (Iuns,  Isns, AH) are shown below in table 1. Let

flO(S' Iuh:lus: Iuhs' Ish' Iss'lshs :A' H: AH'R) = ¢Iuh + wlus - (,D + 60+ ﬂ)lus
fll(S' Iuh' Ius' Iuhs' Ish' Iss' Ishs 'A' H, AH’R) = eluhs + (pIsh + TISS - (U + #)Ishs

le(S' Iuh' Ius' Iuhs' Ish' Iss' Ishs 'A' H, AH’R) = pIuhs + GIssh +VvA + XH - (# +
&)AH

According to Derrick and Groosman theorem as in [19], let Q denote the regionQ =
(S, ILup, Lus, Iunss Isny Lo Isns,A, H, AH, R) € R : N <TII/u}. Then equations
(1) have a unique solution if (afl-)/(ax,-), i,j=1,2,3,4,56,7,89,10,11 are continuous and
bounded inQ. Herex; =S, xy, = Iy, X3 =L, x4 = Iyps, X5 = Igp, Xg = lgg, X7 =
Isns, Xxg = A, x9 = H, x10 = AHandx;; = R. The continuity and the boundedness are
verified as here under:

Thus, all the partial derivatives (9f;)/(0x;),i,j =1,2,3,4,56,7,89,10,11 exist,
continuous and bounded inQ. Hence, by Derrick and Groosman theorem, a solution for the
model (1) exists and is unique.
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Table 1. Continuity and boundedness of the model solution

@R _[OM] _[0M] _[OM | _[@H] _|@R] || _[CH]_,
09| @)~ @)~ ||~ [@A)| T |(BH)| ~ |(AH)| [ (BR)

| = ¢l <o |G| =Wl <o [ =1+ 04wl <o

@R _|0R) | _|0R)| _|0R)| _|@R)| _|OR | _ @R _, -

08)|  [@Lp| 0Ly @A || |[@AH)| |@R)|

o] =161 <o, || = lol < oo, |T5] = el < oo, |2 = |-(0 + W) < o0

©Of)| _[@f) :‘(afs) z‘(afs) _|Om] @R _, .,

(65) (6Iuh) (aIus) (a[sh) (alss) (aR)

982 o1 < o |22 = b < o[22 b < o f 2] = 1 < o 2B < 1 01 <

3.3.Positivity of Solution

In this section, we show all the solution of the model equation (1) remains positive for future
time if their respective initial values are positive.

Theorem 2: LetQ = {(S, Iyn, Ius, Iunss Lsn»  Issy Lsns,A, H, AH, R) € R11;5,(0) >

0, IuhO (0) >0, IusO(O) >0, Iuhso (0) >0, IshO(O) >0, 1550(0) >0, Ishso(o) >

0, Ay(0) >0, Hy(0) >0, AHy(0) >0, , Ry(0) >0} then the solutions of {S, I,

luss Lunss Isn, Iss, Isns,A, H, AH, R} are positive forall t > 0.

Proof: Since positivity of S(t), L (t), L), Isn(t)Is(t), A(t), H(t) andR(t)are

shown in [19] separately. Now let us show I,,,4(t), Isns(t) and AH(t) are positive for future

time.

From model equation (1) we have:

dluhs —
dat

get,

Ly + Yl — (p + 6 + wl,ps, eliminating the positive terms (¢l + YI,s)we

= % > —(p + 0 + wlys, using variables separable method we get,

= ‘%"5 > —(p + 0 + p)dt, integrating both side we can get,

dal
ﬁj—luhsz—j(p+6+y)dt

uhs

= Inls = —(p + 0 + w)t + c13, Where ¢,3 is integration constant
= Iyps(t) = Iypsoe” PHOTWE [ L o = eC13and e~ (P+O+E > 0 forall t > 0.
Hence, it can be concluded thatl,,;(t) = 0.

From model equation (1) we have:

% = Olyps + @lsp + Tl — (0 + ) lgps, eliminating the positive terms (61,5 + @l +

tls)We get,
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S % > —(o + w)lgys, using variables separable method we get,

dshs > _ (g + p)dt, integrating both side we can get,

Ishs
dl
:fﬂz—f(aw)dt
Ishs

=

= Inlgs = —(0 + @)t + c14, Where ¢y, is integration constant
= [s(t) = Ipe0e” O [ oo = el*and e~ (et > 0 forall t > 0.
Hence, it can be concluded that/,,(t) = 0.

From model equation (1) we have:

%H = plyps + 0lgns + VA + yH — (u + §)AH, eliminating the positive terms (plns +

olsns + VA + yH)Wwe get,

e ‘Z‘—f > —(u+ &)AH, using variables separable method we get,

N d,:l_HH > —(u + &)dt, integrating both side we can get,

e [uroa

AH
= InAH > —(u + &)t + ¢;5, Where ¢y is integration constant
= AH(t) = AHye~ W+t AH, = e1sand e~ @+t > 0 forall t > 0.
Hence, it can be concluded that AH(t) = 0.

Therefore, the model variables I, (t), Is,s(t) and AH(t) representing population sizes of
various types of cells are positive quantities and will remain in R1for allt.

3.4. Stability Analysis of the Disease-free Equilibrium (DFE)

The disease-free equilibrium of the HIV-HSV-II coinfection is obtained by equating the
system of model equation (1) to zero. At disease free equilibrium, there are no infections and
recovery. Then we can get;

I1
E, = {<H) 0, 0, 0, o0 0 0 0 O, 0, 0}
The local stability of the DFE,E;, can be established using the next generation operator
method in VVan den Driessche and Watmouth [22] on the system (1). It follows that the basic
reproduction number of the HIV-HSV-II model equation (1), denoted by R, is given by
Rns = max {Ry, R} as obtained in [19].
_ [Bilwtm)+Biqia(a+b+p) _ [B2(n+e+)+Brqpy (e+y++p)
Where' SRh - [ (a+6+p)(w+n) ] & ms - [ (e+y+r+p)(n+e+p)

Theorem 3: The disease-free equilibrium points E; of the system (1) is locally asymptotically
stable whenever the basic reproduction number is less than one (Ry,s < 1) and unstable if
otherwise.
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Proof: To proof this theorem first we obtained the Jacobian matrix of the model equation (1)
at the disease-free equilibrium E; is given by:

—u =P —p 0 —-Big1 —Bq2 O 0 0 0 0
0 pBi—n 0 0 B1q1 0 0 0 0 0 0
0 0 B,—1, O 0 B2q2 0 0 0 0 0
0 0] P -3 0 0 0 0 0 0 0
0 a 0 0 -1y 0 0 0 0 0 0

J(E)H)=]0 0 y 0 0 -7 0 0 0 0 0
0 0 0 0 Q T -1, O 0 0 0
0 6 0 0 W 0 0O -~ O 0 0
0 0 € 0 0 n 0 0 -1 O 0
0 0 0 p 0 0 o v X Ty 0
L 0 0 K 0 0 € 0 0 b4 0 —rd

Now, the eigenvalues of J(E;) are required to be found. The characteristic equation
det[J(E;) — AI]l = 0 is expanded and simplified as follows:

—u—-2 —p1 =B 0 —P1q: —B2q; 0 0 0 0 0
0 (B-r)-2 0 0 B1ay 0 0 0 0 0 0
0 0 By=1)—2 0 0 Bads 0 0 0 0 0
0 ¢ Y -, 0 0 0 0 0 0 0
0 a 0 0 —1,—A1 0 0 0 0 0 0
0 0 % 0 0 -rm—2 0 0 0 0 0 |[=o0 (6)
0 0 0 9 ® T —re—4 0 0 0 0
0 6 0 0 ) 0 0 -1, =2 0 0 0
0 0 £ 0 0 n 0 0 —1g— A 0 0
0 0 0 P 0 0 o v X —Tg—A1 0
0 0 K 0 0 € 0 0 m 0 —T0— A

From the Jacobian matrix of (6), we obtained a characteristic polynomial:

[—u — Al[—7110 — Al[=79 — Al[—15 — Al[—17 — Al[—7¢ — AI[4A* + L A3 + LA + LA +
L4] =0(7)

Where Ly =1, — 1+ 15 — [,

Ly, = 2[aBq1 — vB2q2 — 1a(By — 11) — 15 (B2 — 1)) + (15 — B2) (s — B1)

Ly = aB1q1(rs — B2) = ¥B2q2(ra — B1) — (15 — B2) (B —11) — 15(B2 — 12) (u — B1)
Ly = yB2qora(By — 1) + ¥B2q2aB1q1 + 1ars (B — 1) (By — 11) — 152f191(B2 — 72)
Thus, from equation (7) clearly, we see that:

M ==l Ay = =T, A3 = —Tg, Ay = =T, A5 = =17, dg = =T, A7 = —T3

It can be observed that the eigenvaluesd,, 1,, 15, A4, A5, Agand A, are absolutely negative
guantities.

For the last expression, that is,
4&4 + L1/13 + Lzlz + Lgl + L4 = 0 (8)

We applied Routh-Hurwitz criteria. By the principle of Routh-Hurwitz criteria, (8) has strictly
negative real root if and only if L; > 0,L, > 0,L3 > 0,L, > 0 andL,L,L; > L% + L3L,.
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Therefore, it is concluded that the DFE E; of the system of differential equations (1) is locally
asymptotically stable if Rj, < 1 and unstable ifR,; > 1. Here,

n=@+ta+d+twWn=Gtety+trtw,r=0+0+w,n=_>(+w+up,
rs=C+nte+twrg=0+wWr=0+tutdr=x+r+tut+td),
Tg=(U+&),10=0 + .

3.5. Global Stability of Disease-Free Equilibrium
The global stability of disease-free equilibrium is determined using Castillo-Chavez and Song
[23] technique. The model equation (1) can be re-written as

dX/dt = F(X,Y)
dy/dt = G(X,Y), G(X,0)=0

Where, X stands for the uninfected population, thatis X = (S, R) and Y also stands for the
infected population, that is Y = (I, s, Tunsy Lsn Iss Isns, A, H,AH). The disease-free
equilibrium point of the model is denoted by U = (X*,0). The point U = (X*,0) to be
globally asymptotically stable equilibrium for the model provided that R;; < 1 and the
following conditions must be met:

(Hy). FordX/dt = F(X,0), X" is globally asymptotically stable.
(Hy). G(X,Y) =AY —G(X,Y), G(X,Y) =0 for (X,Y) € Q.

Where A = DyG (U, 0) is a Metzler matrix (the off diagonal elements of A are non-negative)
and G is the region where the model make biologically sense.

If the model equation(1) met the above two criteria, then the following theorem holds.

Theorem 4: The point U = (X*, 0) is globally asymptotically stable equilibrium provided that
R < 1 and the condition (H,) and (H,)are satisfied.

Proof: From system (1) we canget F(X,Y)and G(X,Y);

M+9R - A+ A, +1)S
Klys + €l +mH — (9 + R

ApS = r1lyn ]
AS — 1yl
¢Iuh + 1/JIus - r31uhs
alyp — Tylgp
dy/dt =GX,Y) = vl — 15l
GIuhs + (plsh + TIss - Telshs
Slyp + wigy, — 15,4
el +nlgg —1gH
Lplyps + 0lgps + VA + yH — 19AH.

dX/dt = F(X,Y) = [ and

Consider the reduced system
ax _ [ —uSs
v =L o] ©
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From (9), it is obvious that X* = [(IT/w), 0] is the global asymptotic point. This can be
verified from the solution, namely S = [I1/u]+ [S(0) — (IT/u)]e M. As t - oo, the
solution (S) — [IT1/u], implying that the global convergence of (9) in Q.

From the equation for infected compartments in the model we have:

B — 11 0 0 pBiqgx O 0 0 0 0 1
0 Bo—1, 0 0 P, O 0 0 0
¢ Y -3 0 0 0 0 0 0
a 0 0o -n 0 0 0 0 0
A= 0 y 0 0 -7 0 0 0 0
0 0 0 0] T -1 0 0 0
é 0 0 ) 0 0 - O 0
0 £ 0 0 Ui 0 0 -1rg O
0 0 p 0 0 o v X —Tol

Since A is Metzler matrix, i.e., all off diagonal elements are nonnegative. Then, G(X,Y) can
be written as, G(X,Y) = AY — G(X,Y), where

fulta+ s [1=3]] |2 g 2
B2 (Lus + q215s) [1 - %] G~3 X,2)

0 G,(X,2)
=|Gs(X,2) (10)
Ge(X,2)
G,(X,2)
Gg(X,2)
[Go(X,2)]
It follows that, in equation (10)G1(X,Y) 2 0,G,(X,Y) = 0, and
Gz(X,Y) = G,(X,Y) = Gs(X,Y) = Gs(X,Y) = G,(X,Y) = Gg(X,Y) = Go(X,Y) = 0.
Hence,G (X,Y) = 0. Therefore, condition (H;) and (H,) are satisfied and we conclude that
U is globally asymptotically stable forR;, < 1.

S o oo oo

3.6.Endemic Equilibrium Point

The endemic equilibrium denoted by ", Lin Lisy Iins
L, L, Isne, A*, H®, AH™, R™) and it occur when the disease persist in the community.
To obtain it we equate all the model (1) to zero. Then we obtained;

. T+9R* . (T+9R") A}, . (T+0R) A}
T QA W T (42 n) (pratsrn) WS T (A +ALHR) (et +itn)
* — ¢I1Zh+¢11*15 * al;ih * yIs
uhs = (pto+p) " ST (prw+w) S T (THntetw)’
v _ Ol s+ @Lp+Tlss ph Ap(@+IRM)[6(p+w+u)+wa]
shs (o+w) ' (A + A5+ ) (p+a+8+0) (p+w+w) (v+u+E)’
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A5(m+IR)e[(T+n+e+u)+ny]
(A + 25+ ) P+e+y+r+p) (THn+e+ ) (x+m+p+E)’
. Klys+elss+mH
ICEYD
After substituting the variables, we see that the endemic equilibrium point is very long and

complicated. We have therefore decided to use numerical simulation of the co-infection
dynamics considering when R, < 1 andR;s > 1.

(AH)* _ pLps+olip VA +xH"
(u+8) '

H* =

4. Optimal control formulation of the model

This section discusses the optimal control problem formulation and analysis for the
transmission dynamics of HIV-HSV-II coinfection model in [19] is considered. In this model,
we introduce five control intervention; u, (t) prevention effort of HIV infection that protect
susceptible from contacting the HIV infection, u, (t) prevention effort of HSV-II infection
that protect susceptible from contacting the HSV-II infection, wus(t) screening effort of
unawared HIV infected that used to screen unawared HIV infected , u, (t) screening effort of
unawared HIV infected that used to screen unawared HSV-II infected and us(t) treatment
effort of HSV-II that help to treat HSV-II infectious individuals. Time is specified and is
relatively short and is given by t € [0, T], T is the terminal time.

After incorporating all control functions wu; (t), u,(t), uz(t), us(t) and us(t) in HIV-HSV-
Il coinfection model, we obtain the following state system;

% =T+ 9R — (1 —u)Ay + (1 —ux)As + p)S

aly

% = (1 - ul)AhS - (1 - u2)¢/151uh - (u3 + a)luh - (6 + M)Iuh

d us

% = (1 —ux)AsS — (1 = u)PAplys — (Ug + V) — (Us + 1) Lys — (& + W lys

dlyns
d_th = (1 —u)PAslyp + (1 —u)PAplys — (ug + uy + ) Lyps — (0 + W) Iyns

dlgp

a (A —uz)alyy, — (¢ + 0+ Wl (11)
dlss
T (1 —u)ylys — (us + €)lgs — (T + 1+ 1)l

dlshs
d_th = (1 - u3)(1 - u4)91uhs + q)lsh + Tlss - (U + ru)lshs

dA
E=(S‘Iuh+wlsh—(v+u+f)A

dH

EZ elys +nlgs — (u5 +7T)H_(X+H+S;)H

dR

i (ug + I, + (us + €)lgs + (us +m)H — (9 + WR
dAH

- = plyns + olgns + VA + yH — (u+ §)AH

With initial condition

S(O) = So, Iuh(o) = Iynos Ius(o) = lyso, Iuhs(O) = Iynso, Ish(O) = Isno» Iss(o) =
Iss0, Ishs(o) = Ignso) A(O) = Ay, H(O) = H,, AH(O) = AH,, R(O) = R,. (12)
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In formulation, cost function is quadratic with respect to the control terms and proposed as in
[14, 18, 20, 21]. Thus, the objective functional is given as

](u) = fOT [Alluh(t) + AZIus(t) + A3Iuhs(t) + A4Ish(t) + ASIss(t) + A6Ashs(t) +
2 2 Bjuf]dt » min (13)
2

Subject to the dynamical system, equation (11) with initial conditions (12). Where T is the
final time for control administration, and the control set Q, with u; <1—¢, i =1,2,3,4,5
where € < 1 is defined as

Q= {(ul(t),uz(t),u3(t),u4(t), us(0) € (L°(0,7))°:0 < wy(t) <1 —¢,¥,€ [0, T]} (14)

The controls are bounded between 0 and 1. The choice of u; < 1 — € is based on the fact that
the intervention is not 100% perfectly implemented.

The specification of objective functional in (13) involves minimization of the sizes of
unawared infectious and screened infectious individuals and the costs associated with
implementing the controls u, (t), u, (t), uz(t), u,s(t) and us(t). In the integrand of objective
functional, the coefficients A; > 0,i = 1,2,3,4,5,6 are the weight constants associated with
unawared HIV infected, unawared HSV-II infected, unawared HIV-HSV-II coinfected,
screened HIV infected, screened HSV-II infected and screened HIV-HSV-II coinfected
individuals respectively. They are used to balance each term of the integrand so that none of
them dominates. The quantities B; > 0,i = 1,2,3,4,5 are weight constants for prevention of
(HIV, HSV-II, and HIV-HSV-II), screening of (HIV, HSV-II HIV-HSV-II) and treatment of
HSV-II infectious controls respectively.

Biu? Byu? Bsu3 B,u? Bsu? . .
The term —=1 =222 =55 2 and === denotes the costs related to the implementation of

controls  u, (t), u,(t), us(t), us(t) and wus(t) respectively. Also, A;, i =1,2,3,4,56
measures the importance of reducing the size of the HIV infectious individuals, HSV-I1I
infectious individuals and the disease burden, while B;,i = 1,2,3,4,5 are the relative measures
of the costs or efforts required to implement the respective controls. Additionally, the
functional J corresponds the total cost due to HIV and HSV-II outbreak and its control
strategies. Further, the integrand function

L(@,u) = Alluh(t) + Azlus(t) + A3Iuhs(t) + A4Ish(t) + ASIss(t) + AgAshs(t) +

iys  Bu? (15)

2 &i=1 711

measures the current cost at time t. Finally, the fixed constant T denotes the terminal
innervations time.

The goal is to find an optimal control value u* = (uj, uz, u3, uy,us) of the controls
u = (uq, Uy, Us, Uy, Us ) SUch that the optimal control problem can be defined as

J (i, u, w3, g ug) = ming (ug (0, uz(6), u3(6), us (), us () (16)
Satisfying model equation (11).

4.1.Existence of optimal controls

In this subsection, we prove the existence of such optimal control functions which minimize
the cost function in the finite intervention period. The following result guarantees the
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existence of optimal control functions. A detail and similar analysis on existence of optimal
control can be obtained in [20, 21].

Theorem 5: There exists an optimal control u* = (uj, u3, u3, ujus) in Q and a

initial value problem (12) such that
J(ui g, w3, uzus ) = ming (ug (6, uz(6), u3(6), ua (8), us (1))

Proof: The entire state variables involved in the model are continuously differentiable.
Therefore, we need to verify the following four conditions as given in [20]

(i) The set of solutions to the system (11) with control variables are non-empty.

(i) Theset Qisconvex and closed.

(iii) The state system can be written as linear function of control variables with coefficients
depending on time and state variables.

(iv) The integrand L of (15) is convex on Q and L(®,u) = g(u), where g continuous and
lull=* g () » +ooas [lull - oo,

Since the total population in (11) is defined as
N@)=St)+ L&)+ () + Ipp(t) + C(&) + In(t) + Rs(t) + R,(t) + Ru(t) +
Rpp(t)
From governing system (11) it follows that
dN/dt =1 — uN

It follows that the solutions of the state system are continuous and bounded for each
admissible control functions in Q. Further, the right-hand side functions of the model
equations (11) satisfy the Lipschitz condition with respect to state variables. Therefore, the
initial value problem (11) has a unique solution corresponding to each admissible control
function u € Q. Thus, condition (i) is proved.

To prove (ii), consider

Q={ueR%|ull<1-¢€}.

Let uy,u, € Qsuchthat luy]l <1 —¢€ and |luyl| <1 —e. Thenforany A € [0,1],
Au; + (1 = Dupll < Alugll + 1 = Dlluall < 1 —€.

This implies that Q is convex and closed. The state system (11) is linear in control variables
uq, Uy, Uz, Uy and ug with coefficients depending on state variables. With this condition (iii)
is satisfied. The integrand of the cost functional is the sum of convex function and hence
convex with respect to control variables. Furthermore,

L(Q' u) = Alluh(t) + AZIus(t) + ASIuhs(t) + A4Ish(t) + ASIss(t) + A6Ashs(t) +
1ys 2
> Ziz1 By

Let y = min (%Ziil Biuiz) > 0 and define a continuous function g(u) = y|lu||~%. Then

from equation (15) we have L(®,u) = g(u). Clearly, ||u]|"1g(u) - +ooas ||u|| = oo. Thus,
condition (iv) is achieved. Therefore, the existence of an optimal control pair (X,u*) is
satisfying (11) and (15) is assured by results given in [20]. Hence the proof.
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4.2. Characterization of optimal control

In order to derive the necessary condition for the optimal control, we use pontryagin’s
maximum principle [14]. This principle converts the system and the objective functional into
a problem minimizing point wise a Hamiltonian H with respect to u as in [15]. The
Hamiltonian associated to our problem is defined by

H = L(8,u) +> %%, Bu? + T A (Dgi(t, 8,u) (17)

Where, L is as defined in equation (15). Now, in order to obtain the optimal solution to optimal
control problem involving the non-autonomous HIV-HSV-II model equation (11) with the
state’s initial conditions (12) and cost function in equation (13), Pontryagin’s Maximum
Principle [14] is applied in the following way. Suppose (X*,u") is an optimal solution of the
optimal control problem presented in equation (11) and (13). Then, there exists a non-trivial
adjoint  variable A= (A1(t), 1,(t), A3(t), A4(t), A5(t), Ag(t), A5 (), Ag(t), Ag(D),
A10(t), A11(t)) which satisfies the following equations.

dA _ _ H(tOuA)

at a9 (18)
__0H(t,0u,)

0=—7= (19)

0 = A(T) (20)

Next, the necessary condition given by equation (18-20) is applied to the Hamiltonian, H in
equation (17), to obtain the following result.

Theorem 6: Let u" = (uj, u3 u3, uzuz) €Q be an optimal control with the
exist the costate variables A,(t), 1,(t), A3(t), A4(t), As(t), Ag(t), A, (L), Ag(t), Ag(L),
A10(t) and A4, (t) that satisfy

y)
% = [ —u )y + (1 —ux)Ag + u] — (1 —uy )y — A3(1 — uy)4,
da
d—t2= —A;+ A4 [(1 —ul)%] -1 [(1 —ul)%— (1 —upx)pAs + ug +a+6+u)] +

2|1 = ) T hus| = Aal(1 = u2)As + (L= w0 hus] = As(1 ~ ug)a = A,

% =-A,+ 4 [(1 - uz)%] + 1, [(1 - uz)d)%lus] — 43 [(1 B uZ)% —(@a-

U YAy + g+ Us +y 1+ + )] +

Ay [(1 - uz)d)%luh +(1- u1)1/)lh] + A6(1 — ug)y + Age + A49(us + k),

da

d_: = A3+ AUz tus + 0 +p+p) — A,[(1 —u3)(1 —uy)B] — A44p,

di s s s

d_ts =—A,+ 14 [(1 —U) Bc11v1 ] - [(1 —U) 37\,1 ] + 13 [(1 - u1)¢ﬁ%1us] -
s

| = u)Pp P L |+ As(p + 0 + 1) — 270 — A5,

da s s

Lo = —As+ 44 [(1—u) P25 4 2, [ — wp)p 22 1y | = 25 (1 — ) B2 -
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Ay [(1 —Uy)P ﬁfvzsluh] +A(us +e+n+ 1+ 1) — ;T — Ao — A19(us + €),

%7 =—As+A;(0+ 1) —Aq0

dd—lts =Ag(v+u+$) — 11V,

Lo = dolus +m+ x + 1+ §) — Aaoltts +7) = A,
dllo _
at
da

dtn =1(u+8)

And the transversality or boundary conditions expressed by equation (22) as

(M) =0, i=12..,11

With optimal controls given as

0, (12—11)Ah5+(l4—13)1/)1h1us}’ 1— E}
B

A0 +p) — 4,9

uj(t) = min {max {

13 (6) = min {max {0’ (As—Al)ass+(a4—zz)¢zszuh}’ 1 6}

By
Wi(t) = min {max {0’ (/12+a/15)1uh+(/14-+9/17)1uhs}’ 1— E}
Bg
UZ(t) = min {max {0’ (13+V/16)1us';(l4+617)1uh5}’ 1— E}
4
u; (t) = min {max {0’ (13_/110)1u5+(/16_/110)155"'(19_110)1'1}’ 1— E}
Bs

(21)

(22)

(23)

Proof: Let the Hamiltonian, H, be as defined in equation (17). Then, using Pontryagin’s
Maximum Principle, equation (21) is obtained from equation (18). It is clear that the boundary
conditions have the form equation (22), since all the states are at terminal time T. The
Hamiltonian, H, is minimized with respect to the controls at u* = (uj, u3, uz, uy,uc) by

solving equation (19) at u* = (uj, u3, u3, uy, uc), respectively. Hence,

0H *
a—ul = Blul — (AZ - /11)/1}15 - (/14 - /13)1/)}.}11‘“5 = 0, at U = uy

0H

2, Byuy — (A3 — A1) AsS — (A — A) ALy, = 0, @t uy = u;

66_111-13 = B3u3 - (AZ + al5)1uh —_ (A4, + 917)111’15 = 0’ at u3 — u;

0H .
o, = Batta = (A3 + YA s — (Mg + 02 s = 0, at uy = uj

0H )
a—us = BSuS - (13 - AlO)IuS - (2'6 - AIO)ISS - (19 — AIO)H = O, at Us = Ug

Therefore, solving for uj, u3, uz, uy and usz from equation (24) we obtain

u; (t) = min {max {0, (/12—11)/1}15+;/14—A3)ll)1h1u5}' 1— E}
1
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13 (6) = min {max {0’ (Ag—Al)ass+(a4—az)¢aszuh}’ 1 E}

B,
u; (t) = min {max {0’ (/12+“/15)1uh+(/14-+9/17)1uhs}’ 1— 6} (25)
Bs
UZ(t) = min {max {0' (13+V/16)Ius';(l4+617)1uhs}’ 1— E}
4
wi(t) = min {max {0’ (13—/110)1us+(/16—/110)155"'(19—110)11}’ 1— 6}
Bs

Finally, optimal controls and optimal state are found by solving numerically the optimality
system which consists of the non-autonomous equation (11) with initial condition (12) and
the costate system (21) with its boundary conditions coupled with the control characterization
given in equation (25).

4.3. Uniqueness of the optimality system

In order to successively discuss uniqueness of the optimality system we notice that the adjoint
system is also linear in A; for i = 1,2,3,4,5,6, ...,11 with bounded coefficients. Thus, there
existsa M > 0 such that [1;(t)| < M fori = 1,2,3,4,5,6,...,11 0on [0, T].

Theorem 7. [18] For T sufficiently small the solution to the optimality system is unique.

5. Numerical Simulation

In this section, the numerical solutions of optimality system are discussed. Using the initial
conditions S(0) =200, I,,(0) = 180, 1,5(0) = 175, I,,5(0) = 170,14,(0) =
150, I,5(0) = 140, I;;,(0) = 120, A(0) = 60, H(0) = 50, AH(0) = 40,R(0) =30 and
also coefficients of the state and controls that we used are A1 = 40,A2 = 35,43 = 30,A4 =
25,A5 =20,A6 =15,B1 =5,B2=5,B3=5B4=5B5=5 a simulation study is
conducted. Finally, an optimal control strategy is designed and discussed using different
control strategies.To solve the optimal controls and states, we use the Runge-Kutta numerical
method using MATLAB program. The solution of the optimal control problem is obtained by
solving the optimality system which consists of the state and adjoint systems. For
computational illustration, the values of parameters in Table 2 were employed and the solution
is obtained by using the following iterative scheme.

Stepl: Make a guess of the controls.

Step 2: Use the values of the controls together with the initial conditions to solve the state
equations, using a forward numerical scheme.

Step 3: Using the current solution of the state system together with the transversality
conditions, solve the adjoint equations using a backward numerical scheme. We use a
backward scheme for the costate system because the transversality conditions are final time
conditions.

Step 4: Update the controls using the characterizations in (25).

Step 5: Repeat Steps 2 to 4 until the values of the unknowns at the current iteration are very
close to those of the previous iteration [24].

336



ED. Gurmu, et al./ IJIM Vol.15, No.4, (2023), 321-345

Table 2: Parameter values used in simulations

Parameter Value Source | Parameter Value Source
I 0.004 [19] K 0.02 [19]
q 0.002 [19] 6 0.003 [19]
qs 0.00197 [19] @ 0.003 [19]
u 0.02 [19] w 0.054 [19]
) 0.0031 [19] T 0.003 [19]
¢ 0.003 [19] 7 0.011 [19]
a 0.003 [19] € 0.02 [19]
D 0.064 [19] o 0.017 [19]
1) 0.016 [19] v 0.001 [19]
) 0.003 [19] X 0.001 [19]
£ 0.039 [19] T 0.0041 [19]
y 0.003 [19] & 0.0001 [19]
B 0.068 [19]

a) Strategy I: Optimal use of HIV prevention, HIV and HSV-I1 screening and HSV-I1
treatment

This intervention combines prevention effort for HIV, both screening effort for HIV and HSV-
Il and HSV-II treatment are used to optimize objective functional while setting prevention
effort for HSV-I1 equal to zero. Results illustrate that the size of infectious population reduce
sharply with controls more than the case without controls as shown in Figure 1.

b) Strategy Il: Optimal use of HIV and HSV-I1 prevention, HSV-11 screening and HSV-
Il treatment

This intervention strategy combines both prevention effort for HIVV- HSV-11, screening effort
for HSV-I1 and treatment effort HSV-I1 are used to optimize objective functional while setting
screening effort for HIV equal to zero. As shown in Figure 2, the magnitudes of infectious
population reduce more when controls are in use than the case without controls.

180 180

160 - 160
140
1201
100 -

3
80
sof
40

201

]

(la] Time . (lb)
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Figure 1: Simulations of using HIV prevention, HIV and HSV-I1I screening and HSV-II

treatment
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Figure 2: Simulations of using HIV and HSV-II prevention, HSV-II screening and
HSV-II treatment

c) Strategy I11: Optimal use of HIV and HSV-II prevention, HIV screening and HSV-
Il treatment

This strategy illustrates effect of prevention effort for both HIV and HSV-II, screening effort
for HIV and treatment effort for HSV-II are used to optimize objective functional while
setting screening effort for HSV-11 equal to zero. As expected, the number of infectious

339



ED. Gurmu, et al./ IJIM Vol.15, No.4, (2023), 321-345

populations diminishes more rapidly with controls than the case without controls as illustrated
in Figure 3.

d) Strategy IV: Optimal use of both HIV and HSV-II prevention and both HIVand
HSV-11 screening

This strategy shows effect of both prevention effort for HIVV and HSV-1I and both screening
effort for HIV-HSV-II are used to optimize objective functional while setting treatment effort
for HSV-I1 equal to zero. Results describe that, the number of infectious populations decreases
more rapidly with controls than the case without controls as illustrated in Figure 4.
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Figure 3: Simulations of using both HIV and HSV-II prevention, HIV screening and

HSV-II treatment

— 0, # 00, 0, 20, =0

e, =y, =, mu o
U, U, =u, =y, w50

u, #0u,+0u, 0, #0.0,=0

—_—, T, =0

—, 200, 20U, 200,20, 50

£ R e

140
135
130
125
»
z )
120
115
110
105
a 1
(4¢)
75 1001
U, =,=u,7, =, =0
U, %0, 0, 0, 200,50 ol
70
o
&5 B5
T < gl
0 75
TOr
55
65|
50 60
o 1 2 3 4 5 & 7 8 9 10 Qo 1

(4b)

(4d)

(4f)



ED. Gurmu, et al./ IJIM Vol.15, No.4, (2023), 321-345

AH
&

=
4 -,=°/

(4g)

Figure 4: Simulations of using both HIV and HSV-II prevention and both HIVand

e) Strategy V: Optimal use of all controls

HSV-I1I screening

This strategy shows effect of prevention effort for both HIV and HSV-I1 and treatment effort for both
HIV and HSV-11 and HSV-I11 treatment are used to optimize objective functional. Results describe that,
the number of infectious populations decreases more rapidly with controls than the case without
controls as illustrated in Figure 5.
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Figure 5: Simulations of using all controls

6. Conclusion

In this paper, an optimal control problem was formulated to study the effects of combining
different control strategies on HIV-HSV-II coinfection model in [19]. In this study, we
formulated an optimal control strategy that minimizes the cost for implementation of the
controls while also minimizing the infectious individuals over the intervention interval. The
existence of optimal controls and characterization was done using Pontryagin’s Maximum
Principle. The results shows that the size of infectious population are minimized by using
different control strategies.

HIV-HSV-II coinfection remain a challenge especially in developing countries, but from
results of this study we recommend that, the government should introduce education
programmers on the importance of voluntary and routinely screening on HIV-HSV-II
coinfection. In future work, we plan to extend the study by incorporating protected and
treatment class to HIV- HSV-II transmission dynamics.
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