
Available online at http://ijim.srbiau.ac.ir/

Int. J. Industrial Mathematics (ISSN 2008-5621)

Vol. 12, No. 2, 2020 Article ID IJIM-1260, 16 pages

Research Article

On an Efficient Family with Memory with High Order of Convergence

for Solving Nonlinear Equations

V. Torkashvand ∗†, M. Kazemi ‡

Received Date: 2018-12-09 Revised Date: 2019-08-20 Accepted Date: 2019-10-22

————————————————————————————————–

Abstract

The primary goal of this work is to introduce general family Steffensen-like methods with memory of
the high efficiency indices. To achieve this target two parameters are introduced which are calculated
with the help of Newton’s interpolatory polynomial. It is shown that the R-order convergence of the
proposed methods has been increased from 2, 4, 8, · · · and 2n to 3.5, 7, 14,· · · and 3.5∗2n−1, respectively
without any extra evaluation. Computational results confirm the efficient and robust character of
presented methods.
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1 Introduction

O
ne of the most important subjects in develop-
ing numerical algorithms is to establish opti-

mal algorithms with economic complexity. For ex-
ample, developing iterative methods for approxi-
mating zero(s) of a given nonlinear equation falls
within this matter, and many studies have been
devoted to it [30]. Iterative methods are used
to solve nonlinear equations. They are divided
into two categories without memory and with
memory. Iterative with memory methods have
higher the order of convergence and efficiency
indexes.We recall the so-called efficiency index
defined by A.M.Ostrowski [23], as E(p, n) =
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p1/n, where p is the order of convergence and n
is the total number function evaluations per it-
eration.One way to increase the order of conver-
gence, is to apply self-acceleration parameters by
using suitable Newton’s interpolatory polynomi-
als. Traub developed the first method with mem-
ory from Steffensen’s method [29] as follows:{

wk = xk + γkf(xk), k = 0, 1, 2, . . . ,

xk+1 = xk − f(xk)
f [xk,wk]

, γk = 1
N ′(xk+1)

,
(1.1)

where x0 and γ0 are given initially suitable val-
ues, and N(t) = f(xk+1) + (t− xk+1)f [xk+1, xk]
is the linear Newton’s interpolation. The con-
vergence order of the with memory method is
1 +

√
2 ≈ 2.4142. The number of people using

memory techniques can be called: Cordero et al.
[3], Dzunic [7], Petkovic et al. [24], Sharma et
al. [27] and Soleymani et al. [28]. They prosper
to upgrade the convergence order of family, by
approximating the parameter(s). In this work,we
are going to suggest a new kind of with mem-
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ory methods (two parameters accelerators) for
solving the nonlinear equations. To this end, it is
attempted to consider two new accelerators in
which one of them increase the convergence or-
der to 21/2 = 1.41421, 41/3 = 1.58740, 81/4 =
1.68179, 161/5 = 1.74110, · · ·, while the other
one increases it to 3.561/2 = 1.8868, 71/3 =
1.9129, 141/4 = 1.9343, 281/5 = 1.9473, · · ·. In
Section 2,we construct iterative methods without
memory.The acceleration of convergence speed
is obtained in Section 3.A new family of it-
erative methods with memory is obtained by
varying two free parameters in per full itera-
tion. These self-accelerating parameters are cal-
culated using information available from the cur-
rent and previous iteration. These parameters are
calculated by the Newton’s interpolating poly-
nomial, where the R-order convergence increased
from 2, 4, 8 and 16, · · · , 2n to 3.56, 7, 14 and
28, · · · , 3.5∗2n−1, respectively. Numerical perfor-
mances, comparisons and conclusions are given
in Sections 4 and 5.

2 Preliminaries

In year 2011, Q. Zheng et al. [34] exhibitted
Steffesen-type without memory optimal methods
with orders 2, 4, 8 and 16. One-step iterative
methods (ZLHM2):{

wk = xk + γf(xk), γ ∈ R, k = 0, 1, 2, . . . ,

xk+1 = xk − f(xk)
f [xk,wk]

,

(2.2)
two-step without memory methods (ZLHM4):

wk = xk + γf(xk), γ ∈ R
yk = xk − f(xk)

f [xk,wk]
, k = 0, 1, 2, . . . ,

xk+1 = yk − f(yk)
f [yk,xk]+f [yk,xk,wk](yk−xk)

,

(2.3)
Steffensen-like methods with order 8 (ZLHM8)

wk = xk + γf(xk), γ ∈ R, k = 0, 1, 2, . . . ,

yk = xk − f(xk)
f [xk,wk]

,

zk = yk − f(yk)
f [yk,xk]+f [yk,xk,wk](yk−xk)

,

xk+1 = zk − f(zk)(f [zk, yk] + f [zk, yk, xk]

(zk − yk) + f [zk, yk, xk, wk](zk − yk)(zk − xk))
−1,

(2.4)

four-point methods with order 16 (ZLHM16)



wk = xk + γf(xk), γ ∈ R, k = 0, 1, 2, . . . ,

yk = xk − f(xk)
f [xk,wk]

,

zk = yk − f(yk)
f [yk,xk]+f [yk,xk,wk](yk−xk)

,

uk = zk − f(zk)(f [zk, yk] + f [zk, yk, xk]

(zk − yk) + f [zk, yk, xk, wk](zk − yk)(zk − xk))
−1,

xk+1 = uk − f(uk)(f [uk, zk] + f [uk, zk, yk](uk−
zk) + f [uk, zk, yk, xk](uk − zk)(uk − yk)+

f [uk, zk, yk, xk, wk](uk − zk)(uk − yk)(uk − xk))
−1.

(2.5)
Similarly, a family of iterative methods without
memory 2n-order is obtained as follows:



y−1 = xk + γf(xk), γ ∈ R, y0 = xk,

y1 = y0 − f(y0)
f [y0,y−1]

,

y2 = y1 − f(y1)
f [y1,y0]+f [y1,y0,y−1](y1−y0)

,

yk = yk−1 − f(yk−1)(f [yk−1, yk−2] + · · ·+
f [yk−1, · · · , y−1](yk−1 − yk−2) · · · (yk−1 − y−1))

−1.

(2.6)
The next theorem states of the error equations
the methods (2.2), (2.3), (2.4), (2.5),and (2.6).

Theorem 2.1 [34] Let I ⊆ R be an open
interval, f : I → R be a scalar function which
has a simple root α in the open interval I, and
also the initail approximation x0 is sufficiently
close the simple zero, then, the iteration methods
(2.2), (2.3), (2.4), (2.5), and (2.6) have con-
vergence with two-, four-, eight-, sixteen-, and,
2n-order and satisfy the following error equa-
tions, respectively :

ek+1 = (1 + f ′(α)γ)c2e
2
k +O(e3k), γ ∈ R, (2.7)

ek+1 = (1+ f ′(α)γ)2c2(c
2
2− c3)e

4
k +O(e5k), (2.8)

{
ek+1 = (1 + f ′(α)γ)4c22(c

2
2 − c3)(c2(c

2
2 − c3)

+c4)e
8
k +O(e9k),

(2.9){
ek+1 = (1 + f ′(α)γ)8c42(c

2
2 − c3)

2(c2(c
2
2 − c3)

+c4)(c2(c
2
2 − c3) + c4)− c5)e

16
k +O(e17k ),

(2.10)
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ek+1 = Dm−1e
2m

k +O(e2
m+1

k ),

m = 1, 2, 3, . . . , k = 0, 1, 2, . . . ,

D−1 = (1 + f ′(α)γ), D0 = 1,

D1 = (1 + f ′(α)γ)c2 · · · , Dm =

[(c2Dm−1 + (−1)m−1cm+1 +Dm−2 · · ·D−1],

(2.11)

The above theorem was proved in [34]. Let
us consider the following modification of with-
out memory methods (2.2), (2.3), (2.4), (2.4)and
(2.6) with an additional p parameter in the first
step. The methods of one, two, three and four
steps are obtained respectively.
Second-order family of two-parameter without
memory methods{

wk = xk + γf(xk), γ ∈ R, k = 0, 1, 2, . . . ,

xk+1 = xk − f(xk)
f [xk,wk]+pf(wk)

.

(2.12)
New optimal biparametric fourth-order family:

wk = xk + γf(xk), γ ∈ R,
yk = xk − f(xk)

f [xk,wk]+pf(wk)
, k = 0, 1, 2, . . . ,

xk+1 = yk − f(yk)
f [yk,xk]+f [yk,xk,wk](yk−xk)

.

(2.13)
New optimal biparametric eight-order family:

wk = xk + γf(xk), γ ∈ R
yk = xk − f(xk)

f [xk,wk]+pf(wk)
, k = 0, 1, 2, . . . ,

zk = yk − f(yk)
f [yk,xk]+f [yk,xk,wk](yk−xk)

,

xk+1 = zk − f(zk)(f [zk, yk] + f [zk, yk, xk]

(zk − yk) + f [zk, yk, xk, wk](zk − yk)(zk − xk))
−1,

(2.14)
new optimal biparametric 16-order family:

wk = xk + γf(xk), γ ∈ R,
yk = xk − f(xk)

f [xk,wk]+pf(wk)
, k = 0, 1, 2, . . . ,

zk = yk − f(yk)
f [yk,xk]+f [yk,xk,wk](yk−xk)

,

uk = zk − f(zk)(f [zk, yk] + f [zk, yk, xk](zk − yk)

+f [zk, yk, xk, wk](zk − yk)(zk − xk))
−1,

xk+1 = uk − f(uk)(f [uk, zk] + f [uk, zk, yk]

(uk − zk) + f [uk, zk, yk, xk](uk − zk)

(uk − yk) + f [uk, zk, yk, xk, wk](uk − zk)

(uk − yk)(uk − xk))
−1.

(2.15)

And so on new optimal biparametric 2n-order
family:

y−1 = xk + γf(xk), γ ∈ R,
y0 = xk, y1 = y0 − f(y0)

f [y0,y−1]+pf(y−1)
,

y2 = y1 − f(y1)
f [y1,y0]+f [y1,y0,y−1](y1−y0)

,
... k = 0, 1, 2, . . . ,

yk = yk−1 − f(yk−1)(f [yk−1, yk−2] + · · ·+ f [

yk−1, · · · , y−1](yk−1 − yk−2) · · · (yk−1 − y−1))
−1.

(2.16)
The main contribution of this section lies in the
following theorem.

Theorem 2.2 Assume that the function
f : D ⊆ R → R has a single root α ∈ D, where D
is an open interval. Then the convergence order
of the derivative-free iterative methods defined
by (2.12), (2.13), (2.14), (2.15) and (2.16) are
two-, four-, eight-, sixteen- and, 2n−order also
satisfy the following error equations, respectively:

ek+1 = (1 + f ′(α)γ)(p+ c2)e
2
k +O(e3k), γ, p ∈ R,

(2.17){
ek+1 = (1 + f ′(α)γ)2(p+ c2)(c2(p+ c2)−
c3)e

4
k +O(e5k),

(2.18){
ek+1 = (1 + f ′(α)γ)4(p+ c2)

2(c2(p+ c2)

−c3)(c2(c2(p+ c2)− c3) + c4)e
8
k +O(e9k),

(2.19)
ek+1 = (1 + f ′(α)γ)8(p+ c2)

4(c2(p+ c2)−
c3)

2(c2(c2(p+ c2)− c3) + c4)(c2(c2(p+ c2)

−c3) + c4)− c5)e
16
k +O(e17k ).

(2.20){
ek+1 = (1 + f ′(α)γ)2

n−1
(p+ c2)

2n−2

(· · ·)e2nk +O(e2
n+1

k ).
(2.21)

The proof is completely similar to the proof of
Theorem 2.1, ,hence it is omitted. The above
without memory schemes are optimal in the sense
of Kung and Traub. (The order of convergence of
any multipoint method without memory cannot
exceed the bound 2n (called optimal order), where
n + 1 is the number of function evaluations per
iteration.)
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3 Construction of with memory
methods

In this section, we are going to construct
new iterative with memory methods from
(2.12), (2.13), (2.14), (2.15), and (2.16) using
two self-accelerating parameters. It is clear
from errors (2.17), (2.18), (2.19), (2.20), and
(2.21) that the order of convergence of the
family (2.12), (2.13), (2.14), (2.15), and (2.16)
are two-, four-, eight-, sixteen- and, 2n−order,
when γ ̸= −1/f ′(α) and p ̸= −c2. There-
fore, it is possible to increase the convergence
speed of the proposed class (2.12), (2.13)
, (2.14), (2.15), and (2.16), if γ = −1/f ′(α) and
p = −c2 = −f ′′(α)/2f ′(α). However, the values
of f ′(α) and f ′′(α) are not available in practice
and such acceleration is not possible. Instead of
that, we could use approximations f̃ ′(α) ≈ f ′(α)
and f̃ ′′(α) ≈ f ′′(α), calculated by already
available information.Therefore, by setting
γ = −1/f̃ ′(α) and p = −c2 = −f̃ ′′(α)/2f̃ ′(α)we
can increase the convergence order without
using any new functional evaluations.Hence, the
main idea in constructing with memory methods
consists of the calculation of the parameters
γ = γk and p = pk as the iteration pro-
ceeds by the formulas γk = −1/f̃ ′(α) and
pk = −c2 = −f̃ ′′(α)/2f̃ ′(α) for k = 1, 2, 3, · · · .
Further, it is also assumed that the initial esti-
mates γ0 and p0 should be chosen before starting
the iterative process, for example, using one of
the ways proposed in [30]. It is worth mentioning
that the evaluation of the self-accelerating
parameters γk and pk depends on the data
available from the current and the previous
iterations. Therefore, order of convergence will
be increased significantly without using an extra
functional evaluation. Finally, replacing fixed
parameters γ and p by the varying parame-
ters γk and pk , we shall obtain new methods
with memory.Hence, with memory versions of
derivative-free methods can be presented as
follows: Two parameters family with memory is
given by for given x0, w0 consider (DM),

γk = − 1
N ′

2(xk+1)
, pk =

N ′′
2 (wk+1)

−2N ′
2(wk+1)

,

wk = xk + γkf(xk), k = 0, 1, 2, · · · ,
xk+1 = xk − f(xk)

f [xk,wk]+pkf(wk)
,

(3.22)

and a family of two-step with memory methods
(CLBTM)


γk = − 1

N ′
3(xk+1)

, pk =
N ′′

3 (wk+1)
−2N ′

3(wk+1)
,

wk = xk + γkf(xk), , k = 0, 1, 2, · · · ,
yk = xk − f(xk)

f [xk,wk]+pkf(wk)
,

xk+1 = yk − f(yk)
f [yk,xk]+f [yk,xk,wk](yk−xk)

.

(3.23)
Three-step schemes with memory (TKM14)

γk = − 1
N ′

4(xk+1)
, pk =

N ′′
4 (wk+1)

−2N ′
4(wk+1)

,

wk = xk + γkf(xk), k = 0, 1, 2, · · · ,
yk = xk − f(xk)

f [xk,wk]+pkf(wk)
,

zk = yk − f(yk)
f [yk,xk]+f [yk,xk,wk](yk−xk)

,

xk+1 = zk − f(zk)(f [zk, yk] + f [zk, yk, xk]

(zk − yk) + f [zk, yk, xk, wk](zk − yk)

(zk − xk))
−1,

(3.24)
besides a family of 4-step with memory (TKM28)

γk = − 1
N ′

5(xk+1)
, pk =

N ′′
5 (wk+1)

−2N ′
5(wk+1)

wk = xk + γkf(xk), k = 0, 1, 2, · · · ,
yk = xk − f(xk)

f [xk,wk]+pkf(wk)
,

zk = yk − f(yk)
f [yk,xk]+f [yk,xk,wk](yk−xk)

,

uk = zk − f(zk)(f [zk, yk] + f [zk, yk, xk]

(zk − yk) + f [zk, yk, xk, wk](zk − yk)

(zk − xk))
−1, xk+1 = uk − f(uk)

(f [uk, zk] + f [uk, zk, yk](uk − zk)+

f [uk, zk, yk, xk](uk − zk)(uk − yk)

+f [uk, zk, yk, xk, wk](uk − zk)

(uk − yk)(uk − xk))
−1

(3.25)
and so on

γk = − 1
N ′

k+1(yk)
, pk =

N ′′
k+1(y0)

−2N ′
k+1(y0)

, γ ∈ R,

y−1 = xk + γkf(xk), k = 0, 1, 2, · · · ,
y0 = xk, y1 = y0 − f(y0)

f [y0,y−1]+pkf(y−1)
, (TM2n)

y2 = y1 − f(y1)
f [y1,y0]+f [y1,y0,y−1](y1−y0)

,
...

yk = yk−1 − f(yk−1)(f [yk−1, yk−2] + · · ·+
f [yk−1 . . . , y−1](yk−1 − yk−2) · · · (yk−1 − y−1))

−1.

(3.26)



V. Torkashvand et al., /IJIM Vol. 12, No. 2 (2020) 209-224 213

where

N2(t) = f(xk) + f [xk, xk−1](t− xk)+

f [xk, wk−1, xk−1](t− xk)(t− wk−1),

N3(t) = f(xk) + f [xk, xk−1](t− xk)+

f [xk, wk−1, xk−1](t− xk)(t− wk−1) + f [xk,

yk−1, wk−1, xk−1](t− xk)(t− yk−1)(t− wk−1),

N4(t) = f(xk) + f [xk, xk−1](t− xk)+

f [xk, wk−1, xk−1](t− xk)(t− wk−1) + f [xk,

yk−1, wk−1, xk−1](t− xk)(t− yk−1)(t− wk−1)

+ f [xk, zk−1, yk−1, wk−1, xk−1](t− xk)

(t− zk−1)(t− yk−1)(t− wk−1),

N5(t) = f(xk) + f [xk, xk−1](t− xk)+

f [xk, wk−1, xk−1](t− xk)(t− wk−1)+

f [xk, yk−1, wk−1, xk−1](t− xk)(t− yk−1)

(t− wk−1) + f [xk, zk−1, yk−1, wk−1, xk−1]

(t− xk)(t− zk−1)(t− yk−1)(t− wk−1)+

f [xk, uk−1, zk−1, yk−1, wk−1, xk−1](t− xk)

(t− uk−1)(t− zk−1)(t− yk−1)(t− wk−1).

In the convergence analysis of the new meth-
ods, we employ the notation used in Traub’s
book [15]: if mk and nk are null sequences
and mk/nk → C, where C is a non-zero
constant, we shall write mk = O(nk) or
mk ∼ Cnk.We also use the concept of R-
order of convergence introduced by Ortega and
Rheinboldt [22]. Next theorem fully describes
the convergence order of general with mem-
ory methods (3.22), (3.23), (3.24), (3.25), and
(3.26) along with the given errors Eqs.
(2.17), (2.18), (2.19), (2.20), and (2.21). Now,we
denote : ek = xk − α, ek,u = uk − α, ek,z =
zk − α, ek,y = yk − α, ek,w = wk − α. where α
is the exact root.We first prove the following
lemma:

Lemma 3.1 The following estimates are satis-
fied:



(1 + γkf
′(α)) ∼ (pk + c2) ∼ ek−1ek−1,w,

for Eq. (3.22).

(1 + γkf
′(α)) ∼ (pk + c2) ∼ ek−1ek−1,w

ek−1,y, for Eq. (3.23)

(1 + γkf
′(α)) ∼ (pk + c2) ∼ ek−1ek−1,w

ek−1,yek−1,z, for Eq. (3.24).

(1 + γkf
′(α)) ∼ (pk + c2) ∼ ek−1ek−1,w

ek−1,yek−1,zek−1,u, for, Eq. (3.25).

(1 + γkf
′(α)) ∼ (pk + c2) ∼ e0−1,ye−1−1,y

e1−1,ye2−1,y · · · ek−1,y, for, Eq. (3.26).

(3.27)

Proof: Proof of relationships (1 +
γkf

′(α)) ∼ ek−1ek−1,w and (pk + c2) ∼
ek−1ek−1,w, for Eq. (2.18):

N ′
2(xk) = f [xk, xk−1] + f [xk, wk−1, xk−1]

(xk − xk−1) =
f(xk)− f(xk−1)

xk − xk−1
+

f(xk)− f(wk−1)

xk − wk−1
− f(wk−1)− f(xk−1)

wk−1 − xk−1

= f ′(α)((ek − ek−1 + c2(e
2
k − e2k−1)+

c3(e
3
k − e3k−1) + ...)(ek − ek−1)

−1

+ (ek − ek−1,w + c2(e
2
k − e2k−1,w)+

c3(e
3
k − e3k−1,w) + ...)(ek − ek−1,w

− (ek−1,w − ek−1 + c2(e
2
k−1,w − e2k−1)+

c3(e
3
k−1,w − e3k−1) + ...)(ek−1,w − ek−1)

−1]

= f ′(α)(1 + 2c2ek + c3(2e
2
k−

ek−1ek−1,w + ekek−1 + ekek−1,w) + ...)

∼ f ′(α)(1− c3ek−1ek−1,w),

therefore, (1 + γkf
′(α)) ∼ ek−1ek−1,w.

Suppose that there are s + 1 nodes t0, t1, · · · , ts
from the interval D = [a, b],where a is the
minimum and b is the maximum of these
nodes, respectively. Then the error of Newton’s in-
terpolation polynomial Ns(t) of degree s is given
by

f(t)−Ns(t) =
f (s+1)(α)

(s+ 1)!

s∏
j=0

(t− tj). (3.28)

For s = 2 the above equation assumes the form
(keeping in the mind t0 = xk−1, t1 = wk−1, t2 =
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xk)

f(t)−N2(t) =
f (3)(α)

3!
(t− xk)(t− xk−1)(t− wk−1).

(3.29)

Using above result and with respect to t and
putting t = xk, we get

f ′(xk)−N ′
2(xk) =

f ′′′(α)

3!
(xk − xk−1)(xk − wk−1).

(3.30)

Now

xk − xk−1 = (xk − α)− (xk−1 − α) = ek − ek−1.

Similarly

xk − wk−1 = ek − ek−1,w.

Substituting these relations in Eq. (3.30) and sim-
plifying we get

N ′
2(xk) = f ′(α)(1 + 2c2ek + 3c3e

2
k + ...)−

f ′′′(α)

3!
(ek − ek−1)(ek − xk−1,w)

∼ f ′(α)(1 + 2c2ek − c3ek−1ek−1,w). (3.31)

And thus

1 + f ′(α)γk ∼ 1− 1

1 + 2c2ek − c3ek−1ek−1,w

∼ ek−1ek−1,w. (3.32)

For s = 3 the above equation(3.28) assumes
the form (keeping in the mind t0 = xk−1, t1 =
wk−1, t2 = xk, t3 = wk)

f(t)−N3(t) =
f (4)(α)

4!
(t− wk)(t− xk)

(t− wk−1)(t− xk−1). (3.33)

Using above result and with respect to t and
putting t = wk, we get

f ′(wk)−N ′
3(wk) =

f (4)(α)

4!
(wk − xk)

(wk − wk−1)(wk − xk−1). (3.34)

Now

wk − xk = (wk − α)− (xk − α) = ek,w − ek.

Similarly

wk − xk−1 = ek,w − ek−1,

wk − wk−1 = ek,w − ek−1,w.

Substituting these relations in Eq. (3.34) and sim-
plifying we get

N ′
3(wk) = f ′(wk)−

f (4)(α)

4!
(wk − xk)(wk − wk−1)(wk − xk−1)

= f ′(α)(1 + 2c2ek,w + 3c3e
2
k,w + ...)− f (4)(α)

4!
(ek,w − ek)(ek,w − ek−1,w)(ek,w − ek−1)

∼ f ′(α)(1 + 2c2ek,w + c4ekek−1,wek−1). (3.35)

Also,

N ′′
3 (wk) = f ′′(wk)−

2f (4)(α)

4!
[(wk − xk)(wk − wk−1) + (wk − xk)

(wk − xk−1) + (wk − xk−1)(wk − wk−1)]

∼ f ′′(α)(1 +
3c3
2c2

ek,w − c4
c2
ek−1,wek−1)

(3.36)

By dividing the relation (3.36) to (3.35), a result
is obtained

N ′′
3 (wk)

2N ′
3(wk)

∼ 1

2

f ′′(α)(1 +
3c3
2c2

ek,w − c4
c2
ek−1,wek−1)

f ′(α)(1 + 2c2ek,w + c4ekek−1,wek−1)

∼ f ′′(α)

2f ′(α)
(1− c4

c2
ek−1,wek−1) ∼ ek−1,wek−1.

(3.37)

Then

c2 + pk =
f ′′(α)

2f ′(α)
∼ − N ′′

3 (wk)

2N ′
3(wk)

∼ c4
c2
ek−1,wek−1 ∼ ek−1,wek−1 (3.38)

Proof of relationships (1+γkf
′(α)) ∼ (pk+ c2) ∼

ek−1ek−1,wek−1,y, for Eq. (2.19).
For s = 3 the above equation(3.28) assumes
the form (keeping in the mind t0 = xk−1, t1 =
wk−1, t2 = yk−1, t3 = xk)

f(t)−N3(t) =
f (4)(α)

4!
(t− xk)

(t− yk−1)(t− wk−1)(t− xk−1). (3.39)
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Using above result and with respect to t and
putting t = xk, we get

f ′(xk)−N ′
3(xk) =

f (4)(α)

4!
(xk − xk−1)

(xk − wk−1)(xk − yk−1). (3.40)

Now

xk − xk−1 = (xk − α)− (xk−1 − α) = ek − ek−1.

Similarly

xk − wk−1 = ek − ek−1,w,

xk − yk−1 = ek − ek−1,y.

Substituting these relations in Eq. (3.40) and sim-
plifying we get

N ′
3(xk) = f ′(α)(1 + 2c2ek + 3c3e

2
k + ...)−

f (4)(α)

4!
(ek − ek−1)(ek − xk−1,w)(ek − xk−1,y)

∼ f ′(α)(1 + 2c2ek + c4ek−1ek−1,wek−1,y).
(3.41)

And thus

1 + f ′(α)γk ∼ 1− 1

1 + 2c2ek + c4ek−1ek−1,wek−1,y

∼ ek−1ek−1,wek−1,y. (3.42)

For s = 4 the above equation(3.28) assumes
the form (keeping in the mind t0 = xk−1, t1 =
wk−1, t2 = yk−1, t3 = xk t4 = wk).

f(t)−N4(t) =
f (5)(α)

5!
(t− wk)(t− xk)

(t− wk−1)(t− xk−1). (3.43)

Using above result and with respect to t and
putting t = wk, we get

f ′(wk)−N ′
4(wk) =

f (5)(α)

5!
(wk − xk)(wk−

yk−1)(wk − wk−1)(wk − xk−1). (3.44)

Now

wk − xk = (wk − α)− (xk − α) = ek,w − ek.

Similarly

wk − xk−1 = ek,w − ek−1,

wk − wk−1 = ek,w − ek−1,w,

wk − yk−1 = ek,w − ek−1,y.

Substituting these relations in Eq. (3.44) and sim-
plifying we get

N ′
4(wk) = f ′(wk)−

f (5)(α)

5!
(wk − xk)(wk−

yk−1)(wk − wk−1)(wk − xk−1) = f ′(α)

(1 + 2c2ek,w + 3c3e
2
k,w + ...)− f (5)(α)

5!
(ek,w − ek)(ek,w − ek−1,y)(ek,w − ek−1,w)

(ek,w − ek−1) ∼ f ′(α)(1 + 2c2ek,w−
c5ekek−1,yek−1,wek−1). (3.45)

Also,

N ′′
4 (wk) = f ′′(wk)−

2f (5)(α)

5!
[(wk − xk)

(wk − yk−1)(wk − xk−1) + (wk − xk)(wk−
yk−1)(wk − wk−1) + (wk − xk)(wk − wk−1)

(wk − xk−1) + (wk − yk−1)(wk − wk−1)(wk

− xk−1)] ∼ f ′′(α)

(1 +
3c3
2c2

ek,w +
c5
c2
ek−1,yek−1,wek−1). (3.46)

By dividing the relation (3.46) to (3.45), a result
is obtained

N ′′
4 (wk)

2N ′
4(wk)

∼ 1

2

f ′′(α)(1 +
3c3
2c2

ek,w +
c5
c2
ek−1,yek−1,wek−1)

f ′(α)(1 + 2c2ek,w − c5ekek−1,yek−1,wek−1)

∼ f ′′(α)

2f ′(α)
(1 +

c5
c2
ek−1,yek−1,wek−1). (3.47)

Then

c2 + pk =
f ′′(α)

2f ′(α)
∼ − N ′′

4 (wk)

2N ′
4(wk)

∼

c5
c2
ek−1,yek−1,wek−1 ∼ ek−1,yek−1,wek−1 (3.48)

Proof of relationships (1+γkf
′(α)) ∼ (pk+ c2) ∼

ek−1ek−1,wek−1,yek−1,z, for Eq. (2.20).
For s = 4 the above equation(3.28) assumes
the form (keeping in the mind t0 = xk−1, t1 =
wk−1, t2 = yk−1, t3 = zk−1 t4 = xk)

f(t)−N4(t) =
f (5)(α)

5!
(t− xk)(t− zk−1)

(t− yk−1)(t− wk−1)(t− xk−1). (3.49)
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Using above result and with respect to t and
putting t = xk, we get

f ′(xk)−N ′
4(xk) =

f (5)(α)

5!
(xk − xk−1)

(xk − wk−1)(xk − yk−1)(xk − zk−1) (3.50)

Now

xk − xk−1 = (xk − α)− (xk−1 − α) = ek − ek−1.

Similarly

xk − wk−1 = ek − ek−1,w,

xk − yk−1 = ek − ek−1,y,

xk − zk−1 = ek − ek−1,z.

Substituting these relations in Eq. (3.50) and sim-
plifying we get

N ′
4(xk) = f ′(α)(1 + 2c2ek + 3c3e

2
k + ...)−

f (5)(α)

5!
(ek − ek−1)(ek − xk−1,w)(ek − xk−1,y)

(ek − xk−1,z) ∼ f ′(α)(1 + 2c2ek−
c5ek−1ek−1,wek−1,yek−1,z) (3.51)

And thus

1 + f ′(α)γk ∼ 1−
1

1 + 2c2ek − c5ek−1ek−1,wek−1,yek−1,z

∼ ek−1ek−1,wek−1,yek−1,z. (3.52)

For s = 5 the above equation(3.28) assumes
the form (keeping in the mind t0 = xk−1, t1 =
wk−1, t2 = yk−1, t3 = zk−1, t4 = xk, t5 = wk)

f(t)−N5(t) =
f (6)(α)

6!
(t− yk)(t− wk)

(t− xk)(t− wk−1)(t− xk−1). (3.53)

Using above result and with respect to t and
putting t = wk, we get

f ′(wk)−N ′
5(wk) =

f (6)(α)

6!
(wk − xk)(wk−

zk−1)(wk − yk−1)(wk − wk−1)(wk − xk−1).
(3.54)

Now

wk − xk = (wk − α)− (xk − α) = ek,w − ek.

Similarly

wk − xk−1 = ek,w − ek−1,

wk − wk−1 = ek,w − ek−1,w,

wk − yk−1 = ek,w − ek−1,y,

wk − zk−1 = ek,w − ek−1,z.

Substituting these relations in Eq. (3.54) and sim-
plifying we get

N ′
5(wk) = f ′(wk)−

f (6)(α)

6!
(wk − xk)

(wk − zk−1)(wk − yk−1)(wk − wk−1)(wk − xk−1)

= f ′(α)(1 + 2c2ek,w + 3c3e
2
k,w + ...)− f (6)(α)

6!
(ek,w − ek)(ek,w − ek−1,z)(ek,w − ek−1,y)

(ek,w − ek−1,w)(ek,w − ek−1) ∼ f ′(α)

(1 + 2c2ek,w + c6ekek−1,zek−1,yek−1,wek−1).
(3.55)

Also,

N ′′
5 (wk) = f ′′(wk)−

2f (6)(α)

6!
[(wk − xk)

(wk − zk−1)(wk − yk−1)(wk − wk−1)

+ (wk − xk)(wk − zk−1)(wk − yk−1)

(wk − xk−1) + (wk − xk)(wk − zk−1)

(wk − wk−1)(wk − xk−1) + (wk − xk)

(wk − yk−1)(wk − wk−1)(wk − xk−1)+

(wk − zk−1)(wk − yk−1)(wk − wk−1)(wk − xk−1)]

∼ f ′′(α)(1 +
3c4
2c2

ek,w +
c6
c2
ek−1,zek−1,yek−1,wek−1).

(3.56)

By dividing the relation (3.56) to (3.55), a result
is obtained

N ′′
5 (wk)

2N ′
5(wk)

∼ 1

2

f ′′(α)(1 +
3c4
2c2

ek,w +
c6
c2
ek−1,zek−1,yek−1,wek−1)

f ′(α)(1 + 2c2ek,w + c6ekek−1,zek−1,yek−1,wek−1)

∼ f ′′(α)

2f ′(α)
(1 +

c6
c2
ek−1,zek−1,yek−1,wek−1).

(3.57)
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Then

c2 + pk =
f ′′(α)

2f ′(α)
∼ − N ′′

5 (wk)

2N ′
5(wk)

∼

c6
c2
ek−1,zek−1,yek−1,wek−1

∼ ek−1,zek−1,yek−1,wek−1. (3.58)

Similarly, other results can be proved.2

Figure 1: Comparison methods.

Theorem 3.1 Let the function f be sufficiently
differentiable in a neighborhood of its simple
zero α. If an initial approximation x0 is suf-
ficiently close to α. Then,R-order of conver-
gence of the one-, two-, three- and four-step meth-
ods (3.22), (3.23), (2.20), (3.25) and (3.26) with
memory is 3.5, 7, 14, 28 and 3.5 ∗ 2n−1 respec-
tively.

Proof: First, we assume that the R-order of con-
vergence of sequence xk, wk, yk, zk and uk are at
least r, r1, r2, r3, and, r4, respectively.Hence

ek+1 ∼ erk ∼ (erk−1)
r ∼ er

2

k−1, (3.59)

and

ek,w ∼ er1k ∼ (erk−1)
r1 ∼ err1k−1, (3.60)

similarly

ek,y ∼ er2k ∼ (erk−1)
r2 ∼ err2k−1, (3.61)

ek,z ∼ er3k ∼ (erk−1)
r3 ∼ err3k−1, (3.62)

ek,u ∼ er4k ∼ (erk−1)
r4 ∼ err4k−1, (3.63)

Now,we will prove the results or each method
separately as follows:

(i) Modified scheme for Eq. (3.22)
It can be derived that

ek,w ∼ (1 + f ′(α)γk)ek, (3.64)

ek+1 ∼ (1 + f ′(α)γk)(pk + c2)e
2
k. (3.65)

Using the results of lemma (3.1) in the
Eqs. (3.64) and (3.65), we obtain

ek,w ∼ er1+r+1
k−1 , (3.66)

ek+1 ∼ e
2(r1+r+1)
k−1 . (3.67)

Now comparing the equal powers of ek−1 in
(3.66) and (3.67), we get the following non-
linear system{

rr1 − r1 − r − 1 = 0,

r2 − 2(r1 + 1)− 2r = 0.

After solving these equations, we get r1 =
1
4(3+

√
17) ≃ 1.78, r = 1

2(3+
√

17) ≃ 3.56. It
confirms the convergence of method (3.22).
It is the same method that was reviewed by
Dzunic in 2013 (DM) [7].

(ii) Modified method II. For method (3.23), it
can be derived that

ek,w ∼ (1 + f ′(α)γk)ek, (3.68)

ek,y ∼ (1 + f ′(α)γk)(pk + c2)e
2
k, (3.69)

ek+1 ∼ (1 + f ′(α)γk)
2(pk + c2)e

4
k. (3.70)

Using the results of lemma (3.1) and the re-
lationships (3.68)-(3.70), we have

ek,w ∼ er2+r1+1+r
k−1 , (3.71)

ek,y ∼ e
2(r2+r1+1+r)
k−1 , (3.72)

ek+1 ∼ e
3(r2+r1+1)+4r
k−1 . (3.73)

Now comparing the equal powers of ek in
(3.71)-(3.73), we get the following nonlinear
system

rr1 − r2 − r1 − 1− r = 0,

rr2 − 2(r2 + r1 + 1)− 2r = 0,

r2 − 3(r2 + r1 + 1)− 4r = 0.

This system has the solutions r1 = 2, r2 =
4, r = 7. It confirms the convergence of
method (3.23). The method was also re-
viewed by Cordero et. al in 2015 (CLBTM)
[5].
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Table 1: Comparison of the absolute errors and COC of proposed methods by other methods

f1(x) = x3 + 4x2 − 10, α = 1.3652, x0 = 1, γ0 = p0 = 0.1

Methods |x1 − α| |x2 − α| |x3 − α| COC EI

ZLHM2 (2.2) 0.27996(0) 0.79062(−1) 0.75362(−2) 2.0000 1.41421

ZLHM4 (2.3) 0.22980(−1) 0.30178(−4) 0.30013(−4) 4.0000 1.58740

ZLHM8 (2.4) 0.28396(−3) 0.30013(−4) 0.30013(−4) 8.0000 1.68179

ZLHM16 (2.5) 0.36520(0) 0.30045(−4) 0.30013(−4) 16.0000 1.74110

TM(2.12) 0.27996(0) 0.64692(−2) 0.32600(−4) 2.4693 1.57140

TLAM3 (3.16),[30] 0.36520(0) 0.27996(0) 0.28623(−2) 3.0000 1.73205

TLAM6 (3.17),[30] 0.36520(0) 0.22980(−1) 0.30013(−4) 6.0000 1.81712

TLAM12 (3.18),[30] 0.36520(0) 0.28396(−3) 0.30013(−4) 12.0000 1.86121

TLAM24 (3.19),[30] 0.36520(0) 0.30045(−4) 0.30013(−4) 24.0000 1.88818

DM (3.22) 03623(0) 0.36337(0) 0.31043(−3) 3.7314 1.93168

CLBTM (3.23) 0.36523(0) 0.38342(−1) 0.10130(−12) 7.0000 1.91293

TKM14 (3.24) 0.36523(0) 0.70101(−3) 0.18334(−28) 14.0000 1.93434

(iii) Modified scheme for Eq. (3.24), it can be de-
rived that

ek,w ∼ (1 + f ′(α)γk)ek, (3.74)

ek,y ∼ (1 + f ′(α)γk)(pk + c2)e
2
k, (3.75)

ek,z ∼ (1 + f ′(α)γk)
2(pk + c2)e

4
k, (3.76)

ek+1 ∼ (1 + f ′(α)γk)
4(pk + c2)

2e8k, (3.77)

Using the results of lemma (3.1) in the
Eqs. (3.74)-(3.77), we conclude

ek,w ∼ er3+r2+r1+1+r
k−1 , (3.78)

ek,y ∼ e
2(r3+r2+r1+1)+2r
k−1 , (3.79)

ek,z ∼ e
3(r3+r2+r1+1)+4r
k−1 , (3.80)

ek+1 ∼ e
6(r3+r2+r1+1)+8r
k−1 . (3.81)

Now comparing the equal powers of ek in
(3.78)-(3.81), we get the following nonlinear
system

rr1 − r3 − r2 − r1 − 1− r = 0,

rr2 − 2(r3 + r2 + r1 + 1)− 2r = 0,

rr3 − 3(r3 + r2 + r1 + 1)− 4r = 0,

r2 − 6(r3 + r2 + r1 + 1)− 8r = 0.

After solving these equations, we get
r1 = 2, r2 = 4, r3 = 7, r = 14. It confirms
the convergence of method (3.24).

(iv) Modified scheme for Eq. (3.25), it can be de-
rived that

ek,w ∼ (1 + f ′(α)γk)ek, (3.82)

ek,y ∼ (1 + f ′(α)γk)(pk + c2)e
2
k, (3.83)

ek,z ∼ (1 + f ′(α)γk)
2(pk + c2)e

4
k, (3.84)

ek,u ∼ (1 + f ′(α)γk)
4(pk + c2)

2e8k, (3.85)

ek+1 ∼ (1 + f ′(α)γk)
8(pk + c2)

4e16k . (3.86)

Using the results of lemma (3.1) in the Eqs.
(3.82)-(3.86), we deduce

ek,w ∼ er4+r3+r2+r1+1+r
k−1 , (3.87)

ek,y ∼ e
2(r4+r3+r2+r1+1)+2r
k−1 , (3.88)

ek,z ∼ e
3(r4+r3+r2+r1+1)+4r
k−1 , (3.89)

ek,u ∼ e
6(r4+r3+r2+r1+1)+8r
k−1 , (3.90)

ek+1 ∼ e
12(r4+r3+r2+r1+1)+16r
k−1 . (3.91)
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Table 1. Coninue.

f2(x) = log(1 + x2) + ex
2−3x sinx, α = 0, x0 = 0.5, γ0 = p0 = 0.1

ZLHM2 (2.2) 0.50000(0) 0.42599(−1) 0.36497(−2) 2.0000 1.41421

ZLHM4 (2.3) 0.50000(0) 0.20643(−6) 0.17972(−24) 4.0000 1.58740

ZLHM8 (2.4) 0.50000(0) 0.17931(−3) 0.40313(−28) 8.0000 1.68179

ZLHM16 (2.5) 0.50000(0) 0.42775(−6) 0.58997(−92) 15.0000 1.71877

TM(2.12) 0.42599(−1) 0.11207(−2) 0.20649(−6) 2.4196 1.55551

TLAM3 (3.16),[30] 0.50000(0) 0.42599(−1) 0.17284(−2) 3.0000 1.73205

TLAM6 (3.17),[30] 0.50000(0) 0.20643(−1) 0.33649(−10) 6.0000 1.81712

TLAM12 (3.18),[30] 0.50000(0) 0.17931(−3) 0.12661(−41) 12.0000 1.86121

TLAM24 (3.19),[30] 0.35000(0) 0.34372(−11) 0.56903(−272) 24.0000 1.88818

DM (3.22) 0.50000(0) 0.64108(−1) 0.12721(−2) 3.5505 1.88428

CLBTM (3.23) 0.50000(0) 0.29521(−1) 0.14548(−9) 7.0000 1.91293

TKM14 (3.24) 0.50000(0) 0.42197(−3) 0.16707(−42) 14.0000 1.93434

f3(x) = x log(1 + x sin(x)) + e−1+x2+x cos(x) sinπx, α = 0, x0 = 0.6, γ0 = p0 = 0.1

ZLHM2 (2.2) 0.60000(0) 0.47811(0) 0.92238(−1) 2.0000 1.41421

ZLHM4 (2.3) 0.60000(0) 0.23476(0) 0.11818(−2) 4.0000 1.58740

ZLHM8 (2.4) 0.60000(0) 0.35452(−1) 0.46141(−12) 8.0000 1.68179

ZLHM16 (2.5) 0.60000(0) 0.12209(−2) 0.23588(−44) 16.0000 1.74110

TM(2.12) 0.47811(0) 0.56230(−1) 0.12602(−2) 2.4825 1.57560

TLAM3 (3.16),[30] 0.60000(0) 0.47811(0) 0.69702(−3) 3.0000 1.73205

TLAM6 (3.17),[30] 0.60000(0) 0.23476(0) 0.82605(−5) 6.0000 1.81712

TLAM12 (3.18),[30] 0.60000(0) 0.35452(−1) 0.92939(−19) 12.0000 1.86121

TLAM24 (3.19),[30] 0.60000(0) 0.77939(−3) 0.17667(−74) 24.0000 1.88818

DM (3.22) 0.60000(0) 0.36450(0) 0.54166(−1) 3.6076 1.89937

CLBTM (3.23) 0.60000(0) 0.18448(0) 0.50259(−5) 7.0000 1.91293

TKM14 (3.24) 0.36520(0) 0.18799(−1) 0.25194(−25) 14.0000 1.93434

Now comparing the equal powers of ek−1 in
(3.87)-(3.91)we get the following nonlinear
system

rr1 − r4 − r3 − r2 − r1 − 1− r = 0,

rr2 − 2(r4 + r3 + r2 + r1 + 1)− 2r = 0,

rr3 − 3(r4 + r3 + r2 + r1 + 1)− 4r = 0,

rr4 − 6(r4 + r3 + r2 + r1 + 1)− 8r = 0,

r2 − 12(r4 + r3 + r2 + r1 + 1)− 16r = 0.

After solving these equations, we get r1 =
2, r2 = 4, r3 = 7, r4 = 14, r = 28. It con-
firms the convergence of method (3.25).

(v) Modified scheme for Eq. (3.26), it can be de-
rived that

e−1,y ∼ (1 + f ′(α)γk)e0,y, (3.92)

e1,y ∼ (1 + f ′(α)γk)(pk + c2)e
2
0,y, (3.93)

e2,y ∼ (1 + f ′(α)γk)
2(pk + c2)e

4
0,y, (3.94)

ek−1,y ∼ (1 + f ′(α)γk)
2k−1

(pk + c2)
2k−2

e2
k−1

0,y ,
(3.95)

ek,y ∼ (1 + f ′(α)γk)
2k−1

(pk + c2)
2k−2

e2
k

0,y.
(3.96)
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Table 2: Comparison improvment of convergence order the proposed method with other schemes

with memory methods number of steps optimal order p percentage increase

CLBTM[5] 2 4.000 7.000 %75

DM[7] 1 2.000 3.500 %75

DPM[8] 1 2.000 3.000 %50

DPPM[9] 3 8.000 11.000 %37.5

EM[10] 3 8.000 12.000 %50

KKBM[14] 2 4.000 7.000 %75

LMMJM [17] 3 4.000 6.000 %50

LSSAKM[18] 3 8.000 12.000 %50

LMNKSM[19] 3 8.000 12.000 %50

LSGAM[20] 3 8.000 12.000 %50

LTM[21] 3 8.000 12.000 %50

SSSM[26] 3 8.000 12.000 %50

TrM[32] 1 2.000 2.410 %20.5

WM[33] 2 4.000 4.235 %5.75

TKM14(3.24) 3 8.000 14.000 %75

TKM28(3.25) 4 16.000 28.000 %75

Table 3: Comparison efficiency index of proposed method by with and without memory methods

without memory methods EF p EI with memory methods EF p EI

without memory methods EF p EI with memory methods EF p EI

AM[1] 3 3.000 1.44225 CLKTM[3] 3 6.000 1.81712

CTM[4] 3 4.000 1.58740 CLBTM[5] 3 7.000 1.91293

DHM[6] 3 3.000 1.44225 DM[7] 3 3.5600 1.88680

FGDM[12] 4 7.000 1.62658 DPM [8] 2 3.000 1.73205

GKM[13] 5 16.00 1.74110 DPPM[9] 4 11.000 1.82116

OM[23] 3 4.000 1.58740 EM[10] 4 12.000 1.86121

RWBM[25] 3 4.000 1.58740 KKBM[14] 3 7.000 1.91293

SSSM[26] 4 8.000 1.68179 LAM [17] 3 6.000 1.81712

SM[22] 2 2.000 1.41421 LSSAKM [18] 4 12.000 1.86121

ZLHM[34] 2 2.000 1.41421 LSGAM[20] 4 12.000 1.86121

ZLHM[34] 3 4.000 1.44225 SSGM[27] 4 12.000 1.86121

ZLHM[34] 4 8.000 1.58740 SLTKM[28] 4 12.000 1.86121

ZLHM[34] 5 16.000 1.74110 WM[33] 3 4.235 1.61790

ACCTM[2] 4 8.000 1.58740 TKM14(3.24) 4 14.000 1.93434

LMMWM[16] 5 16.000 1.74110 TKM28(3.25) 5 28.000 1.94729
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Using the results of lemma (3.1) in the Eqs.
(3.92)-(3.96), we deduce

e−1,0 ∼ e
rk+rk−1+rk−2+···+r1+1+r
k−1 , (3.97)

e1,y ∼ e
2(rk+rk−1+rk−2+···+r1+1)+2r
k−1 , (3.98)

e2,y ∼ e
3(rk+rk−1+rk−2+···+r1+1)+4r
k−1 , (3.99)

...

ek−1,y ∼ e
3∗2k−2(rk+rk−1+rk−2+···+r1+1)+2k−1r
k−1 ,

(3.100)

ek,y ∼ e
3∗2k−1(rk+rk−1+rk−2+···+r1+1)+2kr
k−1 .

(3.101)
Now comparing the equal powers of ek−1 in
(3.97)-(3.101)we get the following nonlinear
system

rr1 − (rk + rk−1 + rk−2 + · · ·+
r1 + 1)− r = 0,

rr2 − 2(rk + rk−1 + rk−2 + · · ·+
r1 + 1)− 2r = 0,

rr3 − 3(rk + rk−1 + rk−2 + · · ·+
r1 + 1)− 4r = 0,
...

rrk−1 − 3 ∗ 2k−2(rk + rk−1 + rk−2+

· · ·+ r1 + 1)− 2k−1r = 0,

r2k − 3 ∗ 2k−1(rk + rk−1 + rk−2 + · · ·+
r1 + 1)− 2kr = 0.

This system has the solutions r1 = 2, r2 =
4, r3 = 7, · · · , rk−1 = 3.5 ∗ 2k−1, rk = 3.5 ∗
2k. It confirms the convergence of method
(3.26).2

Remark 3.1 As can be easily seen that the im-
provement the order of convergence from 2 to 3.56
(75% of an improvement) is attained without any
additional functional evaluations. Therefore, the
efficiency index of the proposed method (3.22) is
3.561/2 = 1.88680.

Remark 3.2 Improvement of the order of con-
vergence from 4 to 7 shows an increase of 75%
and this operation is achieved without any addi-
tional assessment. Therefore, the efficiency index
of the proposed method (3.23) is 71/3 = 1.91293.

Remark 3.3 Increasing the order of conver-
gence from 8 to 14 without imposing a new as-
sessment of functions indicates a 75% improve-
ment in the efficiency index of the proposed
method. Therefore, the efficiency index of the pro-
posed method (3.24) is 141/4 = 1.93434.

Remark 3.4 It can be easily seen that the im-
provement of the order of convergence from 16
to 28 (75% of an improvement) is attained with-
out any additional functional evaluations, which
points to very high computational efficiency of the
proposed method. Therefore, the efficiency index
of the proposed method (3.25) is 281/5 = 1.94729.

Remark 3.5 It should be noted that if we only
approximate parameter γ using the Newton’s in-
terpolation polynomial, we will achieve a 50%
improvement in convergence order. the efficiency
index of the proposed family with memory is
EI = 31/2 = 1.732050808, EI = 61/3 =
1.817120593, EI = 121/4 = 1.861209718, EI =
241/5 = 1.888175023 as mentioned in [30].

4 Numerical examples

The iterative methods without memory (2.2)-
(2.5) and with memory methods (3.22)-
(3.26) are used to solve nonlinear functions
fk(x) = 0, (k = 1, 2, 3) and the computation
results. The errors are determined |xk − α| of
approximations to the sought zeros, produced by
the different methods at the first three iterations
are given in Table 1 where, a(−b) stands for
a × 10−b. Also, for each test function, the initial
estimation values and the last value of the
computational order of convergence, COC [4]
computed by the expression

COC =
log|(xn+1 − xn)/(xn − xn−1)|
log|(xn − xn−1)/(xn−1 − xn−2)|

,

(4.102)
and also the efficiency index (EI) are in-
cluded.The package Mathematica 10, with 1000
arbitrary precision arithmetic, has been used
in computations. The exact value of the simple
root and its initial approximation are α and x0
respectively. For a good comparison,we choose
test functions from recent studies (e.g.[31]):
f1(x) = x3 + 4x2 − 10, α = 1.3652, x0 = 1.
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f2(x) = log(1+ x2) + e−3x+x2
sin(x), α = 0, x0 =

0.5.
f3(x) = x log(1 + x sin(x)) +
e−1+x2+x cos(x) sinπx, α = 0, x0 = 0.6

5 Conclusion

In this paper, we have obtained a new class of
with memory methods. The orders of convergence
of the new methods with memory are 3.5, 7, 14
and 28.Also, the Newton’s interpolatory polyno-
mials of 2 till 5 degrees are applied for construct-
ing considerably faster methods employing in-
formation from the current and previous itera-
tion without any additional evaluations of the
function.The results show that this new meth-
ods is useful to find an acceptable approximation
of the exact solution. The significant increase in
the convergence speed of the proposed methods
is attained without additional functional evalu-
ations, which points to a very high computation-
ally efficiency. In other words, the efficiency index
of the proposed family with memory is 3.561/2 =
1.886800000, 71/3 = 1.912931183, 141/4 =
1.934336420, 281/5 = 1.947294361,which is much
better than methods described in mentioned
references and single-step optimal methods up
to five steps without memory having effi-
ciency indexes 21/2 ≃ 1.414213562, 41/3 ≃
1.587401052, 81/4 ≃ 1.681792831, 161/5 ≃
1.741101127, 321/6 ≃ 1.781797436, respectively.

References

[1] S. Abbasbandy, Improving Newton-Raphson
method for solving nonlinear equations by
modified Adomian decomposition method,
Applied Mathematics and Computation 145
(2003) 887-893.

[2] C. Andreu, N. Cambil, A. Cordero, J.
R. Torregrosa, A class of optimal eighth-
order derivative-free methods for solving the
Danchick Gauss problem, Applied Mathe-
matics and Computation 217 (2011) 7653-
7659.

[3] A. Cordero,T.Lotfi,A.Khoshandi, J.
R.Torregrosa, An efficient Steffensen-

like iterative method with memry, Bulletin
mathematique de la Societe des Sciences
Mathematiques de Roumanie Tome 58 (106)
(2015) 49-58.

[4] A. Cordero, J. R. Torregrosa, A class of
Steffensen type methods with optimal order
of convergence, Applied Mathematics and
Computation 217 (2011) 7653-7659.

[5] A. Cordero, T. Lotfi, P. Bakhtiari, J. R. Tor-
regrosa: An efficient two-parametric family
with memory for nonlinear equations, Nu-
merical Algorithms 68 (2015) 323-335.

[6] M. Dehghan, M. Hajarian, Some derivative
free quadratic and cubic convergence iter-
ative formulas for solving nonlinear equa-
tions, Computational Applied Mathematics
29 (2010) 19-30.

[7] J. Dzunic, On efficient two-parameter meth-
ods for solving nonlinear equations, Numer-
ical Algorithms 63 (2013) 549-569.

[8] J. Dzunic, M. S. Petkovic, A cubicaly conver-
gent Steffensen-like method for solving non-
linear equations, Applied Mathematics Let-
ters 25 (2012) 1881-1886.

[9] J. Dzunic, M. S. Petkovic, L. D. Petkovic,
A family of optimal three-point methods for
solving nonlinear equations using two para-
metric functions, Applied Mathematics and
Computation 217 (2011) 7612-7619.

[10] T. Eftekhari, An efficient class of multi-
point root-solvers with and without memory
for nonlinear equations, Acta Mathematica
Vietnamica 41 (2016) 299-311.

[11] R. Ezzati, F. Saleki, On the construction
of new iterative methods with fourth-order
convergence by combining previous methods,
International Mathematical Forum 6 (2011)
1319 -1326.

[12] M. Fardi, M. Ghasemi, A. Davari, New it-
erative methods with seventh-order conver-
gence for solving nonlinear equations, Inter-
national Journal of Nonlinear Analysis and
Applications 3 (2012) 31-37.



V. Torkashvand et al., /IJIM Vol. 12, No. 2 (2020) 209-224 223

[13] Y. H. Geum, Y. I. Kim, A biparametric fam-
ily of four-step sixteenth-order root-finding
methods with the optimal efficiency index,
Applied Mathematics Letters 24 (2011) 1336-
1342.

[14] M. Kansal, V. Kanwar, S. Bhatia, Efficient
derivative-free variants of Hansen-Patrick’s
family with memory for solving nonlinear
equations, Numerical Algorithms 73 (2016)
1017-1036.

[15] H. T. Kung, J. F. Traub, Optimal order of
one-point and multipoint iteration, J. Assoc.
Comput. Mach. 21 (1974) 643-651.

[16] X. Li, C. Mua, J. Mab, C. Wang, Sixteenth-
order method for nonlinear equations, Ap-
plied Mathematics and Computation 215
(2010) 3754-3758.

[17] T. Lotfi, P. Assari, A new Two step class of
methods with memory for solving nonlinear
equations with high efficiency index, Inter-
national Journal of Mathematical Modelling
Computations 4 (2014) 277-288.

[18] T. Lotfi, F. Soleymani, S. Shateyi, P. As-
sari, F. Khaksar Haghani, New mono- and
biaccelerator iterative methods with memory
for nonlinear equations, Abstract and Ap-
plied Analysis 2014 (2014) 1-8.

[19] T. Lotfi, K. Mahdiani, Z. Noori, F. Khak-
sar Haghani, S. Shateyi, On a new three-step
class of methods and its acceleration for non-
linear equations, The Scientific World Jour-
nal 2014 (2014) 1-9.

[20] T. Lotfi, F. Soleymani, M. Ghorbanzadeh,
P. Assari, On the cunstruction of some tri-
parametric iterative methods with memory,
Numerical Algorithms 70 (2015) 835-845.

[21] T. Lotfi, E. Tavakoli, On a new efficient
Steffensen-like iterative class by applying a
suitable self-accelerator parameter,The Sci-
entific World Journal 20(2014) 1-9.

[22] J.M. Ortega, W. C. Rheinboldt, Iterative so-
lution of nonlinear equations in several vari-
ables, Academic Press, New York 1970.

[23] A. M. Ostrowski, Solution of equations and
systems of equations, Academic press, New
York 1960.

[24] M. S. Petkovic, B. Neta, L. D. Petkovic, J.
Dzunic, Multipoint methods for solving non-
linear equations: A survey, Applied Mathe-
matics and Computation 226 (2014) 635-660.

[25] H. Ren, Q. Wu, W. Bi, A class of two-
step Steffensen type methods with fourth-
order convergence, Applied Mathematics and
Computation 209 (2009) 206-210.

[26] S. Sharifi, S. Siegmund, M. Salimi, Solving
nonlinear equations by a derivative-free form
of the King’s family with memory, calcolo 53
(2015) 201-215.

[27] J. R. Sharma, R. K. Guha, P. Gupta, Some
efficient derivative free methods with mem-
ory for solving nonlinear equations, Applied
Mathematics and Computation 219 (2012)
699-707.

[28] F. Soleymani, T. Lotfi, E. Tavakoli, F.
Khaksar Haghani, Several iterative methods
with memory using self-accelerators, Applied
Mathematics and Computation 254 (2015)
452-458.

[29] J. F. Steffensen, Remarks on iteration, Scan-
dinavian Aktuarietidskr 16 (1933) 64-72.

[30] V. Torkashvand, T. Lotfi, M. A. Fariborzi
Araghi, On an efficient family with mem-
ory with high order of convergence for solv-
ing nonlinear equations, The third Interna-
tional Conference on Intelligent Desion Sci-
ence, 2018.

[31] V. Torkashvand, T. Lotfi, M. A. Fariborzi
Araghi, A new family of adaptive meth-
ods with memory for solving nonlinear equa-
tions, Mathematical Sciences 13 (2019) 35-
46.

[32] J. F. Traub, Iterative methods for the mo-
lution of equations, Prentice Hall, New York
New Jersey USA 1964.



224 V. Torkashvand et al., /IJIM Vol. 12, No. 2 (2020) 209-224

[33] X. Wang, An Ostrowski-type method with
memory using a novel self-accelerating pa-
rameter, Journal of Computational and Ap-
plied Mathematics 330 (2017) 1-18.

[34] Q. Zheng, J. Li, F. Huang, An optimal
Steffensen-type family for solving nonlinear
equations, Applied Mathematics and Com-
putation 217 (2011) 9592-9597.

Vali Torkashvand has got MSc
degrees in Applied Mathematics
from numerical analysis field from
Islamic Azad University, Karaj
Branch, and PhD degree from nu-
merical analysis field from Islamic
Azad University, Science and Re-

search Branch(Hamedan). His research focus on
solving nonlinear equations by with memory it-
erative methods. He also has some papers in
this field. Also, in mathematics education, I also
have experience of over 24 years of mathematical
teaching at higher education institutions.

M. Kazemi is faculty of applied
Mathematics in Islamic Azad Uni-
versity, Ashtian Branch, (Iran)
from 1383. Manochehr holds a
B.Sc. degree from Khajeh Nasir
Toosi University of Technology
(KNTU), Tehran, Iran, in 1377,

M.Sc. degree from Institute for Advanced Studies
in Basic Sciences (IASBS) Zanjan, Iran in1380,
and Ph.D. degree in applied mathematics in nu-
merical analysis area from Islamic Azad Univer-
sity, Karaj branch, Karaj, Iran in 1394. His re-
search interests include numerical solution of in-
tegral equations, differential equations, wavelet
basis, fuzzy mathematics. He has authored of
several books of Calculus and Differential Equa-
tion.


	Introduction
	Preliminaries 
	Construction of with memory methods
	Numerical examples
	Conclusion

