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Abstract

Regular network data envelopment analysis (NDEA) models for calculating the efficiency of decision-
making units (DMUs) with two-stage construction requires the data set to be deterministic. In
the real world, however, there are many observations that have stochastic behavior. This paper
proposes a network DEA with two-stage structures models by the attention to stochastic data. The
stochastic two-stage network DEA models are formulated based on the P-models of chance constrained
programming and leader-follower concepts. On the basis of probability distribution properties and by
the assumption of stochastic single factor components of data set, the probabilistic form of models is
transformed to the equivalent deterministic linear programming model. In addition, the relationship
between each stage as leader or follower is discussed. A real case on 16 commercial banks in China
has been clarified to confirm the applicability of the proposed approaches under different levels.

Keywords : Stochastic DEA; Chance constraint model; Two-stage system; Performance evaluation.

—————————————————————————————————–

1 Introduction

I
n the non-parametric approach, applied for
evaluating the performance of some decision-

making units (DMUs), data envelopment analy-
sis (DEA) is a method that consumes similar in-
puts to produce similar outputs, without know-
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ing any function of input/output and weights.
Many studies extended DEA from the view of
theoretical and empirical, in several fields of sci-
ence, and engineering such as healthcare, agri-
culture, banking and supply chains. For more
studies, the reader can refer to [24], [10], [21], [6],
[31], [7], [30]. In many situations, we confront
DMUs with two process structures and intermedi-
ate measures. Namely outputs of initial stage use
as inputs for next stage. At first, standard DEA
approach used by Seiford and Zhu [22] to evaluate
the efficiency of commercial banks of US without
considering the intermediate measures [28]. For
example, to perform an efficient status, the in-
puts of the second stage should be reduced, while
these inputs are outputs of the first stage. Kao
and Hwang [13] Considered each stage as an in-
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dependent system and the efficiency of the total
system as the product of the efficiencies of every
stage. Liang et al. [16, 17], introduced several
two-stage network models according to the con-
cepts of non-cooperative and cooperative games
theory. Optimal system design (OSD) network
DEA models proposed by Wei and Chang [25]
to help DMUs to find the optimal portfolios as
inputs and outputs in terms of profit maximiza-
tion.
In the mentioned network models the variabil-
ity and uncertainty of the data set of a produc-
tion process have ignored. Although, some re-
searchers have been done to consider the uncer-
tainty data in two-stage DEA models based on
fuzzy theory ( [18], [15], [1], [9], [19] and [11]),
there is a little work on two-stage network DEA
models in terms of stochastic data. Zhou et al.
[29] proposed a stochastic network DEA model in
terms of centralized control organization mecha-
nism. Their model is a chance-constrained pro-
gramming where optimize expected value where
fall in the class of E-Model [4].
In this study, we focus on the class of P-Model
where introduced by Charnes and Cooper [4] and
propose a stochastic two-stage DEA model ac-
cording to the concept of the non-cooperative
game theory (or Leader-Follower). As matter
of fact, by this methodology, we can replace de-
terministic concepts such as efficient and ineffi-
cient, with concepts of α-stochastic efficient and
α-stochastic inefficient.
The structure of the paper is arranged as follows.
In section 2, we remember the version of P-model
of stochastic DEA models and stochastic effi-
ciency based on it. Next, in section 3, the stochas-
tic two-stage network DEA models according to
the concept of the non-cooperative game theory
are proposed and transformation to deterministic
and linear model is explained. A numerical case
of 16 commercial banks in China is illustrated to
justify the new model in section 4. Finally, the
last section summarizes and concludes.

2 Stochastic CCR Efficiency

Cooper et al. [8], introduced the following version
of P-Model where evidently has built on the CCR

model of DEA.

max P

(∑S
r=1 Urỹro∑M
i=1 Vix̃io

≥ 1

)
s.t. (2.1)

P

(∑S
r=1 Urỹrj∑M
i=1 Vix̃ij

≤ 1

)
≥ 1− αj

Ur, Vi ≥ 0, ∀r, i

In this model, each DMU, uses M inputs x̃j =
(x̃1j , x̃2j , ..., x̃Mj)

T to obtains D outputs, ỹj =
(ỹ1j , ỹ2j , ..., ỹSj)

T . Here Pmeans Probability and
the symbol ∼ is used to represent the random in-
puts and outputs. Furthermore, by solving this
model for each DMU, non-negative virtual mul-
tipliers, U ∈ RS

+ and V ∈ RM
+ , are determined.

Also, αj ∈ (0, 1) is pre-selected and it is the min-
imum possibility required to match the related
chance constraint [25]. By choosing Ur = 0, and
Vi > 0 for all r and i, in constraints of (2.1), we
can see that the model is feasible [4].
As we know, for each continuous distribution, it
is not mindless to write

P

(∑S
r=1 U

∗
r ỹrj∑M

i=1 V
∗
i x̃ij

≤ 1

)

+ P

(∑S
r=1 U

∗
r ỹrj∑M

i=1 V
∗
i x̃ij

≥ 1

)
= 1

or

P

(∑S
r=1 U

∗
r ỹrj∑M

i=1 V
∗
i x̃ij

≤ 1

)
= 1− α∗ ≥ 1− αo

Ur, Vi ≥ 0, ∀r, i. (2.2)

In this paper, * refers to an optimal value, hence
α∗ is the probability of obtaining a value of at
least unity with this choice of weights and there-
fore 1 − α∗ is the probability of failing to reach
this value [8]. In addition, 1−αo is the probabil-
ity of inefficiency of DMUo. Clearly, from 2.2 we
have αo ≥ α∗.

Definition 2.1 ([8]) DMUo is ”stochastic effi-
cient” if and only if αo = α∗.

3 Stochastic two-stage network
DEA models

Figure 1 describes a two-stage process, where
each DMU is composed of two sub-DMU in
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Figure 1: Two-stage process

series, and the sub-DMU in stage 2 con-
sume the products of the sub-DMUs in stage
1 as inputs. For each DMUj∈1,2,...,n, x̃j =
(x̃1j , x̃2j , ..., x̃Mj)

T represent random input vec-
tor and z̃j = (z̃1j , z̃2j , ..., z̃Dj)

T represent random
output vector of the first stage. Since this random
output vector is used as random input by the sec-
ond stage, are introduced as intermediate prod-
ucts. The second stage ỹj = (ỹ1j , ỹ2j , ..., ỹSj)

T

produces a random output vector.

3.1 The Non-cooperative model

In this section, we present the stochastic two-
stage network DEA model according to the con-
cept of the non-cooperative game theory (or
Leader-Follower), which was utilized to expand
models for performance evaluation by Liang et
al.[16].

3.1.1 Stage 1 is the leader, while Stage 2
is the follower

Here we assume that the first stage is the leader.
Hence, the importance of the stage 1 is more
than the second stage (follower). Moreover, the
leader’s efficiency is known and the efficiency of
the follower is computed based on it.
Model (3.3) evaluates the efficiency of the Sub-
DMU in stage 1 as a leader.

max P

(
Wz̃o
V x̃o

≥ 1

)
s.t. (3.3)

P

(
Wz̃j
V x̃j

≤ 1

)
≥ 1− αj

W,V ≥ 0,

By using the Cooper et al. [8], transformation
in stochastic programming, deterministic model

can obtain to the following model:

e
∗(o)
1l = max (wzo − vxo)

s.t. (3.4)

wtΣzozow + vtΣxoxo − 2wtΣzoxov ≥ 1,

(wzj − vxj)− Φ−1(αj)ξj ≤ 0, j = 1, ..., n,

Cαj [w
tΣzzw + vtΣxxv − 2wtΣzxv − ξ2j ] ≤ o,

j = 1, ..., n,

w, v, ξ ≥ 0,

The relation between optimal solution of (3.3)
and (3.4) is exhibited as follow.

Theorem 3.1

Φ(w∗zo − v∗xo) = P

(
W ∗z̃o
V ∗x̃o

≥ 1

)
.

Proof: See [8].
According to the optimal solution of the first
stage, model (3.5) calculates the efficiency of the
sub-DMU in stage 2 as a follower:

e
∗(o)
2f = max P

(
Uỹo
Wz̃o

≥ 1

)
s.t. (3.5)

P

(
Wz̃j
V x̃j

≤ 1

)
≥ 1− αj , j = 1, ..., n,

(3.5a)

P

(
Uỹj
Wz̃j

≤ 1

)
≥ 1− αj j = 1, ..., n,

(3.5b)

P

(
Wz̃o
V x̃o

≥ 1

)
≥ Φ(e

∗(o)
1l ) (3.5c)

W,U, V ≥ 0,
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where, e
∗(o)
1l is the efficiency of stage 1 calculated

by (3.4). As it is seen, the objective function and
the constraints of the first stage are as constraints
in the model (3.5).
In what follows, for computation and implemen-
tation in applicable circumstances and by using
Cooper et al. [8] approach, we will achieve the
deterministic equivalent of the model (3.5) as fol-
low.
From constraint (3.5a) we have

P
(
Wz̃j − V x̃j ≤ 0

)
≥ 1− αj

⇒ P
(Wz̃j − V x̃j − (Wzj − V xj)

σWz̃j−V x̃j

≤ −(Wzj − V xj)

σWz̃j−V x̃j

)
≥ 1− αj

(3.6)

where zj = E[z̃j ], xj = E[x̃j ] and σWz̃j−V x̃j =√
var(Wz̃j − V x̃j).

Next, by introducing some new variables ξ̃j , de-
fined by

ξ̃j =
Wz̃j − V x̃j − (Wzj − V xj)

σWz̃j−V x̃j

,

j = 1, ..., n, (3.7)

so that ξ̃j ∼ N(0, 1) (the standard normal
probability distribution with zero mean and unit
variance) and by direct substitution in (3.6) we
obtain

P
(
ξ̃j ≤

−(Wzj − V xj)

σWz̃j−V x̃j

)
≥ 1− αj ,

j = 1, ..., n. (3.8)

Since ξ̃j follows the standard normal probability
distribution, we have

Φ
(−(Wzj − V xj)

σWz̃j−V x̃j

)
≥ 1− αj , j = 1, ..., n.

(3.9)

According to the property of invertibility of Φ,
(3.9) can rewrite as

−(Wzj − V xj)

σWz̃j−V x̃j

≥ Φ−1(1− αj), j = 1, ..., n.

(3.10)

Now, by introducing nonnegative ”spacer vari-
ables”, ηj , as are introduced by Charnes and
Cooper [4], replace (3.10) with the following two
inequalities:

(Wzj − V xj)− Φ−1(αj)ηj ≤ 0, j = 1, ..., n,

(3.11)

Cαj [W
tΣzzW + V tΣxxV

− 2W tΣzxV − η2j ] ≤ 0, j = 1, ..., n,

where,

Cαj =


1 if αj < 0.5,
0 if αj = 0.5,
−1 if αj > 0.5.

Similarly, constraint (3.5b) in Model (3.5) could
be transformed to the next inequality,

(Uyj −Wzj)− Φ−1(αj)ζj ≤ 0, j = 1, ..., n,

(3.12)

Cαj [U
tΣyyU +W tΣzzW

− 2W tΣzyU − ζ2j ] ≤ 0, j = 1, ..., n,

For constraint (3.5c) in (3.5),

P

(
Wz̃o
V x̃o

≥ 1

)
≥ Φ(e

∗(o)
1l )

⇒ P
(
V x̃o −Wz̃o ≤ 0

)
≥ Φ(e

∗(o)
1l )

⇒ P

(
V x̃o −Wz̃o − (V xo −Wzo)

σV x̃o−Wz̃o

≤ −(V xo −Wzo)

σV x̃0−Wz̃o

)
≥ Φ(e

∗(o)
1l ), (3.13)

where zo = E[z̃o], xo = E[x̃o]. Now, by in-
troducing a new variable γ̃o, defined by γ̃o =
V x̃o−Wz̃o−(V xo−Wzo)

σV x̃o−Wz̃o
, so that γ̃o ∼ N(0, 1), and

by direct substitution in (3.13) we get

P

(
γ̃o ≤

−(V xo −Wzo)

σV x̃0−Wz̃o

)
≥ Φ(e

∗(o)
1l )

⇒ Φ

(
−(V xo −Wzo)

σV x̃0−Wz̃o

)
≥ Φ(e

∗(o)
1l )

Since Φ is a strictly increasing function, then

−(V xo −Wzo)

σV x̃0−Wz̃o

≥ e
∗(o)
1l .
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Thus by using Charnes and Cooper [4] approach
and introducing a non-negative variable, ςo, con-
straint (3.5c) could be converted to the following
two inequalities

(Wzo − V xo)− e
∗(o)
1 ςo ≤ 0, (3.14)

C
e
∗(o)
1l

[V tΣxoxoV +W tΣzozoW

− 2W tΣzoxoV − ς2o ] ≤ 0,

where

C
e
∗(o)
1l

=


1 if e

∗(o)
1l > 0,

0 if e
∗(o)
1l = 0,

−1 if e
∗(o)
1l < 0.

Now by replacing (3.5a), (3.5b), (3.5c) with
(3.11), (3.12) and (3.14) respectively, we then
have

e
∗(o)
2f = max P

(
Uỹo
Wz̃o

≥ 1

)
s.t. (3.15)

(Uyj −Wzj)− Φ−1(αj)ζj ≤ 0, j = 1, ..., n,

Cαj [U
tΣyyU +W tΣzzW

− 2W tΣzyU − ζ2j ] ≤ 0, j = 1, ..., n,

(Wzj − V xj)− Φ−1(αj)ηj ≤ 0, j = 1, ..., n,

Cαj [W
tΣzzW + V tΣxxV

− 2W tΣzxV − η2j ] ≤ 0, j = 1, ..., n,

(Wzo − V xo)− e
∗(o)
1l ςo ≤ 0,

C
e
∗(o)
1l

[V tΣxoxoV +W tΣzozoW

− 2W tΣzoxoV − ς2o ] ≤ 0,

W,U, V, ζ, η, ςo ≥ 0,

All constraints in (3.15) are deterministic; but
since the vectors ỹo and z̃o as random variables
are included in the objective function; this prob-
lem is still uncertainty. Clearly, it can be seen

that (3.15) is equivalent to

e
∗(o)
2f = Max γ

s.t. (3.16)

P

(
Uỹo
Wz̃o

≥ 1

)
≥ γ,

(Uyj −Wzj)− Φ−1(αj)ζj ≤ 0, j = 1, ..., n,

Cαj [U
tΣyyU +W tΣzzW

− 2W tΣzyU − ζ2j ] ≤ 0, j = 1, ..., n,

(Wzj − V xj)− Φ−1(αj)ηj ≤ 0, j = 1, ..., n,

Cαj [W
tΣzzW + V tΣxxV

− 2W tΣzxV − η2j ] ≤ 0, j = 1, ..., n,

(Wzo − V xo)− e
∗(o)
1l ςo ≤ 0,

C
e
∗(o)
1l

[V tΣxoxoV +W tΣzozoW

− 2W tΣzoxoV − ς2o ] ≤ 0,

W,U, V, ζ, η, ςo ≥ 0,

Proceeding as in Cooper et al.[8], the determin-
istic equivalent of the first constraint in (3.16) is
obtained as follows:

P

(
Uỹo
Wz̃o

≥ 1

)
≥ γ

⇒ P
(
Uỹo ≥ Wz̃o ≥ 1

)
≥ γ

⇒ P
(
Wz̃o − Uỹo ≤ 0

)
≥ γ

⇒ P
(Wz̃o − Uỹo − (Wzo − Uyo)

σWz̃o−Uỹo

≤ −(Wzo − Uyo)

σWz̃o−Uỹo

)
≥ γ

⇒ Φ

(
Uyo −Wzo
σWz̃o−Uỹo

)
≥ γ

⇒ Uyo −Wzo
σWz̃o−Uỹo

≥ Φ−1(γ).
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Hence, the problem (3.16) is equivalent to

e
∗(o)
2f = Max γ

s.t. (3.17)

Uyo −Wzo
σWz̃o−Uỹo

≥ Φ−1(γ),

(Uyj −Wzj)− Φ−1(αj)ζj ≤ 0,

j = 1, ..., n,

Cαj [U
tΣyyU +W tΣzzW

− 2W tΣzyU − ζ2j ] ≤ 0, j = 1, ..., n,

(Wzj − V xj)− Φ−1(αj)ηj ≤ 0,

j = 1, ..., n,

Cαj [W
tΣzzW + V tΣxxV

− 2W tΣzxV − η2j ] ≤ 0, j = 1, ..., n,

(Wzo − V xo)− e
∗(o)
1l ςo ≤ 0,

C
e
∗(o)
1l

[V tΣxoxoV +W tΣzozoW

− 2W tΣzoxoV − ς2o ] ≤ 0,

W,U, V, ζ, η, ςo ≥ 0,

This problem is deterministic but because of the
existence of denominator in the first constraint,
is non-convex [8]. To remove this difficulty, since
Φ−1(γ) is strictly increasing the function of γ,
(3.17) converts to the following problem

e
∗(o)
2f = Max θ

s.t. (3.18)

Uyo −Wzo
σWz̃o−Uỹo

≥ θ,

(Uyj −Wzj)− Φ−1(αj)ζj ≤ 0,

j = 1, ..., n,

Cαj [U
tΣyyU +W tΣzzW

− 2W tΣzyU − ζ2j ] ≤ 0, j = 1, ..., n,

(Wzj − V xj)− Φ−1(αj)ηj ≤ 0,

j = 1, ..., n,

Cαj [W
tΣzzW + V tΣxxV

− 2W tΣzxV − η2j ] ≤ 0, j = 1, ..., n,

(Wzo − V xo)− e
∗(o)
1l ςo ≤ 0,

C
e
∗(o)
1l

[V tΣxoxoV +W tΣzozoW

− 2W tΣzoxoV − ς2o ] ≤ 0,

W,U, V, ζ, η, ςo ≥ 0,

The models (3.17) and (3.18) have the same so-
lution structure. Therefore, we have:

θ∗ = Φ−1(γ∗) (3.19)

Clearly, we can see that (3.18) is equivalent to the
next problem:

e
∗(o)
2f = Max

Uyo −Wzo
σWz̃o−Uỹo

s.t. (3.20)

(Uyj −Wzj)− Φ−1(αj)ζj ≤ 0,

j = 1, ..., n,

Cαj [U
tΣyyU +W tΣzzW

− 2W tΣzyU − ζ2j ] ≤ 0, j = 1, ..., n,

(Wzj − V xj)− Φ−1(αj)ηj ≤ 0,

j = 1, ..., n,

Cαj [W
tΣzzW + V tΣxxV

− 2W tΣzxV − η2j ] ≤ 0, j = 1, ..., n,

(Wzo − V xo)− e
∗(o)
1l ςo ≤ 0,

C
e
∗(o)
1l

[V tΣxoxoV +W tΣzozoW

− 2W tΣzoxoV − ς2o ] ≤ 0,

W,U, V, ζ, η, ςo ≥ 0.

Since Uyo−Wzo
σWz̃o−Uỹo

is bounded from above by

Φ−1(αo), by introducing a positive variable, ϖ
, (3.20) is equivalent to
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e
∗(o)
2f = Max

Uyo −Wzo
ϖ

s.t. (3.21)

U tΣyoyoU +W tΣzozoW

− 2W tΣzoyoU −ϖ2 ≥ 0,

(Uyj −Wzj)− Φ−1(αj)ζj ≤ 0,

j = 1, ..., n,

Cαj [U
tΣyyU +W tΣzzW

− 2W tΣzyU − ζ2j ] ≤ 0, j = 1, ..., n,

(Wzj − V xj)− Φ−1(αj)ηj ≤ 0,

j = 1, ..., n,

Cαj [W
tΣzzW + V tΣxxV

− 2W tΣzxV − η2j ] ≤ 0, j = 1, ..., n,

(Wzo − V xo)− e
∗(o)
1l ςo ≤ 0,

C
e
∗(o)
1l

[V tΣxoxoV +W tΣzozoW

− 2W tΣzoxoV − ς2o ] ≤ 0,

W,U, V, ζ, η, ςo, ϖ ≥ 0.

The problem (3.21) involves a fractional objective
function. Hence, by using the Charnes-Cooper
transformation of linear fractional programming
(see, [3]), considering t := 1

ϖ , λ := tW, µ :=
tU, ν := tV, τj := tζj , ρj = tξj , πo := tςo, and
replacing them in (3.21), the following quadratic
programming problem is made:

e
∗(o)
2f = Max µyo − λzo

s.t. (3.22)

µtΣyoyoµ+ λtΣzozoλ− 2λtΣzoyoµ ≥ 1,

(µyj − λzj)− Φ−1(αj)τj ≤ 0, j = 1, ..., n,

Cαj [µ
tΣyyµ+ λtΣzzλ− 2λtΣzyµ− τ2j ] ≤ 0,

j = 1, ..., n,

(λzj − νxj)− Φ−1(αj)ρj ≤ 0, j = 1, ..., n,

Cαj [λ
tΣzzλ+ νtΣxxν − 2λtΣzxν − ρ2j ] ≤ 0,

j = 1, ..., n,

(λzo − νxo)− e
∗(o)
1l πo ≤ 0,

C
e
∗(o)
1l

[νtΣxoxoν + λtΣzozoλ− 2λtΣzoxoν

− π2
o ] ≤ 0,

λd, µr, ν, τj , ρj , πo ≥ 0.

Now for concluding of this section, Theorem (3.2)

present to show the relationship between solu-
tions of problems (3.5) and (3.22).

Theorem 3.2 Let (λ∗, µ∗, ν∗, τ∗, ρ∗, π∗) and
(W ∗, U∗, V ∗) be optimal solutions of (3.22) and
(3.5), respectively; then

Φ(µ∗yo − λ∗zo) = P

(
U∗ỹo
W ∗z̃o

≥ 1

)

Furthermore, is stochastically efficient if and only
if Φ(µ∗yo − λ∗zo) = αo.

Proof: From (3.19), we have Φ(µ∗yo − λ∗zo) =
γ∗, where γ∗ is the optimal solution of problem
(3.17). Because of the problem (3.14) is equiva-
lent to problem (3.5),

γ∗ = P

(
U∗ỹo
W ∗z̃o

≥ 1

)

and, consequently

Φ(µ∗yo − λ∗zo) = P

(
U∗ỹo
W ∗z̃o

≥ 1

)
.■

3.1.2 Transformation to linear program-
ming

Now, further, we adopt the single factor symmet-
ric disturbance assumption, i.e., following Cooper
et al. [8] suppose all components of any input,
intermediate and output are determined only by
a single random factor. Earlier, Sharpe [23] and
Kahane [12] examined the applications of the sin-
gle underlying factor assumption in finance and
economics. More explicitly,

x̃ij = xij + aijξ,

z̃dj = zdj + bdjη,

ỹrj = yrj + crjϵ,

where xij , aij , zdj , bdj , yrj , crj , are non-negative
and ξ, η, ϵ are independent standard normal dis-
tributed random variables. Also, xij , zdj , and yrj
are the expected values for x̃ij , z̃dj , and ỹrj re-
spectively, and aij , bdj , and crj are standard de-
viations for x̃ij , z̃dj , and ỹrj . Meanwhile, having
finite realizations and nonnegative distributions,
are reasonable restrictions for all x̃ij , z̃dj , and ỹrj
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[29]. Similar to those analysis used in the previ-
ous section, the problem (3.3) transform to the
following problem,

e
∗(o)
1l = Max (wzo − vxo)

s.t. (3.23)

|vao − wbo|≥ 1,

(vxj − wzj) ≥ Φ−1(1− αj)|vaj − wbj |,
j = 1, ..., n,

w, v ≥ 0.

Since there is the absolute value in the model
then, model (3.23) is a non-linear programming
problem. However, by using the goal program-
ming theory introduced by Charnes and Cooper
[2, 5], the problem (3.23) can be transformed to
a quadratic programming problem [8].
By considering

|vaj − wbj | = p+j + p−j ,

vaj − wbj = p+j − p−j ,

p+j p
−
j = 0,

p+j , p
−
j ≥ 0,

and, replace them in (3.23) we have

e
∗(o)
1l = Max (wzo − vxo)

s.t. (3.24)

p+j + p−j ≥ 1,

(vxj − wzj) ≥ Φ−1(1− αj)(p
+
j + p−j ),

j = 1, ..., n,

vaj − wbj = p+j − p−j , j = 1, ..., n,

p+j p
−
j = 0,

w, v, p+, p− ≥ 0.

Due to the existence of constraint p+j p
−
j = 0, the

problem (3.24) is a non-linear programming prob-
lem. Without this constraint, the problem is lin-
ear. Moreover, if linear programming problem
has an optimal solution, then has an optimal ex-
treme point and at this point at least one of values
of p+j or p−j is zero. Consequently, if we use the
simplex algorithm to solve this linear program-
ming, we can find this optimal extreme point and
we can avoid constraint p+j p

−
j = 0.

e
∗(o)
1l = Max (wzo − vxo)

s.t. (3.25)

p+j + p−j ≥ 1,

(vxj − wzj) ≥ Φ−1(1− αj)(p
+
j + p−j ),

j = 1, ..., n,

vaj − wbj = p+j − p−j , j = 1, ..., n,

w, v, p+, p− ≥ 0.

Also, for stage 2 as a follower, by employing anal-
ysis similar to those used in the previous sec-
tion, the problem (3.5) transform to the following
problem,

e
∗(o)
2f = Max (uyo − wzo)

s.t. (3.26)

|wbo − uco|≥ 1,

(wzj − uyj) ≥ Φ−1(1− αj)|wbj − ucj |,
j = 1, ..., n,

(vxj − wzj) ≥ Φ−1(1− αj)|vaj − wbj |,
j = 1, ..., n,

(wzo − vxo) ≥ e
∗(o)
1l |vao − wbo|,

w, v, u ≥ 0.

By considering

|wbj − ucj | = q+j + q−j ,

wbj − ucj = q+j − q−j ,

q+j q
−
j = 0,

q+j , q
−
j ≥ 0,

|vaj − wbj | = p+j + p−j ,

vaj − wbj = p+j − p−j ,

p+j p
−
j = 0,

p+j , p
−
j ≥ 0.
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and, replace them in (3.26) we have the following
non-linear programming:

e
∗(o)
2f = Max (uyo − wzo)

s.t. (3.27)

q+o + q−o ≥ 1,

(wzj − uyj) ≥ Φ−1(1− αj)(q
+
j + q−j ),

j = 1, ..., n,

wbj − ucj = q+j − q−j , j = 1, ..., n,

(vxj − wzj) ≥ Φ−1(1− αj)(p
+
j + p−j ),

j = 1, ..., n,

vaj − wbj = p+j − p−j , j = 1, ..., n,

(wzo − vxo) ≥ e
∗(o)
1l (p+o + p−o ),

q+j q
−
j = 0, j = 1, ..., n,

p+j p
−
j = 0, j = 1, ..., n,

w, v, u, p+, p−, q+, q− ≥ 0.

Similar to what was discussed before, linear form
of (3.27) is as follow

e
∗(o)
2f = Max (uyo − wzo)

s.t. (3.28)

q+o + q−o ≥ 1,

(wzj − uyj) ≥ Φ−1(1− αj)(q
+
j + q−j ),

j = 1, ..., n,

wbj − ucj = q+j − q−j , j = 1, ..., n,

(vxj − wzj) ≥ Φ−1(1− αj)(p
+
j + p−j ),

j = 1, ..., n,

vaj − wbj = p+j − p−j , j = 1, ..., n,

(wzo − vxo) ≥ e
∗(o)
1l (p+o + p−o ),

w, v, u, p+, p−, q+, q− ≥ 0.

3.1.3 Stage 2 is the leader, while Stage 1
is the follower

With the similar manner, we suppose the stage 2
is the leader. Therefore, the importance of the
second stage is more than the first stage (fol-
lower). Hence, the leaders efficiency is known and
the efficiency of follower is computed based on it.
Model (3.29), present efficiency of the Sub-DMU

in stage 2, as follow:

max P

(
Uỹo
Wz̃o

≥ 1

)
s.t. (3.29)

P

(
Uỹj
Wz̃j

≤ 1

)
≥ 1− αj ,

W,U ≥ 0.

By using the Cooper et al. [8] transformation in
stochastic programming, the deterministic model
can be obtained to the following model:

e
∗(o)
2l = max (uyo − wzo)

s.t. (3.30)

wtΣzozow + utΣyoyou− 2wtΣzoyou ≥ 1,

(uyj − wzj)− Φ−1(αj)ξj ≤ 0, j = 1, ..., n,

Cαj [w
tΣzzw + utΣyyu− 2wtΣzyu− ξ2j ] ≤ o,

j = 1, ..., n,

w, u, ξ ≥ 0,

The relation between optimal solutions of (3.29)
and (3.30) is exhibited as follow:

Theorem 3.3 Let (w∗, u∗, ν∗, ξ∗) and (W ∗, U∗)
be optimal solutions of (3.30) and (3.29), respec-
tively; then

Φ(u∗yo − w∗zo) = P

(
U∗ỹo
W ∗z̃o

≥ 1

)
.

Furthermore, is stochastically efficient if and only
if Φ(u∗yo − w∗zo) = αo.

In addition, by assuming single factor compo-
nents of any input, intermediate and output, the
deterministic linear programming model when
α ≤ 0.5 could be obtained as follows

e
∗(o)
2l = Max (uyo − wzo)

s.t. (3.31)

|wbo − uco|≥ 1,

(wzj − uyj) ≥ Φ−1(1− αj)|wbj − ucj |,
j = 1, ..., n,

w, u ≥ 0.

Since there is an absolute value in the model
(3.31) then this model is a non-linear program-
ming problem. However, by using the goal pro-
gramming theory introduced by Charnes and
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Cooper [2, 5], the problem (3.31) can become a
quadratic programming problem [8].
By considering

|wbj − ucj | = q+j + q−j ,

wbj − ucj = q+j − q−j ,

q+j q
−
j = 0,

q+j , q
−
j ≥ 0,

and, replace them in (3.31) we have

e
∗(o)
2l = Max (uyo − wzo)

s.t. (3.32)

q+j + q−j ≥ 1,

(wzj − uyj) ≥ Φ−1(1− αj)(q
+
j + q−j ),

j = 1, ..., n,

wbj − ucj = q+j − q−j , j = 1, ..., n,

q+j q
−
j = 0,

w, u, q+, q− ≥ 0.

And the linear form of (3.32) is as follow

e
∗(o)
2l = Max (uyo − wzo)

s.t. (3.33)

q+j + q−j ≥ 1,

(wzj − uyj) ≥ Φ−1(1− αj)(q
+
j + q−j ),

j = 1, ..., n,

wbj − ucj = q+j − q−j , j = 1, ..., n,

w, u, q+, q− ≥ 0.

According to the optimal solution of the sec-
ond stage, the following model calculates the ef-
ficiency of stage 1:

e
∗(o)
2f = max P

(
Wz̃o
V x̃o

≥ 1

)
s.t. (3.34)

P

(
Wz̃j
V x̃j

≤ 1

)
≥ 1− αj , j = 1, ..., n,

P

(
Uỹj
Wz̃j

≤ 1

)
≥ 1− αj , j = 1, ..., n,

P

(
Uỹo
Wz̃o

≥ 1

)
≥ Φ(e

∗(o)
2l ),

W,U, V ≥ 0,

and equivalent deterministic model of (3.34) is

e
∗(o)
1f = Max wzo − vxo

s.t. (3.35)

vtΣxoxov + wtΣzozow − 2wtΣxozov ≥ 1,

(wzj − vxj)− Φ−1(αj)τj ≤ 0, j = 1, ..., n,

Cαj [v
tΣxxv + wtΣzzw − 2vtΣzxw − τ2j ] ≤ 0,

j = 1, ..., n,

(uyj − wzj)− Φ−1(αj)ρj ≤ 0, j = 1, ..., n,

Cαj [w
tΣzzw + utΣyyu− 2wtΣzyu− ρ2j ] ≤ 0,

j = 1, ..., n,

(uyo − wzo)− e
∗(o)
1 πo ≤ 0,

C
e
∗(o)
1

[utΣyoyou+ wtΣzozow − 2wtΣzoyoν

− π2
o ] ≤ 0,

w, u, v, ρ, π, τ ≥ 0.

where

C
e
∗(o)
2l

=


1 if e

∗(o)
2l > 0,

0 if e
∗(o)
2l = 0,

−1 if e
∗(o)
2l < 0.

Theorem 3.4 Let (w∗, u∗, v∗, τ∗, ρ∗, π∗) and
(W ∗, U∗, V ∗) be optimal solutions of (3.35) and
(3.34), respectively; then

Φ(w∗zo − v∗xo) = P

(
W ∗z̃o
V ∗x̃o

≥ 1

)
Furthermore, is stochastically efficient if and only
if Φ(w∗zo − v∗xo) = αo.

Finally, by assuming the single factor of com-
ponents of input, intermediate and output, the
deterministic linear programming model when
α ≤ 0.5 could be obtained as follows

e
∗(o)
1f = Max (wzo − vxo)

s.t. (3.36)

|vao − wbo|≥ 1,

(wzj − uyj) ≥ Φ−1(1− αj)|wbj − ucj |,
j = 1, ..., n,

(vxj − wzj) ≥ Φ−1(1− αj)|vaj − wbj |,
j = 1, ..., n,

(uyo − wzo) ≥ e
∗(o)
2l |wbo − uco|,

w, v, u ≥ 0.
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By considering

|wbj − ucj | = q+j + q−j ,

wbj − ucj = q+j − q−j ,

q+j q
−
j = 0,

q+j , q
−
j ≥ 0,

|vaj − wbj | = p+j + p−j ,

vaj − wbj = p+j − p−j ,

p+j p
−
j = 0,

p+j , p
−
j ≥ 0.

And, replace them in (3.36) we have the following
non-linear programming:

e
∗(o)
1f = Max (wzo − vxo)

s.t. (3.37)

p+o + p−o ≥ 1,

(wzj − uyj) ≥ Φ−1(1− αj)(q
+
j + q−j ),

j = 1, ..., n,

wbj − ucj = q+j − q−j , j = 1, ..., n,

(vxj − wzj) ≥ Φ−1(1− αj)(p
+
j + p−j ),

j = 1, ..., n,

vaj − wbj = p+j − p−j , j = 1, ..., n,

(uyo − wzo) ≥ e
∗(o)
2l (q+o + q−o ),

p+j p
−
j = 0, j = 1, ..., n,

q+j q
−
j = 0, j = 1, ..., n,

w, v, u, q+, q−, q+, q− ≥ 0.

Finally, the following model is the linear form of
(3.37):

e
∗(o)
1f = Max (wzo − vxo)

s.t. (3.38)

p+o + p−o ≥ 1,

(wzj − uyj) ≥ Φ−1(1− αj)(q
+
j + q−j ),

j = 1, ..., n,

wbj − ucj = q+j − q−j , j = 1, ..., n,

(vxj − wzj) ≥ Φ−1(1− αj)(p
+
j + p−j ),

j = 1, ..., n,

vaj − wbj = p+j − p−j , j = 1, ..., n,

(uyo − wzo) ≥ e
∗(o)
2l (q+o + q−o ),

w, v, u, q+, q−, q+, q− ≥ 0.

Next theorem compares the efficiency of one stage
when it is follower and leader.

Theorem 3.5 For every optimal solution of

models (3.25) and (3.38), we have e
∗(o)
1f ≤ e

∗(o)
1l .

Proof:
Suppose (w∗, v∗, u∗, q+∗, q−∗, q+∗, q−∗) is optimal
solution of model (3.38). Since this solution is

a feasible solution of (3.25), therefore, e
∗(o)
1f ≤

e
∗(o)
1l .■

Theorem 3.6 For every optimal solution of

models (3.28) and (3.33), we have e
∗(o)
2f ≤ e

∗(o)
2l .

Proof: Similar to the proof of Theorem 3.5.■

Corollary 3.1 If one stage is efficient under level
α as a follower, then it is efficient under level α as
a leader. Also, if one stage is not efficient under
α level as a leader, then it is not efficient under
level α as a follower.

Theorem 3.7 For every level α ≤ α′, e
∗(o)
1f (α) ≥

e
∗(o)
1f (α′).

Proof: Let (w∗, v∗, u∗, q+∗, q−∗, q+∗, q−∗) is an
optimal solution of model (3.38) to evaluating
performance of DMUo in level α. Since Φ−1(α),
is a strictly increasing function if α ≤ α′ then
Φ−1(α) ≤ Φ−1(α′). Therefore

(λ∗zj − v∗xj)− Φ−1(α′)τ∗j

≤ (λ∗zj − v∗xj)− Φ−1(α′)τ∗j

≤ 0,

(µ∗yj − λ∗zj)− Φ−1(α′)ρ∗j

≤ (µ∗yj − λ∗zj)− Φ−1(α)ρ∗j

≤ 0,

Hence, (w∗, v∗, u∗, q+∗, q−∗, q+∗, q−∗) is an opti-
mal solution of model (3.38) to evaluating perfor-
mance of in level α′. According to maximization

model, e
∗(o)
1f (α) ≥ e

∗(o)
1f (α′).■

Theorem 3.8 For every level α < α′,

e
∗(o)
1l (α) ≥ e

∗(o)
1l (α′),

e
∗(o)
2l (α) ≥ e

∗(o)
2l (α′),

e
∗(o)
2f (α) ≥ e

∗(o)
2f (α′).
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Corollary 3.2 If one stage either as a leader
or follower is stochastically efficient under level
α′(α′ > α), then is stochastically efficient un-
der level α. In addition, if one stage either as
a leader or follower is not stochastically efficient
under level α, then it is not stochastically efficient
under level α′.

4 An illustrative application

After formulating our theoretical framework, we
apply our proposed model to a real case. In
performance evaluation studies, the commer-
cial banks efficiency has been an interesting
research.([29], [27], [20], [22]). The most of ex-
isting studies on bank benchmarking consider de-
terministic data.
We now apply stochastic data set of commer-
cial banks taken from Zhou et al.[29] to illus-
trate models proposed in the preceding sections.
In the computational studies, GAMS 23.5 and
MATLAB 2017a solve nonlinear problems.
Zhou et al. [29] used a dataset of 16 commercial
banks and assumed banking process as a kind of
network with the two-stage process. Stage 1, con-
sume Employee, Fixed assets, Expenses as inputs
to product Deposits and Interbank Deposits as
outputs. Then Stage 2, uses the productions of
stage 1 as inputs to produce Loan and Profit as fi-
nal outputs. Furthermore, all inputs and outputs
are supposed has the normal distribution. Real
data set of annual reports and internal databases
cover the period from 2000 to 2010 from the Al-
manac of Chinas Finance and Banking [29]. Table
1 listed the approximated mean values and stan-
dard derivations of 16 banks.
Table 2 shows the overall efficiency scores using
stochastic CCR DEA model where only considers
the inputs of stage 1 and outputs of stage 2 of the
process and avoid intermediate products, under
levels α = 0.1, ..., 0.5. It can be seen, DMUs 15
has the best performance at all levels. Since this
approach, do not have any information about the
performance of each stage, thus it is not appropri-
ate to ignore the internal structure and consider
it as a black box.
The efficiency scores using models (3.25) and
(3.28) under levels α = 0.1, ..., 0.5 are listed in
Table 3. It means stage 1 is as a leader and stage

2 as a follower. As we can see, DMU 15 have
the best performance, which indicates their both
stages are stochastically DEA efficient at all lev-
els. DMUs 2, 3, 9, 11, 14 and 16 perform the
worst, which indicates their both stages are not
stochastically DEA efficient under all levels. The
first stage of some DMUs is not stochastically ef-
ficient under all levels, while stage 2 is stochasti-
cally efficient under some levels. For example, in
DMU 1, under levels α = 0.1 and α = 0.2, stage
1 is not efficient while stage 2 is efficient. On
the contrary, the first stage of some DMUs such
as DMU 12 is stochastically efficient under some
levels, while the second stage is not stochastically
efficient. By comparing efficiencies under various
levels, we can find out about the importance of
selection of the decision makers confidence level
in evaluating the performance [29].
The efficiency scores under models (3.33) and
(3.38) are shown in Table 4. It means, stage 1
is as a follower and stage 2 is as a leader. As
mentioned, DMU 15 has the best performance,
which indicates in both stages are stochastically
DEA efficient under all levels. In addition, DMUs
2, 3, 9, 11, 14 and 16 perform the worst, which
indicates their both stages are not stochastically
DEA efficient under all levels.
From Table 3 and Table 4, we can understand
that, if one stage is efficient under level α as a fol-
lower, then it is efficient under level α as a leader,
and if one stage is not efficient under level α as a
leader, then it is not efficient under level α as a
follower. For instance, the second stage in DMU
1 is stochastically efficient under level α = 0.2
as a follower. It is stochastically efficient under
level α = 0.2 as a leader. While, the first stage of
DMU 1, is not stochastically efficient under level
α = 0.2 as a leader, it is not stochastically effi-
cient under level α = 0.2 as a follower.
Finally, we can conclude that the DMU 15 has
the best performance since they are stochastically
efficient for all models under all levels. This in-
dicates that one process is efficient if and only if
both sub-processes is efficient and the best per-
formance of only one sub-process cannot assure
the efficiency of the total process.



S. Mehdizadeh et al., /IJIM Vol. 12, No. 3 (2020) 245-261 257

Table 1: Estimated mean values and standard deviations of 16 banks

Table 2: Efficiency scores of stochastic CCR model
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Table 3: The efficiency scores of stochastic two-stage network DEA model (stage 1 as the leader, stage 2 as
the follower)

Table 4: The efficiency scores of stochastic two-stage network DEA model (stage 2 as the leader, stage 1 as
the follower)
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5 Conclusion

The present paper analyses the performance eval-
uation of network structures with the two-stage
process when the data are uncertainty. The
stochastic network DEA for performance evalu-
ation of two-stage processes according to non-
cooperative game theory is proposed. We fo-
cus on a more general class of stochastic mod-
els that Charnes and Cooper [4] refer to as P-
Model. Then, the chance-constrained and objec-
tive function of models are converted to deter-
ministic by using the Cooper et al. [8] approach.
The relationship between the optimal solution of
the stochastic model and deterministic model, ef-
ficiency of one stage as leader or follower, are dis-
cussed. The efficiency of one stage when is the
follower is less than or equal to the efficiency of
it when is the leader. Furthermore, the stochas-
tically efficiency of the entire process depends on
the stochastically efficiency of both sub-process
under non-cooperative stochastic network model.
We pint out this paper uses the concept of a non-
cooperative game theory. For further research,
one can examine the behavior of a network pro-
cess with two-stage structure by using the con-
cept of the cooperative game theory.
An empirical example of 16 commercial banks in
China to demonstrate the theoretical contribu-
tions of the current paper has been used. Within
an application, the procedure of banks is divided
into two processes, namely down payment pro-
ducing process and income making process [29].
Finally, the current model is according to con-
cepts of non-cooperative game theory and P-
model, how to modify this model by using con-
cepts of cooperative game theory and E-model is
left for future research.
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