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Abstract

Cyanobacteria (blue-green algae) such as microcystin, nodularins, saxitoxins, anatoxins, and cylin-
drospermopsin are caused a dangerous disease through drinking water. One of these toxins is
Microcystin-LR that the existence of a tiny amount of it in drinking water leads to liver damage
and cancer. Also, it makes a high cost of social and health spending. Even though Cyanobacteria
are resistant against disinfectants but it has been shown that ozone has high ability to cyanobacteria
detoxification. The dissolved ozone in aqueous leads to more disinfection and oxidation by OH radical
simultaneously. In this paper, we have presented the solution of the second-order ozone decomposition
system with OH radical and Microcystin-LR without dissolved organic content (DOC). It is achieved
that one can tackle with such a large problem by the least cost and time. The governing differential
system is solved by Optimal Homotopy Asymptotic Method (OHAM), and the obtained results are
illustrated by some plots. It has been shown that with a small amount of ozone and a little time, a
high dosage of Microcystin-LR can be altered to zero. For this purpose, the conditions PH=2, 4 and
7 have been evaluated at 10 ◦, 20 ◦, 30 ◦C.

Keywords : Cyanobacteria (blue-green algae); Microcystin-LR; Second order ozonation; Optimal Ho-
motopy Asymptotic Method.
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1 Introduction

I
n recent years, ozone has attained a special im-
portance as a strong oxidizing and disinfec-

tant; and in human life, this element has become
widely used including cancer prevention, medi-
cal treatment, disinfection of pools, sewage treat-
ment, ozone layer repair, and so on. Evidently,
to use ozone requires enough knowledge about
the nature and chemical interactions of it. With
more knowledge about application and combina-
tion of this element with the other elements will
be determined its benefits and disadvantages. Re-

387

http://ijim.srbiau.ac.ir/


388 S. Pourjafar et al., /IJIM Vol. 12, No. 4 (2020) 387-396

searchers have shown that the existence of more
than 5 mg of ozone in our living environment in-
creases the probability of cancer; so, we must con-
sider the special situation and avoid consumption
more than requirement for different applications.
Notice that ozone production requires the expen-
sive devices and more safe and disinfection does
not always occur with increasing ozone dosage.
So, determination of the amount effectiveness of
ozone in projects must be important. Ozone
tends strongly to have combination with other
materials and its strong oxidant properties are
formed various chemical interactions. Ozone has
a short life and it is simply converted into oxygen.
Because of ozone is a powerful oxidant, it posses
to destroy the toxins produced by cyanobacteria
and on this basis is the preferred disinfectant for
water supplies [8]. Guarding our workplaces and
life environment from contamination, and saving
operating costs can be incentives to avoid unnec-
essary ozone production. for this purpose one can
identify a suitable physicochemical model. The
model has to determine the suitable values of pa-
rameters such as PH, temperature, and even du-
ration of application time of ozone. To reach this
goal, in this paper, a special system is used to de-
termine the amount of soluble and time use ozone
to eliminate Microcystin-LR under different con-
dition PH, T and also OH radical.

2 The special second order
ozonation system for disinfec-
tion of Algae in drinking wa-
ter

In recent years, extensive researchs have been car-
ried out on the use of ozone to disinfect water.
It is natural that the factors such as pH, tem-
perature, and organic and mineral substances in
water can affect the decomposition of ozone and
the amount of using.Ozone, as a strong oxidiz-
ing agent, has various processes for the treat-
ment of minerals and organic matters in drink-
ing water and sewage. According to the char-
acteristics of ozone, self-decomposition also takes
place. Therefore, different environmental condi-
tions affect ozone consumption and determining
the ratio concentrations of OH and O3. Ozone

is more disinfectant than chlorine combinations
towards most microorganism species [6]. But de-
spite of ozone reaction with many of microbial
materials and resulting disinfection them, ozone
doesn’t react with many inorganic and organic
species [3, 4]. One of ozone’s products, is the hy-
droxyl radical (OH) which is highly reactive and a
powerful oxidant in reaction with ozone resistant
micro pollutants. Because of high reactivity of
OH radical towards the water matrix and ozone,
measuring of OH radical during the process of
ozonation is difficult and this speciallity causes
that the steady-state of ozone concentration typ-
ically leads about 10−12 [1]. Basically, the oxi-
dation of compounds by ozonation requires three
elements, Ozone concentration, OH radical con-
centration, and second order rate constants for
reaction of OH and O3 with special compounds.
Cyanobacteria (blue-green algae) produce toxins
such as microcystins, nodularins, saxitoxins, ana-
toxins and cylindrospermopsin that imperil the
safety of drinking water. The important hazard
of these toxins is liver damage including liver can-
cer [11]. Based on the WHO guideline, maxi-
mum allowed concentration of cyanobacteria for
drinking water has been determined 1µg/l [2].
Microcystin-LR ozonation is easily with the rate
constant k = 3.4 × 104M−1s−1[9], The experi-
ments by ozone illustrate that only small reac-
tion time and ozone doses are sufficient to oxi-
dize Microcystin-LR [7]. Based on the chemical
structure of Microcystin-LR (double bonds and
/or amino groups) and similarity to nodularin,
anatoxine-a, anatoxina(s) and saxitoxins, also re-
act with ozone at a fast speed [11]. Under certain
experimental conditions, i.e., agitation 100 rpm,
temperature range from 10◦c to 40◦C and PH
range from 2.5 to 9, the following ozone decom-
position rate was determined

rO3 =
3.26× 105exp(−4964/T )[O3]
+5.69× 1018exp(−10130/T )×
[OH−]

1/2
[O3]

3/2(mol/L×min).

(2.1)

The main causes of this decomposition are the
direct ozone reaction and the hydroxide ion ini-
tiation of decomposition. Experimental and cal-
culated ozone concentrations agree with in 10 %
for 95 % of the experiments [10].
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Due to the rapid and immediate reaction of ozone
to Microcystin-LR, the role of OH only in O3 de-
composition can be benefit and using the follow-
ing system, the curve of ozone and the reduction
of Microcystin-LR is obtained.

rM = −kM [O3][M ],

rO3 = −kD[O3]− kR[OH−]
1/2

×[O3]
3/2 − kM [O3][M ].

(2.2)

where O3 and M denote ozone and Microcystin-
LR variables, respectively. Also, kD, kR and kM
illustrate, in turn, the rate constant of direct de-
composition of ozone, the rate constant of ozone
reaction by OH radical, and the rate constant of
ozone with Microsystin-LR. In addition, [.] deter-
mines the concentration of a special matter. [OH]
is dependent to concentration of O3 and Rct, that
is a measure of the ratio of the concentrations
of OH and O3, (i.e. Rct = [OH] [O3]) typically
varies 10−9 − 10−7 (M/M) for various water [11].

3 Basic Idea of OHAM

One of the numerical methods to solve a differ-
ential system is optimal homotopy asymptotic.
Consider the following system,

L1 [u1(x)] + g1(x)+
N1 [u1(x), . . . un(x)] = 0,
x ∈ D,B1(u1(x), du1(x) /dx = 0,
L2 [u2(x)] + g2(x)+
N2 [u1(x), . . . un(x)] = 0,
x ∈ D,B2(u2(x), du2(x) /dx) = 0,

...
Ln [un(x)] + gn(x)+
Nn [u1(x), . . . un(x)] = 0,
x ∈ D,Bn(un(x), dun(x) /dx) = 0.

(3.3)

where x is an independent variable, u(x) an un-
known function and g(x) a known function of x
with domain D. Bi, Li and Ni are boundary, lin-
ear and nonlinear operators [5].
To illustrate idea of HAM, for each equation of
the system, we construct a family of equations as
follows:

(1− p)[Li(φi(x; p, Cij)) + gi(x)] =
Hi(x; p, Cij)[Li(φi(x; p, Cij))+
gi(x) +Ni(φi(x; p, Cij))].

(3.4)

whereφi(x, p, Cij)is an unknown function
with convergence-control parameters Cij , i =
1, 2, . . . , n, j = 1, 2, . . . , s. p ∈ [0, 1] is the em-
bedding parameter and Hi(x, p, Cij) is a nonzero
auxiliary function, exceptHi (x, 0, Cij) = 0. If
p = 0 then φi (x, 0, Cij) = ui0 (x) and with
p = 1 one gets φi (x, 1, Cij) = ui (x,Cij) , i =
1, 2, . . . , n, j = 1, 2, . . . , s. thus, as changes from
0 to 1,
φi (x, p, Cij) deforms from ui0 (x) to ui (x,Cij) .
Now, when p = 0, we obtain ui0 (x) by solving
the following equations,

Li [ui0(x)] + gi(x) = 0,

Bi(ui0 ,
dui0
dx ) = 0. i = 1, 2, . . . , n.

(3.5)

Then, we select Hi (x, p, Cij) in the form as fol-
lows:

Hi(x; p, Cij) = pHi1(x;Cij)+
p2Hi2(x;Cik) + . . .
i = 1, 2, . . . , n, j = 1, 2, . . . , k = 1, 2, . . . ,

(3.6)
where Hi (x;Cij) are auxiliary functions in terms
of independent variable x and convergence control
parameters Cij , i = 1, 2, . . . , n, j = 1, 2, . . . , s.
Suppose that:

φi (x; p, Cij) = ui0 (x) +
∞∑
k≥1

uik (x;Cij) p
k,

i = 1, 2, . . . , n, j = 1, 2, . . . , s.
(3.7)

Now, by equating the coefficients with the same
powers of p , one can obtain

Li(ui1(x,Cij)) = Hi1(x,Cij)Ni0(ui0(x)),

B(ui1 ,
dui1
dx ) = 0.

(3.8)
And

Li(uil(x;Cij)− uil−1
(x,Cij)) =

Hi1(x;Cij)Ni0(ui0(x))

+
l−1∑
i=1

Hil(x;Cij)L(uil−i
(x;Cij))

+Nil−i
(ui0(x), . . . , uil−i

(x;Cij)),

B(uil ,
duil
dx ) = 0, l = 2, 3, . . . ,

(3.9)

where

Ni(φi(x; p, Cij)) = Ni0(ui0(x))+
Ni1(ui0(x), ui1(x;Cij))p+Ni2(ui0(x),
ui1(x;Cij), ui2(x;Cij))p

2 + . . . ,
(3.10)
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and Nim(ui0(x), ui1(x;Cij), . . . , uim(x;Cij)), are
the coefficients of pm, in the expansion of
Ni(φi(x; p, Cij)) , as a power series in terms of
embedding parameter p . Noting that by basis
of convergence, when p = 1, then the following
solution is exact

φi(x; 1, Cij) = ui(x;Cij) = ui0(x)+∑
l≥1

uil(x;Cij), j = 1, 2, . . . , s, (3.11)

and

Li [ui(x,Cij)] + gi(x) +Ni [ui(x,Cij)] = 0,
x ∈ D, j = 1, 2, ..s, i = 1, 2, ..n.

(3.12)
Also, the m-th order approximate solution will be
determined as follows

ui(x;Cij) = ui0(x) +
m∑
l≥1

uil(x,Cij),

j = 1, 2, . . . s.

(3.13)

Consequently, the following residual will obtain

Ri(x,Cij) =
Li [ui (x,Cij)] + gi(x) +Ni [ui (x,Cij)] ,
x ∈ D, j = 1, 2, ..., s, i = 1, 2, .., n.

(3.14)
Because the convergence-control parameters ef-
fect on the approximate solution, we use the least
square method to determine the optimal values of
these parameters.Thus, suppose

Ji(Ci1, Ci2, . . . , Cis) =∫ b
a Ri

2(x,Ci1, Ci2, . . . , Cis) dx,
i = 1, 2, . . . , n,

(3.15)

and solve the following equations

∂Ji
∂C1

= ∂Ji
∂C2

= · · · = ∂Ji
∂Cs = 0.

i = 1, 2, . . . , n.
(3.16)

4 Application of OHAM to
solve a second order decom-
position of ozone system

Consider the following system of ozone decom-
position in aqueous solution which illustrates
the consumption of ozone for decaying of pure
Microcystin-LR without NOM.

dM
dt = −kMO3(t)M(t),

dO3
dt = −kD O3(t)− kR[OH−]

1/2
O3(t)

3/2

−kMO3(t)M(t),

where O3 (t) and M (t)are concentration of dis-
solved ozone (O3), and Microcystin-LR at time
t(mgL−1), respectively. KD is the rate constant
of direct ozone decomposition (l/mg min) and
KR is the rate constant of ozone decomposition
with OH radical (l/mg min). By OHAM, we have



(1− p)(dO3
dt ) = H1(x; p, ci)×

(dO3
dt + kDO3(t) + kR[OH−]

1/2
O3(t)

3/2+
kMO3(t)M(t)),

(1− p)(dMdt ) = H2(x; p, ci)[
dM
dt +

kMO3(t)M(t)]

where

{
H1(x; p, ci) = c1p+ c2p

2,
H2(x; p, cj) = c3p+ c4p

2,

p ∈ [0, 1], is the embedding parameter in the aux-
iliary functions H1,H2 and ci, i = 1, 2, 3, 4 are
convergence-control parameters.
We expand O3 (t) and M (t) by Taylor expansion,
as follows:

O3(t) = O30(t) +
∞∑
i=1

pi.O3i(t),

M(t) = M0(t) +
∞∑
i=1

pi.Mi(t).

Then, after substituting the expansion of O3 (t)
and M (t) in the system, we select the coefficient
of the same powers in p , thus we have:

p0 :


d
dtO30(t) = 0,

d
dtM0(t) = 0.

p1 :



d
dtO31(t) =

d
dtO30(t) + c1[

d
dtO30(t)

+KDO30(t) +KR(OH)1/2O30(t)
3/2

+KMM0(t)O30(t)],

d
dtM1(t) =

d
dtM0(t) + c3[

d
dtM0(t)

+KMM0(t)O30(t)]. .
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p2 :



d
dtO32(t) =

d
dtO31(t) + c1[

d
dtO31(t)+

KDO31(t) +KR(OH)1/2O31(t)
3/2+

KM (M1(t)O30(t) +M0(t)O31(t))]+

c2[
d
dtO30(t) +KDO30(t) +KR×

(OH)1/2O30(t)
3/2 +KM (M2(t)O30(t)

+M1(t)O31(t) +M0(t)O32(t))],

d
dtM2(t) =

d
dtM1(t) + c3[

d
dtM1(t)+

KMM0(t)O31(t) +M1(t)O30(t)]+

c4[
d
dtM0(t) +KM (M2(t)O30(t)+

M1(t)O31(t) +M0(t)O32(t))].

Note that, KM is the rate constant of ozone
with Microcystin-LR, also the relationship KD

and KR are the rate constants of the direct
ozone reaction and the reaction by ozone with
OH radical, according to the values of the
presented parameter T. We use the values of
parameters and the initial values of ozone and
Microcystin-LR in table 1. When the PH of
water is lower than 3, OH reacts hardly with
Ozone. So, the reaction ozone with OH radical
is negligible and the process follows with the
first order ozone reaction.The experimental
research by Sotelo et al [10], determines the val-
ues of KD = .82 10−2, 1.41 10−2, 2.32 10−2,
and 4.50 10−2M−1min−1 in terms of
T=283, 293, 303, 313 K, respectively. Thus
with this values and the following system at
PH = 2, will have the convergence-control
parameters by OHAM, as follows:

dM
dt = −kM O3 (t)M(t),

dO3
dt = −kD[O3 (t)]− kM [O3 (t)][M (t)].

c1 = 0.20323584521994994584,

c2 = −0.53229930407629777170,

c3 = −0.048678308189044673405,

c4 = 0.036032665254147234638.

The results illustrate that at after 1 minute con-
sume almost 16%, 27% ozone and as a result de-
structs almost 43%, 75% Microcystin-LR, in re-
spectively. But when after almost 51 s, consume
all of ozone and destruct all of Microcystin-LR.
Note that, by increasing the initial value of ozone
from 0.1 mgL−1 to 1 mg/L, under conditions
PH=2, T=283, 293 and 303K, the convergence

Figure 1: Concentration of dissolved ozone ver-
sus time with PH = 2, O3 = 0.1mgL−1, T = 10◦C
(dot),20◦C(dash dot) and 30◦C (space dash).

Figure 2: Concentration of Microcystin-LR ver-
sus time with PH = 2, O3 = 0.1mgL−1, T = 10◦C
(dot), 20◦C (dash dot) and 30◦C (space dash).

control parameters determine as follows:

c1 = 0.09340890655434991705,

c2 = 0.2345552560850305403,

c3 = −0.002558151866104257493,

c4 = 0.000106433851315227899,

and with 1 mgL−1 ozone, dont decrease the time
of distraction of Microcystin-LR and after 61 sec-
onds, which is in addition 10 s more than with
0.1 mgL−1 initial ozone, decay all of Microcystin-
LR.
If PH varies to 4, and T = 283, 293, 303K,
then KM changes to 4.41 104, 6.52 104, 9.50 104

, respectively [8]. Also, we use KD = 3.26 ×
105exp(−4964/T ) , for all PH greater than 3, and
apply the following system,

dM
dt = −kMO3(t)M(t),

dM
dt = −kDO3(t)

−kR[OH−]
1/2

O3(t)
3/2 − kMO3(t)M(t),

Using OHAM to solve the above ozonation sys-
tem, one can obtain the following convergence
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Table 1: Parameters and initial values.

Parameter Value

KD 3.26 ∗ 105e(−4964/T )

KR 5.69 ∗ 1018e(−10130/T )

KM 5.8 ∗ 104, 1.02 ∗ 105, 1.61 ∗ 105
O3(0),M 2.1 ∗ 10−6(0.1mg/l)
M(0),M 5 ∗ 10−7(500µg/l)
OH, M 2.1 ∗ 10−15

T, K 283, 293, 303
PH 2
Rct,M/M 10−9

Figure 3: Concentration of dissolved ozone ver-
sus time with PH = 2, O3 = 1 mgL−1, T = 10◦C
(dot),20◦C(dash dot) and 30◦C (space dash).

Figure 4: Concentration of Microcystin-LR ver-
sus time with PH = 2, O3 = 1 mgL−1, T = 10◦C
(dot), 20◦C(dash dot) and30◦C (space dash).

control parameters,

T = 283,

c1 = 0.18824083172158575564,

c2 = 0.52539394964018297398,

c3 = −0.047346255885761162433,

c4 = −0.007616376933799734232.

T = 293, 303,

c1 = 0.18915243839855876702,

c2 = −0.52511075336193013725,

c3 = −0.048554192855649067678,

c4 = −0.017840610983610175800.

With the obtained control parameters, can ob-
serve after 1 minute consume almost 16% , 23%
ozone for destruction of 55%, 91% Microcystin-
LR in temperature 283K and 293K, respectively;
but in temperature 303K, after 45 s destruct all
of Microcystin-LR.
In condition PH=4, if one increases the initial

Figure 5: Concentration of dissolved ozone ver-
sus time with PH = 4, O3 = 0.1 mgL−1, T =
10◦C(dot),20◦C(dash dot) and 30◦C (space dash).

value of ozone from 0.1 mgL−1 to 1 mgL−1,
with the following convergence control param-
eters determined by OHAM, destruction all of
Microcystin-LR occur after 51 seconds at T=30
C, which destruction time will increase 6 seconds
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Figure 6: Concentration of Microcystin-LR ver-
sus time with PH = 4, O3 = 0.1mgL−1, T = 10◦C
(dot), 20◦C (dash dot) and 30◦C (space dash).

more than first situation.

T = 283, 293, 303,

c1 = 0.09024189614704221862,

c2 = −0.2291530701380411301,

c3 = −0.002685408144405715442,

c4 = −0.00464760654065190654.

Figure 7: Concentration of dissolved ozone ver-
sus time with PH = 4, O3 = 1 mgL−1, T = 10◦C
(dot),20◦C(dash dot) and 30◦C(space dash).

Figure 8: Concentration of Microcystin-LR ver-
sus time with PH = 4, O3 = 1 mgL−1, T = 10◦C
(dot), 20◦C(dash dot) and 30◦C(space dash).

Figure 9: Concentration of dissolved ozone ver-
sus time with PH = 4, O3 = 0.1 mgL−1, T =
10◦C(dot),20◦C(dash dot) and 30◦C(space dash).

Figure 10: Concentration of Microcystin-LR ver-
sus time with PH = 4, O3 = 0.1 mgL−1, T =
10◦C(dot),20◦C (dash dot) and 30◦C(space dash).

With changing PH to 7, and tempera-
tures 283,293 and 303, the KM presents
2.32 104, 3.80 104, 5.22 104 respectively [8]. We
obtain the convergence control parameters as fol-
lows

T = 283, 293,

c1 = 0.085480673051247223585,

c2 = −0.33993952675446395751,

c3 = −0.026811622781456872962,

c4 = −0.14060961414839173034.

T = 303,

c1 = 0.023864070249140433419,

c2 = −0.19636156162659885339,

c3 = −0.012805949699378160307,

c4 = −0.18404989089658719425.

In PH=7, after 1 minute ozonation in tempera-
ture 283, is consumed 12% ozone and almost 56%
of Microcystin-LR destructs and in temperature
293 with 20% ozone, 92% of Microcystin-LR
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Figure 11: Concentration of dissolved ozone ver-
sus time with PH = 7, O3 = 1 mgL−1, T =
10◦C(dot),20◦C(dash dot) and 30◦C (space dash).

Figure 12: Concentration of Microcystin-LR ver-
sus time with PH = 7, O3 = 1 mgL−1, T = 10◦C
(dot),20◦C (dash dot) and 30◦C (space dash).

Figure 13: Concentration of dissolved ozone ver-
sus time with PH = 7, O3 = 0.2 mgL−1, T =
10◦C(dot),20◦C(dash dot) and 30◦C (space dash).

destroys. But in temperature 303, after 44s all
of ozone consumes and all of Microcystin-LR
destroys.

In PH=7, with changing the initial value of
ozone from 0.1 mgL−1 to 1 mgL−1, in temper-
ature 30◦C by the following control parameters
after 46 seconds the value of Microcystin-LR will
be zero, which the time is more than before test.

Figure 14: Concentration of Microcystin-LR ver-
sus time with PH = 7, O3 = 0.2 mgL−1, T =
10◦C(dot), 20◦C (dash dot) and 30◦C (space
dash).

Figure 15: Concentration of dissolved ozone ver-
sus time with PH = 7, O3 = 0.3 mgl−1, T =
10◦C(dot),20◦C(dash dot) and 30◦C (space dash).

Figure 16: Concentration of Microcystin-LR ver-
sus time with PH = 7, O3 = 0.3mgL−1, T = 10◦C
(dot), 20◦C (dash dot) and 30◦C (space dash).

T = 283, 293, 303,

c1 = 0.0726278100719406268,

c2 = −0.1914638794293427372,

c3 = −0.002494544258988298589,

c4 = −0.01522467870102714533.

We calculate the problem with 0.2 mgL−1 ozone
and the same other conditions. Microcystin-LR
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completely decay after 41 seconds, but consume
almost 0.032 mgL−1 of ozone.
If we increase the value of initial ozone to
0.3 mgL−1, the result is not better and after con-
sumption 0.042 mgL−1 of ozone and after 44 sec-
onds the value of Microcystin-LR gets to zero.

5 Conclusion

The spread of chronic diseases, including cancers,
has led humans to think about the roots of dis-
eases, including drinking water, which makes life
impossible without it. Cyanobacteria (green-blue
algae) are the cause of production of toxic sub-
stances and chronic diseases that have different
resistance to disinfectants. One of these prod-
ucts is Microcystin-LR that can cause chronic
liver disease, even liver cancer. Ozone is a strong
oxidizing and disinfectant substance, and by ap-
plying a small amount of ozone, one can disinfect
the Microcystin-LR. In this paper, Ozone decom-
position was evaluated in water with PHs and
temperatures ranging between 2, 4 and 7 and
10◦C, 20◦C, and 30◦C, respectively. A specific
type of second-order ozone reaction with pure
Microcystin-LR without dissolved organic con-
tent (DOC) has been considered and used the nu-
meric method OHAM to solve the respective dif-
ferential system. The result shows, with an initial
value of 0.1 − 0.2 mgL−1 ozone, and at 30◦C, it
would be possible to eliminate all of Microcystin-
LR in less than a minute. We also found that
with an arbitrary increase in the initial amount
of ozone, Microcystin-LR elimination time would
not be reduced, and ozone levels should be op-
timized to avoid oversized ozone (which could
be problematic itself). It has been shown that
500 mgL−1 Microcystin-LR can be eliminated
with 0.2 mgL−1 of initial ozone in 41 seconds,
while initial values of more than 0.2 mgL−1 will
not decrease the duration of removal Microcystin-
LR.
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[3] J. Hoigné, H. Bader, Rate constants of re-
actions of ozone with organic and inorganic
compounds in water: non-dissociating or-
ganic compounds, Water Research 17 (1983)
173-183.
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