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Abstract

The portfolio is a perfect combination of stock or assets, which an investor buys them. The
objective of the portfolio is to divide the investment risk among several shares. Using non-parametric
DEA and DEA-R methods can be of great significance in estimating portfolio. In the present paper,
the efficient portfolio is estimated by using non-radial DEA and DEA-R models. By proposing non-
radial models in DEA-R when there is ratio data the efficient portfolio is determined. At the end of the
study, an applicatory example based on article [2] with non-radial DEA and DEA-R models has been

conducted and results are presented.
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1. Introduction

DEA is a technique to calculate the relative
efficiency of a set of decision-making units
conducted by the mathematical programming.
DEA divides decision-making units into two
categories of efficient and inefficient and
by

determining the amount of efficiency. For the

compares decision-making  units
first time Farrell [1] proposed using non-

parametric methods to determine the
efficiency. His suggestion has been extended
by Charnes and Cooper inRhodes’PhD thesis
[2] was called DEA. In his study, Rhodes
analyzed student achievement in American
schools and presented the CCR model in
cooperation with Charnes-Cooper model.
Then, in 1984, DEA method was developed by
Banker, Charnes and Cooper under a model
named BCC [3]. Furthermore, in addition to
CCR and BCC models other models were also
presented later in DEA.

Shareholders usually form a collection of
financial assets known as portfolio in order to
reduce the investment risk. The monetary or
cash value of the portfolio of any legal or
natural person is the value of the portfolio. The
portfolio is the most important factor in
valuation of investment companies listed on
the Stock Exchange. In order to reduce risk,
The portfolio is selected in a way that in
normal circumstances the possibility of
reduction in the efficiency of all assets (i.e.
purchased shares) is close to zero. In this case,

like other countries the portfolio plays an
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important role in stock market in Iran. Along
with the dramatic growth of DEA and the
focus on the input and output data, the subject
of ratio data was introduced. With the
integration of DEA and Ratio analysis, Despic
at al. proposed ratio-based analysis of DEA
(DEA-R) [4]. Wei et al. indicated false in 21
medical centers inefficiency in Taiwan by
utilizing DEA-R models [5]. Later, Wei et al.
studied problems of CCR model in DEA and
advantages of DEA-R [6]. In addition, Wei et
al. measured the efficiency and super
efficiency by developing input oriented DEA-
R and constant returns to scale models [7].
With the introduction of DEA-R for ratio data
Liu et al. proposed DEA models with hidden
input from a different viewpoints and studied
15 research institutes with ratio data in China
[8]. Following this path, Mozaffari et al.
studied the relationship between DEA and
DEA-R models [9]. Mozaffari et al. compared
efficiency of cost and revenue in DEA and
DEA-R [10].

Overall efficient portfolio is estimated by non-
parametric methods due to large data and
multiple inputs and outputs. Even if there are
ratio input and output, the portfolio is
estimated as optimized. Another approach was
considered in the study published by Joro and
Na [11], and Vorst [12]. By -considering
diversification, Briec et al. also developed a
quadratic constraint nonlinear DEA model in
the mean-variance framework for a single

period [15]. Liu et al. [13] applied the DEA



F.najafi, et al /IIDEA Vol.4, No.1, (2016).929-938

model for Estimation of portfolio efficiency.
Juo et al. [14] discussed profit-oriented
productivity change. Briec and Kerstens
extended the multi-horizon mean-variance
portfolio analysis. [16,17]. In the present
study, in addition to the radial and non-radial
models ratio-based models are also utilized in
order to estimate efficient portfolio. In
specific, in this study a proper algorithm is
recommended for efficient portfolio using
non-parametric methods such as the DEA and
DEA-R. This article is structured as follows:
in the second section the basic concepts of
statistics, DEA and DEA-R are presented. In
the third and fourth sections, non-radial
models are recommended for determining
efficient portfolio in DEA and DEA-R. In the

last section, a case study will be provided.

2. Basic Concepts
In this section the basic concepts of statistics,

DEA and DEA-R are briefly stated.

2-1.Review of Co-Variance and Correlation
Coefficient

If X is a one-dimensional random variable in
discrete space, the expected value and variance
of X are obtained from the following equation,
respectively:

V(X)=EX?) - (E(X))? & E(X)=LiL1 xiP(xi)
Where P (x;) is the probability density
function.

Definition 1: in variance if the number of
variables is more than one, there is new
concept called Covariance calculated from the

following equation:
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8i=Cov(X, V) = E ((X; = EX))(¥; — E(%)) =
E(X;Y;) — EX)DEY)

Definition 2: In the case of more than one
variable in addition to covariance another
concept called correlation coefficient that is a

double operator defined as
Cov(X)Y)

JVXOv ()

we have a correlation coefficient matrix which

p(X,)Y)= such that|pX,y| <1. Thus,

is the positive-definite matrix and its main
diagonal elements are all one.

Note 1. If X is a random vector and ‘a’ is a
vector that is the transpose of the row matrix,

T
a,

the variance and standard deviation are
defined as follows:

i=1 Xj=1 @iaga; = V(a'X) =0?ry

2.2 Overview of the concepts of DEA

The production function is a function that
provides maximum  output for any
combination of input. In most cases, obtaining
a production function is not an easy task, due
to the complexity of the production process,
change in the production technology and the
multi-validness of the production function.
This means that in most cases, a vector of

inputs such asX;=(xy,...,Xxn) produces an
output vector such as ¥;=(yi,...,ys).

The purpose of DEA is to calculate the
efficiency of a decision-making unit according
to the

production function. Meanwhile,

calculating the production function is not an
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easy task and in some cases, it is impossible.

Therefore, a set named the production
possibility set is made and its boundary is
considered as an approximate of the
production function. The production function
obtained from the production possibility set is
the proximate boundary which is intended
according to the production technologies. The
production possibility set shown by T is
defined as follows:

T={(X,Y)| X vector produces Y vector }.
Consider the production possibility of (6Xo,
Yo) where Y >Yo and 0 < 6Xo < Xo. If we
want put this possibility on the frontier, then 0
is the lowest amount which (6Xo, Yo) will be
on the frontier of Tc. If 6 <I, then the
production possibility in which the input is
0Xo and its output is at least Yo , i.e. the 6Xo<
Xo and Y>Yo will dominate DMUo.
Therefore, in order to reduce inputs and to
evaluate DMU,, Charnes et al. introduced
CCR modelas follows:

Min 6

ST Xiz1x;j<0x;, i=1,....m, (1)
Yi=1AYrj = Yro T=1,.8,

A=0

i=1,...n.

3. Determining the portfolio in non-radial
model of DEA

Assume that there are m portfolios under
analysis such that a/=(a;’,a,’, ...,a,,’)and
Y r=rPand o/ = ¥, YL, aifoya)

for j = 1,2,

..., m are the weight of the

portfolio, the expected return and standard
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deviation (risk) of the j™ portfolio, respectively.
First consider the subject as risk-free assets. In
Figure (1) the horizontal axis represents the
standard deviation and the vertical axis
represents the expected return and B; CB, curve
represents the efficient frontier of portfolio.
Suppose that A (r, o) is one share and
B;(r®,c® « B,(r®?),6@) and C(r®),s®)
are theoptimized portfolio on the boundary.
Therefore, using different distances different PE

(efficient portfolios) is defined as follows:

PE} = 7 2)
(2)

PER = Z— 3)
_o=o®

PE;; = —3— 4)
1+ =
1 —o® 3

PEj; = ;((1— Z——)+1+ —) ()

In this section, by using additive and enhanced
Russell models and taking into account the
expected return and risk of portfolio decision

making units are determined.

C(T.:a}’o_(:i}]

B, (r'?, ) Alr.o)

r B, [rl:i},ﬂ'l:i}j

O

Figure (1). The efficiency of risk free portfolio

g
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Considering n decision-making units with
inputs of ¢¥) and outputs ofr D for DM U; the
additive model is proposed as follows:

y'= Max ¥L;s; + Y51 Sf

ST Yj_,40PD + 5= 0° i=l..m,
Z]'n=17\jr(j) - sp=r1° =1,....s, (6)
5,20, =20, i=1,..m, f=1,..,5,
A =0, j=1,..,n

Model (6) which is anon-radial model evaluates
DMU,, with the input and output of (¢°, r°).
Axiom 1: model (6) is always feasible.

Proof: Considering A; = e, and sy = Oand
s; = Othis model is always feasible. The
model shows the inefficiency scale for
DMUqg = (09,7%) and 1-y* indicates its scale
inefficiency.m

Furthermore, in order to assess the DMUp,

enhanced Russell model is presented as follows:

1
. ;Z?Q 0;
T"=Min T——
s

S &f=19r
S.T. 27:1110'(]) < GiOQi i = 1, ., m,
Z?=1A]T'(]) = rf"gof f = 1,...,5, (7)
0; <1, o221 i=1,...,m, f=1.,s
/1]20 j=1,...,1].

In model (7), since the fractional objective
function, it is not linear and the objective is to
decrease all inputs and increase all outputs.
4-Determination of the Portfolio in Non-
Radial DEA-R Models

The DEA based on the analysis of fraction
(DEA-R) makes use of linear programming

models in order to evaluate DMUs. In case of
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ratio data in DEA-R by defining efficiency as
a weighted sum of the ratio of input to output
or vice versa scale efficiency is calculated. The
production possibility set in DEA - R is

defined as follows:
X
= {;

}\] ZO, j=1,...,1’1}

Xij X —

®)
If there is ratio data and a ratio of inputs to outputs

. . . Xij
(or vice versa) is defined, for instance —, the

Yrj
input- oriented DEA - R models in constant
returns to scale technology are as follows:

Min 6

Xio
ST 8 (—) € Tq ©)
YFO
Output-oriented Model (9) can be obtained as
follows:
Max 6
n
51 YA z0() izt
— Xij Xio
j=1
r=1,..,s
n
D =100
j=1
Az=0 , j=1,.,n

Model (10) is a linear programming problem
that has been introduced inconstant returns to
scale technology in DEA-R . (See [9])

In DEA-R Models some axioms are hold.

Tris a closed and bounded set. (See [8] )

The inclusion principle of observations related

to ratios of X—ij_is hold.

Yrj
The convexity principle in DEA-R is hold.
(See [8]).
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In DEA models, the efficiency is equal to the
weighted sum of the output divided into the
weighted sum of the input and the relative
efficiency is defined as the absolute efficiency
divided into the maximum defined absolute
efficiency. In this regard, the following
problems exist:

First, what is the reason for defining efficiency?
Secondly, the use of non-Archimedean number
(e) that prevents zero weights, such that neither
nominator nor denominator becomes zero.
Thirdly, in DEA the aforementioned reasons
may lead to the false inefficiency. In these
regards, the DEA-R model is helpful and it
creates no problem.

In addition, the scale efficiency in input-
oriented models of DEA-R is equal to or less
than the scale efficiency in DEA. The scale
efficiency in DEA and DEA - R models when
there is one output and multiple inputs is
exactly equivalent to each other, and it can
easily be proved (Wei et al, 2011).

The following additive model in non-radial
DEA-R  models is recommended for
recognizing the efficiency and inefficiency

among units in determining the portfolio:

Max a= Zyil ch=1 Sif

(€)) o
S.T 27:12.](:(7) +Sif = :—0
=1,...,m , f=1,...,s,
;-‘=1Aj=1 (11)
sip=0  i=1,..,m s f=1,...,5,
AJZO j=1,...,n.

DMU, in model (11) is efficient if and only if

934

a*=0.
Also, Russell’s additive model is presented for

evaluating DMUo in non-radial DEA-R models

as follows:
) 1
Min f=— i2q Xr=10if
o). 4o
S.T Z}‘:llj(m) < r_ogif
=1,...,m , =1, ...,s,
A=l (12)
=20 i=1..,m, f=1,.,s,
/1]20 jzl,...,l'l.

In each optimal solution of model (12), all input
and output constraints are enforced. In model
(12), DMU,is efficient if and only if f* = 1.
5-Numerical Example

In this section, using the data in the article [13],
the expected returns and covariance matrix,
which its statistical details are presented in
Table (1) and (2).The Random sample weights
of m = 10, 50 and 100 are created by the EXEL
software. In addition, EXEL and GAMS
software are utilized to produce -efficient
portfolio. By selecting the samples of m = 10,
50 and 100, the obtained solutions from model
(4), (5), (6) and (7) are shown in Table (3), (4)
and (5). The objective function and constraints in

model (6) using GAMS program are as follows:

Equations
Objective, Constl(i), Const2(f);
Objectivel.. z=e=sum(i, s(i))+ sum(f;, t(f));

Const 1(i)..
Sum(j,SIGMA(1,j)*Lambda(j))+s(i)=e=SIGMAo(i);
Const 2(f)..
Sum(j,EXR(f,j)*Lambda(j))-t(f)=e=EXRo(f) ;
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Also, the objective function and constraints in Table 3. The obtained solutions from model and

) . definition with 10 samples
model (7) using GAMS program is as follows:

Model Definition Model Model

Equations
Objective , Constl(i), Const2(f), Const3(f), (6) ) (7 “4)
Constd(i) ,Const5(i); 42.80 0.71 0.85 0.41
o 90.57 0.77 0.77 0.36
Objective.. 90.20 2.12 0.53 0.25
z=e=Sum(i, Teta(i).m).Sum(f,Phi(f).s); 77.26 0.88 0.78 0.36
) 71.20 0.94 0.78 0.36
Const1(i).. 119.06 0.93 0.67 0.31
Sum(j,sigma(i,j)*Lambda(j))=1=Teta(i)*sigmao(i); 77.15 0.84 0.79 0.36
(sigma(iy) 2 (sig © 2.15 1.05 0.99 0.46
Const2(f).. 0.00 1.10 1.00 0.46
Sum(j,exr(f,j)*Lambda(j))=g=Phi(f)*yo(f); 114.45 1.36 0.59 0.27
Gexr( J). 0)-e By 77.53 0.69 0.82 0.38
const3(f).. Phi(f)=g=1; 136.72 0.69 0.71 0.33
constd(i).. Teta(i)=I=1; 88.42 1.03 0.72 0.33
) ) 31.97 0.85 0.90 0.42
const5(i).. Teta(i)=g=0; 52.49 1.08 0.81 0.38
95.41 1.02 0.70 0.33
Finally, in table (5), the coefficient correlation 118.76 0.95 0.67 0.31
h pair of soluti . 109.58 1.05 0.67 0.31
between each pair of solutions obtained from 118.60 1.04 0.65 030
models (5) and (6) and solutions obtained from 123.36 1.58 053 0.24
92.77 1.17 0.68 0.31
models (4) and (7) are presented as following: 136.28 1.08 0.60 0.28
. . . 74.23 0.70 0.82 0.38
By selecting a sample with m = 10, in Table 3 48.91 2.05 0.70 032
from the left side to right, the first column 32.01 0.91 0.89 0.41
91.58 0.88 0.75 0.35
shows the obtained solutions from model (6), 63.19 0.84 0.82 0.38
. . 77.66 0.75 0.80 0.37
second column shows obtained solutions from 63.56 0.73 084 0.39
model (5), third column shows obtained 48.24 0.89 0.85 0.39
) 119.15 1.06 0.64 0.30
solutions from model (7) and the fourth 69.88 1.42 0.70 032
column 64.20 0.87 0.81 0.38
46.49 0.81 0.87 0.40
shows obtained solutions from model (4). 98.33 1.05 0.69 0.32
148.99 1.14 0.56 0.26
Table l.Expected retum(%) 14.86 0.95 0.95 0.44
1 2 3 4 5 117.03 0.67 0.75 0.35
76.18 0.81 0.80 0.37
Returns 572 36.1 83.1 49,1 850 66.45 1.04 0.78 0.36
81.93 0.89 0.76 0.35
Table 2. Covariance Matrix 55.68 0.93 0.82 0.38
Covariance 5 4 3 > 1 41.58 1.19 0.83 0.38
31.49 1.79 0.81 0.38
1 2891 11.74 50.75 14.97 40.174 118.55 1.02 0.65 0.30
2 02.133 97.143 87.12 52280 14.97 ?ggi g.gg g-gg 8-23
3 04.72 28.107 62.256 87.125 50.75 7426 129 0.71 033
4 83.88 83.172 28.107 97.143 11.74 74.77 0.93 0.77 0.36
5 25.168 83.88 04.72 02.133 2891 160.67 1.02 0.58 0.27
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By selecting a sample with m = 50, in Table 4 Table 4. Obtained solutions from the model and

. . definition with 50 samples
from the left side to right, the first column

. Model Definition Model Model
shows the obtained solutions from model (6),

. 4 el N bained solu (6), (11) (5) (M, (12) 4)
the second column shows obtained solutions 2230 071 035 041
from model (5),the third column shows 90.57 0.77 0.77 0.36
. . 90.20 2.12 0.53 0.25
solutions obtained from the model (7) and the 7726 0.88 0.78 0.36
. . 71.20 0.94 0.78 0.36

fourth column shows solutions obtained from 119.06 0.93 0.67 031
the model (4). 77.15 0.84 0.79 0.36
. . _ 2.15 1.05 0.99 0.46
Selecting a model with m = 100, we go 0.00 1.10 1.00 0.46
through the same procedures like samples of 114.45 1.36 0.59 0.27
77.53 0.69 0.82 0.38

10 and 50. 136.72 0.69 0.71 0.33
. 88.42 1.03 0.72 0.33

In Table 5, the first row shows the sample size, 31.97 0.85 0.90 0.42
the second shows thecoefficient correlation of 52.49 1.08 0.81 038
95.41 1.02 0.70 0.33

obtained solutions from model (5) and (6) and 118.76 0.95 0.67 0.31
. . . 109.58 1.05 0.67 0.31

the third row shows the coefficient correlation 118.60 1.04 0.65 030
of obtained solutions from the model (4) and 123.36 1.58 0.53 0.24
92.77 1.17 0.68 0.31

(7). 136.28 1.08 0.60 0.28
74.23 0.70 0.82 0.38

48.91 2.05 0.70 0.32

6. Conclusion 32.01 0.91 0.89 0.41
91.58 0.88 0.75 0.35

In this study, we define the portfolio by DEA 63.19 0.84 0.82 0.38
. .. . . 77.66 0.75 0.80 0.37
frontier. In other words, it is possible to utilize 63.56 0.73 0.84 0.39
a frontier from DEA in order to approximate 48.24 0.89 0.85 0.39
119.15 1.06 0.64 0.30

the real frontier and to estimate the efficient 69.88 1.42 0.70 0.32
folio. We al d ) limitati 64.20 0.87 0.81 0.38
portfolio. We also consider various limitations 46.49 0381 087 040
that exist for investments in the market. Given 98.33 1.05 0.69 0.32
148.99 1.14 0.56 0.26

that DEA is a linear programming model and, 14.86 0.95 0.95 0.44
it needs to a large extent simple calculations 117.03 0.67 0.75 0.35
g p u > 76.18 0.81 0.80 0.37

with selecting several different sample, using 66.45 1.04 0.78 0.36
. _ . 81.93 0.89 0.76 0.35
covariance matrix and non-radial DEA and 55.68 0.93 0.82 0.38
) . 41.58 1.19 0.83 0.38

DEA-R models we show that by increasing the 31.49 179 0.81 0.38
sample size, the frontier of the efficient 118.55 1.02 0.65 0.30
) 55.88 0.96 0.82 0.38
portfolio gradually becomes close to the 15.24 0.82 0.95 0.44
. .. . 74.26 1.29 0.71 0.33
frontier of DEA and this is the practical 7477 0.93 077 036
application of DEA models. 160.67 1.02 0.58 0.27
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Table 5. Correlation coefficients of efficiency ranks
with different sample sizes

Sample Size | 10 50100

the coefficient
correlation of
obtained
solutions
from model
(5) and (6 or
1),

the coefficient
correlation of
obtained from
the model (4)
and (7 or 12)

-0.28991  0.007682 -0.01786

0.996806 0.997481 0.996867
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