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Abstract 

In this paper, approximately amenable modulo an ideal of Banach algebras, approximately 

amenable modulo an ideal of second dual of Banach algebras are investigated. Also, using the 

obtained results, it is shown that ݈ଵ(ܵ)⋆⋆ is approximately amenable modulo ܫఙ
⋆⋆  if and only 

if ܵ/ߪ is finite where ܫఙ  is the induced ideal for the least group congruence ߪ on S. 
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1. Introduction 

The concept of amenability for Banach 

algebra was initiated by B. E. Johnson in 

1972 [9]. The structure of approximately 

amenable (contractible) Banach algebras 

were considered in [5, 6, 7] through 

different ways. 

It was shown that two concepts of 

approximately amenable and 

approximately contractible for Banach 

algebras are equivalent and for a locally 

compact group ܩ, the group algebra ܮଵ(ܩ) 

is approximately amenable (contractible) if 

and only if ܩ is amenable. 

The concept of approximately amenable 

(contractible) modulo an ideal of Banach 

algebras is introduced by the authors in 

[13]. Based on the given results, it is 

shown that the weighted semigroup 

algebra ݈ଵ(ܵ, ߱) is approximately 

amenable modulo an ideal if and only if ܵ 

is amenable and ߱ఙ  is diagonally bounded 

where ߱ఙ  is the induced weight on ܵ/ߪ for 

the least group congruence ߪ on ܵ. 
 

In this paper we shall focus on 

approximately amenable modulo an ideal 

of Banach algebra and we state some 

famous results of approximately amenable 

of Banach algebras for approximately 

amenable modulo an ideal of Banach 

algebras. 

2. Preliminaries 

For a Banach algebra ܣ, let ܺ be a Banach 

→bimodule.  A linear mapping D: A-ܣ ܺ 

is called a derivation if ܦ(ܾܽ) =

ܽ. (ܾ)ܦ + .(ܽ)ܦ ܾ    (ܽ, ܾ ∈  is ܦ and (ܣ

called inner  if there exists ݔ ∈ ܺ such that 

(ܽ)ܦ = ܽ. ݔ − .ݔ ܽ. 

The space of all continuous derivations 

from ܣ to ܺ is denoted by ܼଵ(ܣ, ܺ), the 

space of inner derivations from ܣ to ܺ by 

ଵܰ(ܣ, ܺ), and the first (continuous) 

cohomology group of A with coefficients 

in ܺ by the quotient space ܪଵ (ܣ, ܺ) =
௓భ(஺,௑)
ேభ(஺,௑)

 . 

 A derivation ܦ is called approximately 

inner if there exists (ݔఈ)ఈ ⊆ ܺ, such 

that ܦ(ܽ) = ݈݅݉ఈܽ݀௫ఈ(ܽ) (ܽ ∈  A .(ܣ

Banach algebra ܣ is called amenable 

(approximately amenable) if every 

continuous derivation  ܦ: → ܣ ܺ⋆  is inner 

(approximately inner) for all Banach ܣ-

bimodules ܺ.  
 

We now begin by recalling some 

definitions and then we shall give some of 

the basic consequences of our definitions. 

Further results in this area are give in [1, 

10, 11, 12, 14], which in particular 

contains interesting results on 

contractibility modulo an ideal, some 

hereditary properties of amenability 
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modulo an ideal, together with several 

illuminating examples. 

Definition 2.1. 

Let ܣ be a Banach algebra and ܫ be a 

closed ideal of ܣ. A Banach algebra ܣ is 

called amenable (contractible) modulo ܫ if 

every bounded derivation ܦ: → ܣ ܺ⋆  

:ܦ) → ܣ ܺ ) is inner on the set theoretic 

difference  ܫ\ܣ ≔ { ܽ ∈ ܣ ∶ ܽ ∉  for all {ܫ

Banach ܣ-bimodule ܺ such that ܫ. ܺ =

ܺ. ܫ = 0. 

All over this paper we fix ܣ and ܫ as 

above, unless they are otherwise specified. 

 

Definition 2.2.  

A Banach algebra ܣ is called 

approximately amenable modulo ܫ if every 

bounded derivation ܦ: ܣ → ܺ⋆ is 

approximately inner on the set theoretic 

difference ܫ\ܣ ≔ {ܽ ∈ :ܣ ܽ ∉  for all {ܫ

Banach ܣ-bimodule ܺ such that ܫ. ܺ =

ܺ. ܫ = 0.   

It is shown that if a Banach algebra ܣ is 

approximately amenable and ܫଶ =  then , ܫ

 and ܫ is approximately amenable modulo ܣ

if ܣ is approximately amenable modulo ܫ, 

then ஺
ூ
 is approximately amenable [13].  

We recall that for a Banach algebra ܣ, by 

the projective tensor product ܣ ⊗෢  we ܣ

mean a Banach ܣ-bimodule, where the 

module actions are given naturally by 

ܿ. ܽ ⊗ ܾ = ܿܽ ⊗ ܾ     ,   ܽ ⊗ ܾ. ܿ

= ܽ ⊗ ܾܿ        (ܽ, ܾ, ܿ ∈  .(ܣ

and there is a continuous linear ܣ-

bimodule homomorphism ߨ: ܣ ⊗෢ ܣ →   ܣ

by  ߨ(ܽ ⊗ ܾ) = ܾܽ (ܽ, ܾ ∈   .(ܣ

 

3. Approximately amenable modulo an 

ideal of Banach algebras. 

In this section we first recall some 

properties of approximately amenable 

modulo ܫ; see [13] for the proofs of the 

statements. 

 

Proposition 3.1 .[13]  

The following conditions are equivalent: 

(a) ܣ is approximately amenable modulo ܫ; 

(b) There is a net (M஝) ⊂ (୅ಯ

୍
⊗෢ ୅ಯ

୍
)⋆⋆ 

such that ܽ ഥ . ఔܯ − ఔܯ . തܽ → 0 and 

(ఔܯ)⋆⋆ߨ → ݁̅  (∀ തܽ ∈ ஺ಯ

ூ
); 

(c) There is a net (ܯఔ
ᇱ ) ⊂

(஺ಯ

ூ
⊗෢ ஺ಯ

ூ
)⋆⋆  such that ܽ ഥ . ఔܯ

ᇱ − ఔܯ
ᇱ . തܽ → 0 

and ߨ⋆⋆(M஝
ᇱ ) → ∀)  ߥ   ݕݎ݁ݒ݁ ݎ݋݂ ̅݁ തܽ ∈ ஺ಯ

ூ
); 

 

Corollary 3.2. [13] 

 if ܫ is approximately amenable modulo ܣ 

and only if there are nets (M஝
ᇱᇱ) ⊆

(୅
୍

⊗෢ ୅
୍
)⋆⋆ ,  (F஝) , (G஝) ⊆ (୅

୍
)⋆⋆ , such that 

for each aത ∈ ୅ಯ

୍
 ; 

(i) തܽ. M஝
ᇱᇱ − M஝

ᇱᇱ. തܽ +  F஝ ⊗ തܽ − തܽ ⊗

 G஝ →  0  
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(ii) തܽ . ఔܨ →  തܽ , ఔܩ . ܽ ഥ → തܽ ; ܽ݊݀  

(iii) ܯ) ⋆⋆ߨఔ
ᇱᇱ) . തܽ . ఔܨ − തܽ − ఔܩ  . തܽ → 0. 

 

Theorem 3.3. 

A Banach algebra ܣ is approximately  

amenable  modulo ܫ if and only if, for each 

ߝ > 0 and each finite subset ܵ of  ஺
ூ
, there 

exist ܨ ∈ ஺
ூ

⊗ ஺
ூ
 and ݑ, ݒ ∈ ஺

ூ
 such that 

(ܨ)ߨ = ݑ + and, for each തܽ ݒ ∈ ܵ: 

(i) ‖ തܽ. ܨ − .ܨ തܽ + ݑ ⊗ തܽ − തܽ ⊗ ‖ݒ <  ;ߝ

(ii) ‖ തܽ − തܽݑ‖ < ‖  ݀݊ܽ   ߝ തܽ − ݒ തܽ‖ <  .ߝ 
 

Proof. Suppose that ܣ is approximately 

amenable. Then by  Corollary 3.2, there 

are nets (ܯఔ
ᇱᇱ) ⊆ (஺

ூ
 ⊗෢ ஺

ூ
, (ఔܨ) , ⋆⋆( (ఔܩ) ⊆

( ஺
ூ
 )⋆⋆ , such that for each തܽ ∈  :ܫ/ܣ

(݅)   തܽ. ఔܯ
ᇱᇱ ఔܯ −

ᇱᇱ . തܽ + ఔܨ ⊗ തܽ − തܽ ⊗

ఔܩ   → 0;    

(݅݅)  തܽ − തܽ. ఔܨ → 0   ܽ݊݀   തܽ − ఔܩ . തܽ → 0;   

ఔܯ)⋆⋆ߨ (݅݅݅)
ᇱᇱ) − ఔܨ  − ఔܩ  → 0.  

 

In each case convergence is in the ‖. ‖-

topology. Let ܻ denote the Banach space 

ቀ஺
ூ

⊗෢ ஺
ூ
ቁ ⊕ ஺

ூ
⊕ ஺

ூ
⊕ ஺

ூ
. For each തܽ ∈ ஺

ூ
,  

define a convex set in ܻ by setting 

௔തܭ ≔ ቄ( തܽ. ݉ − ݉. തܽ + ݑ ⊗ തܽ − തܽ ⊗

,ݒ തܽ − തܽݑ, തܽ − ݒ തܽ, (݉)ߨ − ݑ − (ݒ  ∶ ݉ ∈
஺
ூ

⊗෢ ஺
ூ

, ,ݑ ߥ ∈ ஺
ூ
ቅ.  

For the specified finite subset ܵ of ஺
ூ
, 

ܭ   ≔ ௔തܭ}∏ ∶ തܽ ∈ ܵ} is a convex set in the 

Banach space ܻௌ . The conditions above 

show that the weak closure of ܭ in ܻௌ 

contains the zero element 0 of  ܻௌ  . By 

 theorem, it follows that 0 belongs ݏ,ݎݑݖܽܯ

to the ‖. ‖-closure of ܭ in ܻௌ  . Thus with 

ߝ > 0 as specified, there exist ܨ ∈
஺
ூ

⊗ ෢ ஺
ூ

,ݑ ݀݊ܽ   ݒ ∈ ஺
ூ
 such that clauses (i) 

and (ii) of the Theorem are satisfied and 

further, such that ‖(ܨ)ߨ − ݑ − ‖ݒ <  By .ߝ

modifying ܨ and  ݑ slightly, we may 

suppose further, that ܨ ∈ ஺
ூ

⊗ ஺
ூ
 and that 

(ܨ)ߨ = ݑ +  .ݒ

Conversely, suppose that there are 

ܨ ∈ ஺
ூ

⊗ ஺
ூ
 and ݑ, ݒ ∈ ஺

ூ
  such that (ܨ)ߨ =

ݑ + and for each തܽ  ,ݒ ∈ ܵ ⊂ ஺
ூ
 , 

i)‖ തܽ. ܨ − .ܨ തܽ + ݑ ⊗ തܽ − തܽ ⊗ ‖ߥ <  ߝ

ii)‖ തܽ − ߥ തܽ‖ < ,ߝ ‖ തܽ −  തܽݑ‖ <  .ߝ
 

Consider the set ܦ ≔ (0,1) ×  where ,(ܣ)ܨ

 , ܫ/ is the family of finite subsets of (ܣ)ܨ

and order ܦ by setting 

,ଵߝ) ܵଵ) ≪ ଶߝ) , ܵଶ)      ݓℎ݁݊݁ߝ      ݎ݁ݒଵ

≥ ଶ   ܽ݊݀     ܵଵߝ ⊂  ܵଶ. 

Then (ܦ, ≪) is a directed set. The 

conditions show that there exist nets 

(ఈܨ) ⊂ ஺
ூ

⊗෢ ஺
ூ
, and (ݑఈ), (ఈݒ) ⊂ ஺

ூ
 such 

that ߨ(ܨఈ) = ఈݑ +  ఈ and such that  forݒ

each തܽ ∈  ஺
ூ
, we have:  

തܽ. ఈܨ − .ఈܨ തܽ + ఈݑ ⊗ തܽ − തܽ ⊗ ఈݒ → 0; 

തܽ − തܽݑఈ → 0, തܽ − ఈݒ തܽ → 0. 
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Then by (corollary 3.2), ܣ is 

approximately amenable modulo ܫ. 

Corollary 3.4. Let ܫ be a closed ideal of ܣ 

and ܣ be a Banach algebra with identity e. 

Then ܣ is approximately amenable modulo 

ߝ if and only if for each ܫ > 0 and each 

finite subset ܵ of  ஺
ூ
 , there exists ܩ ∈ ஺

ூ
⊗

஺
ூ
 with (ܩ)ߨ = ݁̅ and ‖ തܽ. ܩ − . ܩ തܽ‖ <

)    ߝ തܽ ∈ ܵ). 
 

Proof. Suppose that such  ܩ exists, and set 

ݑ = ߥ = ݁̅  and  ܨ = ܩ + ݁̅ ⊗ ݁̅.   Then 

(ܨ)ߨ = (ܩ)ߨ + ̅݁)ߨ ⊗ ݁̅) = (ܩ)ߨ + ݁̅ =

݁̅ + ݁̅ = ݑ +  and ߥ

‖ തܽ. ܨ − .ܨ തܽ + ݑ ⊗ തܽ − തܽ ⊗   = ‖ߥ

= ‖ തܽ. ܩ) + ݁̅ ⊗ ݁̅) − ܩ) + ݁̅ ⊗ ݁̅). തܽ +

݁̅ ⊗ തܽ − തܽ ⊗ ݁̅‖    

=‖ തܽ. ܩ + തܽ. (݁̅ ⊗ ݁̅) − .ܩ തܽ −

(݁̅ ⊗ ݁̅). തܽ + ݁̅ ⊗ തܽ − തܽ ⊗ ݁̅‖       

=‖ തܽ. ܩ − .ܩ തܽ‖ <  .ߝ
 

Moreover 

‖ തܽ − ߥ തܽ‖ = ‖ തܽ − ݁̅ തܽ‖ = 0 <  and ߝ

‖ തܽ − തܽݑ‖ = ‖ തܽ − തܽ݁̅‖ = 0 <  .ߝ
 

Then satisfy the conditions of theorem 3.3. 

Conversely, let ܣ be approximately 

amenable modulo of ܫ and ܨ, ,ݑ  satisfy ߥ

the above condition for a finite subset ܵ 

and with  ఌ
ଷ‖௘‖

 , replacing ߝ,  and set 

ܩ = ܨ − ݑ ⊗ ݁̅ − ݁̅ ⊗ ߥ + ݁̅ ⊗ ݁̅. Then 

(ܩ)ߨ = (ܨ)ߨ − ݑ)ߨ ⊗ ݁̅) − ̅݁)ߨ ⊗ (ߥ +

̅݁)ߨ ⊗ ݁̅) = ݑ + ߥ − ݑ − ߥ + ݁̅ = ݁̅ 

and  

‖ തܽ. ܩ − .ܩ തܽ‖ =  

=‖ തܽ. ܨ − തܽ. ݑ) ⊗ ݁̅) − തܽ. (݁̅ ⊗ (ߥ +

തܽ. (݁̅ ⊗ ݁̅) − .ܨ തܽ + ݑ) ⊗ ݁̅). തܽ +

(݁̅ ⊗ .(ߥ തܽ − (݁̅ ⊗ ݁̅). തܽ‖ 

≤ ‖ തܽ. ܨ − .ܨ തܽ + ݑ ⊗ തܽ − തܽ ⊗ ‖ߥ +

‖ തܽ − തܽݑ‖ + ‖ തܽ − ߥ തܽ‖ <  . ߝ
 

Remark 3.5.  

For each Banach algebra ܣ, there is an 

isometry ߡ ∶  ஺
ூ

⊗෢ ஺
ூ

→ ஺
ூ

⊗෢ ஺
ூ
  such that 

൫ߡ തܽ ⊗ തܾ൯ = തܾ ⊗ തܽ        ൫ തܽ, തܾ ∈  .൯ܫ/ܣ
 

Theorem 3.6. 
 

Let ܫ be a closed ideal of ܣ where ܣ is a 

commutative Banach algebra. Then ܣ is 

approximately amenable modulo of ܫ if 

and only if for each ߝ > 0 and each finite 

subset ܵ of ஺
ூ
  there exist ܨ ∈ ஺

ூ
⊗ ஺

ூ
  with 

(ܨ)ߡ = ݑ and ܨ ∈ ஺
ூ
  such that (ܨ)ߨ =  ,ݑ2

and for each  തܽ ∈ ܵ: 

i)‖ തܽ. ܨ − .ܨ തܽ + ݑ ⊗ തܽ − തܽ ⊗ ‖ߥ <   ;ߝ

ii)‖ തܽ − തܽݑ‖ <  .ߝ
 

Proof. Since ܣ is commutative, ߡ( തܽ. (ܨ =

.(ܨ)ߡ തܽ   ቀ തܽ ∈ ஺
ூ

, ܨ ∈ ஺
ூ

⊗ ஺
ூ
ቁ. Because for 

ܨ ∈ ஺
ூ

⊗ ஺
ூ
 set = ∑ തܾ௜ ⊗ ܿ௜̅   ቀ തܾ௜ , ܿ௜̅ ∈ ஺

ூ
ቁ , 

Then  

)ߡ തܽ. (ܨ = )ߡ തܽ. (෍ തܾ௜ ⊗ ܿ௜̅))

= ෍)ߡ തܽ തܾ௜ ⊗ ܿ௜̅) 
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= ∑ ܿ௜̅ ⊗ തܽ തܾ௜ = ∑ ܿ௜̅ ⊗ തܾ௜ തܽ =

(∑ ܿ௜̅ ⊗ തܾ௜). തܽ = .(ܨ)ߡ തܽ.   
 

Suppose that ܣ is approximately amenable 

modulo ܫ and take  ߝ > 0 and a finite 

subset ܵ of ஺
ூ
. By Theorem 3.3, there exist 

,ܨ  satisfying conditions (i) and (ii) ߥ and ݑ

of that result. For each തܽ ∈ ܵ, we have;  

.(ܨ)ߡ‖ തܽ − തܽ. (ܨ)ߡ + തܽ ⊗ ݑ − ߥ ⊗ തܽ‖ <   ߝ 
 

Set ܩ = (ிାఐ(ி))
ଶ

 and  ܹ = (௨ାఔ)
ଶ

. Then 

(ܩ)ߡ = (ܩ)ߨ  and ܩ = 2ܹ.  

Further 

‖ തܽ. ܩ − .ܩ തܽ + ܹ ⊗ തܽ − തܽ ⊗ ܹ‖ <   ߝ

and  ‖ തܽ − തܹܽ‖ <  .ߝ

Thus the specified conditions are satisfied 

(with W for u). 

The convers is clear. 
 

4. Approximately amenable modulo an 

ideal of second dual of Banach algebra. 

Let ܣ be a Banach algebra and ܣ∗∗ be the 

second dual of ܣ. It is shown that  

the Banach algebra ܣ inherits amenability 

from [7 ,8] ∗∗ܣ.  Approximatly amenability 

of second dual of group algebra ܮଵ(ܩ)⋆⋆ is 

characterized in [8],  

 is approximately amenable if and ⋆⋆(ܩ)ଵܮ 

only if ܩ is finite.  
 

Theorem 4.1.  

Let ܫ be a closed ideal of ܣ with ܫଶ =  ܫ

then; 

(i) if ܣ⋆⋆ is amenable modulo ܫ⋆⋆ then ܣ is 

amenable modulo I; 

(ii)  if ܣ⋆⋆ is approximately amenable 

modulo ܫ⋆⋆ then ܣ is approximately 

amenable modulo ܫ. 

Proof.  

(i)  Suppose ܣ⋆⋆ is amenable modulo ܫ⋆⋆. 

Then by [[1], Theorem 1], ஺⋆⋆

ூ⋆⋆ ≃ (஺
ூ
)⋆⋆ is 

amenable. Thus ஺
ூ
 is amenable and since 

ଶܫ =  ܫ is amenable modulo ܣ ,ܫ

(ii) Suppose ܣ⋆⋆ is approximately 

amenable modulo ܫ⋆⋆, then by Theorem 

3.2 [13], ஺⋆⋆

ூ⋆⋆ ≃ (஺
ூ
)⋆⋆ is approximately 

amenable, so ஺
ூ
 is approximately amenable. 

Hence A is approximately amenable 

modulo ܫ.  

We now give some interesting result for 

semigroup algebras by using the previous 

results. In especial case, some results are 

given in [2, 3, 4].  

Let ܵ be a (discrete) semigroup and 

ܧ =  .ܵ is the set of idempotents of (ܵ)ܧ

A congruence ߩ on a semigroup S is called 

a group congruence if ௌ
ఘ
 is a group. We 

denote the least group congruence on S by 

 semigroup-ܧ A semigroup ܵ is called an .ߪ

if  ܧ(ܵ) forms a subsemigroup of ܵ, and 

ݔ inversive if for all-ܧ ∈ ܵ, there exists 

ݕ ∈ ܵ such that ݕݔ ∈    .(ܵ)ܧ
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Lemma 4.2. [1]  

Let ܵ be an ܧ-inversive ܧ-semigroup with 

commuting idempotents and ߪ be the least 

group congruence on ܵ, then ݈ଵ(ߪ/ݏ) ≃

 ௟
భ(ௌ)
ூ഑

  where ܫఙ is  a closed ideal of ݈ଵ(ܵ) 

and ܫఙ
ଶ=ܫఙ . 

 

Theorem 4.3.  

Let ܵ be an ܧ-inversive ܧ-semigroup with  

commuting idempotents and ߪ be the least 

group congruence on ܵ, Then ݈ଵ(ܵ)⋆⋆ is 

approximately amenable modulo ܫఙ
⋆⋆  if 

and only if  ܵ/ߪ is finite. 

Proof. It is clear that ൬݈ଵ ቀ௦
ఙ

ቁ൰
∗∗

≃

ቀ௟భ(ௌ)
ூ഑

ቁ
∗∗

≃ ௟భ(ௌ)∗∗

ூ഑
∗∗   and ܫఙ

ଶ = ఙܫ   (by [1]). 

Using Theorem 3.2, [13], ݈ଵ(ܵ)⋆⋆ is 

approximately amenable modulo ܫఙ
⋆⋆  if 

and only if ൬݈ଵ ቀ௦
ఙ

ቁ൰
∗∗

 is approximately 

amenable,. If and only if  ܵ/ߪ is finite 

(because ܵ/ߪ is a group). 
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