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ℓ1(𝐺, 𝜔)𝐺

 

ℒ1(𝐺, 𝜔)

𝐺𝜔(𝑡)𝜔(𝑡−1)𝐺

ℒ1(𝐺, 𝜔)

ℤ

𝜔𝛼 = (1 + |𝑥|)𝛼 ℤℒ1(ℤ, 𝜔𝛼)

0 ≤ 𝛼 <
1

2

ℒ1(ℤ, 𝜔)𝜔

lim
n→∞

inf
ω(n)ω(−n)

n
= 0  

𝐺

𝑡 ∈ 𝐺 

lim
n→∞

inf
ω(tn)ω(t−n)

n
= 0 

ℒ1(𝐺, 𝜔)

ℓ1(𝐺, 𝜔)

𝐺𝔽2

(𝑎𝑥 + 𝑏)

ℓ1(𝐺, 𝜔)

 𝐺 = ℤ ∗ ℤ𝑛ℤℤn

𝐺

𝐴𝑋

𝐴X∗𝑋

 
1. N. Gronbaek 

2. V. Shepelska 

𝑓. 𝑎(𝑥) = 𝑓(𝑎𝑥)  

𝑎. 𝑓(𝑥) = 𝑓(𝑥𝑎) 

𝑎 ∈ 𝐴𝑥 ∈ 𝑋𝑓 ∈ 𝑋∗𝐴

𝐴𝑋

𝐴𝐷 ∶  𝐴 →  𝑋 

 𝑎 , 𝑏 ∈ 𝐴

𝐷(𝑎𝑏) = 𝑎𝐷(𝑏) + 𝐷(𝑎)𝑏  

𝑥 ∈ 𝑋

𝐷 ∶  𝐴 →  𝑋

𝐷(𝑎) = 𝑎. 𝑥 − 𝑥. 𝑎 

𝐴

𝐴𝑋

𝐷 ∶  𝐴 → 𝑋∗ 

𝜁 ∈ 𝑋∗

𝐷(𝑎) = 𝑎. 𝜁 − 𝜁. 𝑎         (𝑎 ∈ 𝐴)  

 𝐷 ∶  𝐴 → 𝐴∗ 𝐴

𝐺

𝜔: 𝐺 → ℝ+

𝑥, 𝑦 ∈ 𝐺𝜔(𝑥𝑦) ≤ 𝜔(𝑥)𝜔(𝑦)

 ℓ1(𝐺, 𝜔)

𝓵𝟏(𝑮, 𝝎) = {𝒇 = ∑ 𝒇(𝒙)𝜹𝒙𝒙∈𝑮 ∈

ℂ𝑮: ∑ |𝒇(𝒙)|𝝎(𝒙) < ∞𝒙∈𝑮 }  

‖𝑓‖ℓ1(𝐺,𝜔) = ∑ |𝑓(𝑥)|𝜔(𝑥)𝑥∈𝐺   



 

 
 

   

𝑓 ∗ 𝑔(𝑥) =
∑ 𝑓(𝑦−1𝑥)𝑔(𝑦),         ∀𝑥 ∈ 𝐺𝑦∈𝐺   

𝐺

ℒ1(𝐺)

 .

 

ℒ1(𝐺, 𝜔)

𝐺

𝜔

ℒ1(𝐺, 𝜔)

𝜙: 𝐺 → (ℂ, +)

𝑠𝑢𝑝
𝑥∈𝐺

|𝜙(𝑥)|

𝜔(𝑥)𝜔(𝑥−1)
< ∞.  

𝐺

 ℓ1(𝐺, 𝜔)

 

𝐺𝜔

𝜙: 𝐺 → ℝ

𝑠𝑢𝑝
𝑥∈𝐺

|𝜙(𝑥)|

𝜔(𝑥)𝜔(𝑥−1)
< ∞  

ℓ1(𝐺, 𝜔)

𝐺𝜔

ℓ1(𝐺, 𝜔)

 
3. A. Pourabbas 

𝐺𝜔

𝛹: 𝐺 → ℝ 

𝑥0 ∈ 𝐺 𝐶 > 0

𝜔

{𝑦𝑥0𝑦−1}𝑦∈𝐺 

|𝛹(𝑥𝑦) − 𝛹(𝑦𝑥)| ≤ 𝐶𝜔(𝑥)𝜔(𝑦) 

𝑠𝑢𝑝
𝑦∈𝐺

|𝛹(𝑦𝑥0𝑦−1)|

𝜔(𝑦𝑥0𝑦−1)
= ∞,

ℓ1(𝐺, 𝜔)

𝐺

𝐺𝐺

𝐺

𝜙: 𝐺 → (ℂ, +)

𝑚 ∈ ℕ𝜙(𝑥𝑚) = 𝑚𝜙(𝑥)

𝐺𝑥 ∈ 𝐺 

𝑚 ∈ ℕ𝜙(𝑥𝑚) = 0

𝜙(𝑥) = 0

𝐺

𝜔𝐺ℓ1(𝐺, 𝜔)

𝑛 ∈ ℕ𝐺 =⊕𝑖=1
∞ ℤ𝑛

𝐺

𝐺(ℂ, +)



 

 

 

𝐺

𝜔ℓ1(𝐺, 𝜔).

𝑮 = ℤ ∗ ℤ𝒏

ℤ ∗ ℤ𝑛

][

0 < 𝛼 ≤ 1

𝑥, 𝑦 ∈ ℝ

||x|α − |y|α| ≤ |x − y|α  

𝑥, 𝑦 ∈ ℝ 𝑥, 𝑦 ≥ 0

𝐶 > 0𝑥 < 𝐶𝑦

 b  𝑎ℤ

ℤnℤℤn𝐺 =

ℤ ∗ ℤ𝑛𝑥 ∈ ℤ ∗ ℤ𝑛

𝑥 = 𝑎𝑘1𝑏𝑙1 … 𝑎𝑘𝑚𝑏𝑙𝑚

ki ∈ ℤ0 ≤ li < 𝑛k i  li

k1l𝑚1 ≤ 𝑖 ≤ 𝑚m∈ ℕ

𝑥

|𝑥| = ∑ (|𝑘𝑖| + |𝑙𝑖|)𝑚
𝑖=1  

∑ 𝑘𝑖
𝑚
𝑖=1𝑎

𝑥𝐴(𝑥)𝐴

𝐺 = ℤ ∗ ℤ𝑛ℤ

𝔽2ℤ ∗

ℤ𝑛

AB

xyB ∗ A

xy

xyAB

B ∗ A

AB

B ∗ A

α > 0𝜔𝛼

𝐺 = ℤ ∗ ℤ𝑛𝑥 ∈ 𝐺

𝜔𝛼 = (1 + |𝑥|)𝛼

𝜔𝛼𝐺

ℓ1(𝐺, 𝜔𝛼)

.

𝐺

|𝑥𝑦| ≤ |𝑥| + |𝑦|𝑥, 𝑦 ∈ 𝐺

𝜔𝛼𝐺

𝑥, 𝑦 ∈ 𝐺

𝜔𝛼(𝑥, 𝑦) = (1 + |𝑥𝑦|)𝛼    
≤ (1 + |𝑥| + |𝑦|)𝛼  
≤ (1 + |𝑥|)𝛼(1 + |𝑦|)𝛼 

= 𝜔𝛼(𝑥)𝜔𝛼(𝑦). 

ℓ1(𝐺, 𝜔𝛼)

α > 1
2⁄

|𝐴(𝑡)| ≤ |𝑡| 𝑡 ∈ 𝐺

|𝑡| ≤ |𝑡−1| 

α > 1
2⁄

𝑠𝑢𝑝
𝑡∈𝐺

|𝑡|≤|𝑡−1| 

|𝐴(𝑡)|

𝜔𝛼(𝑡)𝜔𝛼(𝑡−1)
   



 

 
 

   

 = 𝑠𝑢𝑝
𝑡∈𝐺

|𝑡|≤|𝑡−1| 

|𝐴(𝑡)|

(1+|𝑡|)𝛼(1+|𝑡−1|)𝛼  

  ≤ 𝑠𝑢𝑝
𝑡∈𝐺

|𝑡|≤|𝑡−1| 

|𝑡|

(1+|𝑡|)𝛼(1+|𝑡−1|)𝛼   

 ≤ 𝑠𝑢𝑝
𝑡∈𝐺

|𝑡|≤|𝑡−1| 

|𝑡|
1
2

(1+|𝑡|)𝛼

|𝑡−1|
1
2

(1+|𝑡−1|)𝛼 < ∞ 

|𝑡−1| ≤ |𝑡|

𝑠𝑢𝑝
𝑡∈𝐺  

|𝐴(𝑡)|

𝜔𝛼(𝑡)𝜔𝛼(𝑡−1)
< ∞.  

𝐴: 𝐺 → ℤ

ℓ1(𝐺, 𝜔𝛼)

0 < α < 1
2⁄

𝛽 ∈ (𝛼, 2𝛼)

𝜓: 𝐺 → ℝ

𝜓(𝑥) = {
|𝑡|𝛽               𝑥 = 𝑡𝑎𝑡−1, 𝑡 ∈ 𝐺 

0                                   
  

𝑡𝑎𝑡−1𝜓

𝑥0 = 𝑎

𝜔𝛼𝐺

{𝑦𝑎𝑦−1}y∈G

𝜓 𝐶 > 0 

𝑥, 𝑦 ∈ 𝐺 

|𝜓(𝑥𝑦) − 𝜓(𝑦𝑥)| ≤ 𝐶𝜔𝛼(𝑥)𝜔𝛼(𝑦)

𝜓𝑥

𝐸 = {𝑡𝑎𝑡−1}𝑡∈𝐺  

𝑦𝑥𝑥𝑦

𝑦𝑥 = 𝑦(𝑥𝑦)𝑦−1

𝑦𝑥𝑥𝑦

𝐸𝑦𝑥 =

𝑣𝑎𝑣−1𝑥𝑦 = 𝑢𝑎𝑢−1 

|𝑢| ≤ |𝑣|

𝑣𝑎𝑣−1 = 𝑦𝑥 = 𝑦(𝑥𝑦)𝑦−1 = 𝑦𝑢𝑎𝑢−1𝑦−1  

(𝑢−1𝑦−1𝑣)𝑎 = 𝑎(𝑢−1𝑦−1𝑣)   

𝑎u−1y−1𝑣

𝑎

𝐺

𝑘 ∈ ℤu−1y−1𝑣 = 𝑎𝑘

𝑦𝑢 = 𝑣𝑎−𝑘𝑘 = 0

k ≠ 0𝑘 = 0

𝑦 = 𝑣𝑢−1

𝑥 = (𝑥𝑦)𝑦−1 = (𝑢𝑎𝑢−1)(𝑢𝑣−1) 

= 𝑢𝑎𝑣−1   

||𝑢|𝛽 − |𝑣|𝛽| ≤ (1 + |𝑣𝑢−1|)𝛼(1 +
|𝑢𝑎𝑣−1|)𝛼  

0 < α < 1
2⁄α < β < 2α

0 < β ≤ 1

||𝑢|𝛽 − |𝑣|𝛽| ≤ ||𝑢| − |𝑣||𝛽   

|𝑢| ≤ |𝑣|

|𝑣𝑢−1| ≥ ||𝑢| − |𝑣|| 

𝐶|𝑢𝑎𝑣−1| ≥ ||𝑢| − |𝑣|| − 1   

𝐶(1 + |𝑣𝑢−1|)𝛼(1 + |𝑢𝑎𝑣−1|)𝛼   

≥ (1 + ||𝑢| − |𝑣||)
𝛼

||𝑢| − |𝑣||
𝛼

  

≥ ||𝑢| − |𝑣||
2𝛼

    

≥ ||𝑢| − |𝑣||
𝛽
  

≥ ||𝑢|𝛽 − |𝑣|𝛽|,  



 

 

 

𝛽 ≤ 2𝛼||𝑢| − |𝑣|| ∈ ℕ⋃{0}

𝑘 = 0

k ≠ 0𝑦𝑢 = 𝑣𝑎−𝑘

𝑢𝑎𝑢−1𝑣𝑎𝑣−1

𝑢

𝑣𝐺 = ℤ ∗ ℤ𝑛

𝑏

k ≠ 0𝑦𝑢 = 𝑣𝑎−𝑘𝑦 =

𝑡𝑢−1𝑡𝑢−1

𝑡 = 𝑣𝑎−𝑘|𝑡| = |𝑣| + |𝑘|

|𝑣| = |𝑡| − |𝑘|

𝑥 = (𝑥𝑦)𝑦−1 = (𝑢𝑎𝑢−1)(𝑢𝑡−1) =
𝑢𝑎𝑡−1  

 ||𝑢|𝛽 − (|𝑡| − |𝑘|)𝛽|  

≤ (1 + |𝑡𝑢−1|)𝛼(1 + |𝑢𝑎𝑡−1|)𝛼 . 

|𝑢| ≤ |𝑣| ≤ |𝑡| − |𝑘|  

||𝑢|𝛽 − (|𝑡| − |𝑘|)𝛽|  

         = (|𝑡| − |𝑘|)𝛽 − |𝑢|𝛽 

        ≤ ||𝑡| − |𝑘| − |𝑢||
𝛽

 

        ≤ ||𝑡| − |𝑢||
𝛽

 

        ≤ (1 + |𝑡𝑢−1|)𝛼(1 + |𝑢𝑎𝑡−1|)𝛼 , 

k ≠ 0

𝑥0 = 𝑎𝜓

.β > α

𝑠𝑢𝑝
𝑦∈𝐺

|𝜓(𝑦𝑎𝑦−1)|

𝜔𝛼(𝑦𝑎𝑦−1)
  

≥ 𝑠𝑢𝑝
𝑛∈ℕ

|𝜓(𝑏𝑛−1𝑎𝑏−(𝑛−1))|

𝜔𝛼(𝑏𝑛−1𝑎𝑏−(𝑛−1))
  

= 𝑠𝑢𝑝
𝑛∈ℕ

(𝑛−1)𝛽

(2(𝑛−1)+2)𝛼 = ∞  

𝜓 

ℓ1(𝐺, 𝜔𝛼).

D∞ 

D∞ = 〈𝑎, 𝑏 ∶ 𝑎2 = 𝑏2 = 𝑒〉  

D∞ = ℤ2 ∗ ℤ2

𝑥 ∈ 𝐷∞

𝑎, 𝑏𝑥𝑎

𝑏|𝑥|

𝐷∞

D∞ = 〈𝑎, 𝑏 ∶ 𝑎2 = 𝑏2 = 𝑒〉

H ab=  

 (𝑥) = {
1                     |𝑥|

0                      |𝑥|
  

ℤ2H
𝐷∞

𝛨
≅ ℤ2𝐷∞

ℓ1(𝐷∞, 𝜔)

𝜔𝐺 = 𝐷∞

𝜔(𝑥) = (1 + |𝑥|)

𝑥 ∈ 𝐺𝜔𝐺

ℓ1(𝐺, 𝜔)

.

𝜙: 𝐺 → (ℂ, +)

𝜓: 𝐺 → ℝ

𝜓(𝑥) = |𝑥|2.

𝑥0 = 𝑎



 

 
 

   

|𝑧𝑡| = ||𝑧| − |𝑡|||𝑧𝑡| = |𝑧| + |𝑡|

|𝜓(𝑥𝑦) − 𝜓(𝑦𝑥)| 
= ||𝑥𝑦|2 − |𝑦𝑥|2| ≤ 4|𝑥||𝑦| 
≤ 4(1 + |𝑥|)(1 + |𝑦|) 

= 4𝜔(𝑥)𝜔(𝑦).  

𝑠𝑢𝑝
𝑦∈𝐺

|𝜓(𝑦𝑎𝑦−1)|

𝜔𝛼(𝑦𝑎𝑦−1)
  

       ≥ 𝑠𝑢𝑝
𝑛∈ℕ

|𝜓(𝑏𝑎…𝑏𝑎𝑏…𝑏)|

𝜔𝛼(𝑏𝑎…𝑎𝑏)
  

       = 𝑠𝑢𝑝
𝑛∈ℕ

|𝑏𝑎…𝑏𝑎𝑏…𝑏|2

1+|𝑏𝑎…𝑎𝑏|
 

        = 𝑠𝑢𝑝
𝑛∈ℕ

𝑛2

(1+𝑛)
= ∞  

𝜔𝐺

ℓ1(𝐺, 𝜔).

𝐺𝜔

𝜙: 𝐺 → (ℂ, +)

𝑠𝑢𝑝
𝑥∈𝐺

|𝜙(𝑥)|

𝜔(𝑥)𝜔(𝑥−1)
< ∞,  

𝜙t0 ∈ 𝐺

𝜙(𝑡0) ≠ 0

𝐻 = 〈𝑡0〉𝜙|𝐻.

 𝜔|𝐻𝐻

𝑠𝑢𝑝
𝑥∈𝐻

|𝜙(𝑥)|

𝜔(𝑥)𝜔(𝑥−1)
< ∞,  

ℓ1(𝐻, 𝜔|𝐻)

𝐺𝜔

𝐺

𝐻ℓ1(𝐻, 𝜔|𝐻)

𝜙: 𝐺 → (ℂ, +)  

𝑠𝑢𝑝
𝑥∈𝐺

|𝜙(𝑥)|

𝜔(𝑥)𝜔(𝑥−1)
= ∞. 

 

𝐺

ℓ1(𝐺, 𝜔)

𝐺

𝐻ℓ1(𝐻, 𝜔|𝐻)

𝓵𝟏(ℤ ∗ ℤ𝒏, 𝝎)

𝜔𝐺

𝜔

𝑥 ⟼ 𝜔(𝑥)𝜔(𝑥−1) 

𝐺

𝐺

𝜔

ℒ1(𝐺, 𝜔)   

𝑔: ℕ ∪ {0} → [1, ∞)

𝑠𝑢𝑝
𝑛∈ℕ

𝑔(𝑛) = 𝑠𝑢𝑝
𝑛∈ℕ

𝑛

𝑔(𝑛)
= ∞.  

𝑓: ℕ ∪ {0} → [1, ∞)

 𝑓 

 𝑚, 𝑛 ∈ ℕ𝑚 ≥ 𝑛

𝑓(𝑚 + 𝑛) − 𝑓(𝑚 − 𝑛)
≤ 𝑔(𝑚)𝑔(𝑛),

 𝑠𝑢𝑝
𝑛∈ℕ

𝑓(𝑛)

𝑔(𝑛)
= ∞.

 



 

 

 

ℤ ∗ ℤ𝑛𝜔

𝑔: ℕ ∪ {0} →

[1, ∞)𝑐1, 𝑐2 > 0

𝑥 ∈ ℤ ∗ ℤ𝑛 

𝑐1𝑔(|𝑥|) ≤ 𝜔(𝑥) ≤ 𝑐2𝑔(|𝑥|)  

|𝑥|𝑥ℓ1(ℤ ∗ ℤn, ω)

𝜔

𝜔

ℓ1(ℤ ∗ ℤn, ω)ℓ1(ℤ ∗ ℤn)

ℓ1(ℤ ∗ ℤn)

ℓ1(ℤ ∗ ℤn, ω)

𝜔

ℓ1(ℤ ∗ ℤn, ω)

𝑥

|𝑥| = ∑ (|𝑘𝑖| + |𝑙𝑖|)𝑚
𝑖=1

∑ 𝑘𝑖
𝑚
𝑖=1𝑎𝑥

𝐴(𝑥)𝐴

𝐺 = ℤ ∗ ℤ𝑛ℤ

𝑠𝑢𝑝
𝑥∈𝐺

|𝐴(𝑥)|

𝜔(𝑥)𝜔(𝑥−1)
< ∞ 

ℓ1(ℤ ∗ ℤn, ω)

𝑠𝑢𝑝
𝑥∈𝐺

|𝐴(𝑥)|

𝜔(𝑥)𝜔(𝑥−1)
= ∞.  

|𝐴(𝑥)| ≤ |𝑥| 𝜔(𝑥) ≥ 𝑐1𝑔(|𝑥|) 

|𝑥| ≤ |𝑥−1| 

𝑠𝑢𝑝
𝑥∈𝐺

|𝑥|

(𝑔(|𝑥|))2  

       ≥ 𝑠𝑢𝑝
𝑥∈𝐺

|𝐴(𝑥)|

(𝑔(|𝑥|))2  

       ≥ 𝑠𝑢𝑝
𝑥∈𝐺

|𝐴(𝑥)|
1

𝑐1
2(𝜔(𝑥))2

 

        ≥ 𝑠𝑢𝑝
𝑥∈𝐺

|𝐴(𝑥)|

𝜔(𝑥)𝜔(𝑥−1)
= ∞  

|𝑥−1| ≤ |𝑥|

:

𝑠𝑢𝑝
𝑥∈𝐺

|𝑥|

(𝑔(|𝑥|))2  

       ≥ 𝑠𝑢𝑝
𝑥∈𝐺

|𝑥−1|

(𝑔(|𝑥|))2  

       ≥ 𝑠𝑢𝑝
𝑥∈𝐺

|𝐴(𝑥−1)|

(𝑔(|𝑥|))2 

        ≥ 𝑠𝑢𝑝
𝑥∈𝐺

|𝐴(𝑥−1)|

(𝜔(𝑥))2 = ∞  

𝑠𝑢𝑝
𝑥∈𝐺

|𝑥|

(𝑔(|𝑥|))2 = ∞,  

𝑠𝑢𝑝
𝑛∈ℕ

𝑛

𝑔(𝑛)
≥ 𝑠𝑢𝑝

𝑛∈ℕ

√𝑛

𝑔(𝑛)
= ∞. 

𝑔

𝑓: ℕ ∪ {0} → ℝ 

 𝑚, 𝑛 ∈ ℕ𝑚 ≥ 𝑛

𝑓(𝑚 + 𝑛) − 𝑓(𝑚 − 𝑛) ≤ 𝑔(𝑚)𝑔(𝑛), 

 𝑠𝑢𝑝
𝑛∈ℕ

𝑓(𝑛)

𝑔(𝑛)
= ∞. 

𝜓(𝑥) = 𝑓(|𝑥|)

x0 = a𝑥0 = a2

ℓ1(ℤ ∗ ℤn, ω)

𝜔(𝑥) ≥ 𝑐1𝑔(|𝑥|)

𝑔: ℕ ∪ {0} → ℝ+𝜔

ℤ ∗ ℤn

{𝑦𝑥0𝑦−1}𝑦∈ℤ∗ℤ𝑛

𝐶 > 0

𝑥, 𝑦 ∈ 𝐺 

|𝜓(𝑥𝑦) − 𝜓(𝑦𝑥)| ≤ 𝐶𝜔(𝑥)𝜔(𝑦),   



 

 
 

   

𝜓

|𝜓(𝑥𝑦) − 𝜓(𝑦𝑥)| = |𝑓(|𝑥𝑦|) − 𝑓(|𝑦𝑥|)|.  

|𝑥| = 𝑚|𝑦| = 𝑛

𝑚 ≥ 𝑛

𝑚 − 𝑛 = ||𝑥| − |𝑦|| ≤ |𝑥𝑦|, 
|𝑦𝑥| ≤ |𝑥| + |𝑦| = 𝑚 + 𝑛.  

𝑓

|𝑓(|𝑥𝑦|) − 𝑓(|𝑦𝑥|)|  
≤ 𝑓(𝑚 + 𝑛) − 𝑓(𝑚 − 𝑛).  

ω(𝑡) ≥ 𝐶1𝑔(|𝑡|)

𝑡 ∈ ℤ ∗ ℤn𝐶 = 1
𝐶1

2⁄

|𝜓(𝑥𝑦) − 𝜓(𝑦𝑥)|  
              = |𝑓(|𝑥𝑦|) − 𝑓(|𝑦𝑥|)| 
              ≤ 𝑓(𝑚 + 𝑛) − 𝑓(𝑚 − 𝑛) 

              ≤ 𝑔(𝑚)𝑔(𝑛) 

             = 𝑔(|𝑥|)𝑔(|𝑦|) 

             ≤
1

𝐶1
2 𝜔(𝑥)𝜔(𝑦).  

𝜓

𝑥0aa2

{𝑥𝑎𝑥−1}𝑥∈ℤ∗ℤ𝑛
{𝑥𝑎2𝑥−1}𝑥∈ℤ∗ℤ𝑛

𝑠𝑢𝑝
𝑦∈𝐺

|𝜓(𝑦𝑎𝑦−1)|

𝜔(𝑦𝑎𝑦−1)
  

       ≥ 𝑠𝑢𝑝
𝑛∈ℕ

|𝜓(𝑏𝑛𝑎𝑏−𝑛)|

𝜔(𝑏𝑛𝑎𝑏−𝑛)
  

       ≥ 𝑠𝑢𝑝
𝑛∈ℕ

𝑓(2𝑛+1)

𝐶2𝑔(2𝑛+1)
 

      =
1

𝐶2
𝑠𝑢𝑝
𝑛∈ℕ

𝑓(2𝑛+1)

𝑔(2𝑛+1)
, 

 

𝑠𝑢𝑝
𝑦∈𝐺

|𝜓(𝑦𝑎2𝑦−1)|

𝜔(𝑦𝑎2𝑦−1)
  

       ≥ 𝑠𝑢𝑝
𝑛∈ℕ

|𝜓(𝑏𝑛𝑎2𝑏−𝑛)|

𝜔(𝑏𝑛𝑎2𝑏−𝑛)
  

       ≥ 𝑠𝑢𝑝
𝑛∈ℕ

𝑓(2𝑛+2)

𝐶2𝑔(2𝑛+2)
 

      =
1

𝐶2
𝑠𝑢𝑝
𝑛∈ℕ

𝑓(2𝑛+2)

𝑔(2𝑛+2)
, 

𝑠𝑢𝑝
𝑛∈ℕ

𝑓(2𝑛+1)

𝑔(2𝑛+1)
= ∞ 𝑠𝑢𝑝

𝑛∈ℕ

𝑓(2𝑛+2)

𝑔(2𝑛+2)
= ∞

 

𝐺 = ℤ𝑛 ∗ ℤ𝑚  

𝑚, 𝑛 ∈ ℕ𝜔𝐺

𝜔(𝑥) = 𝜔(𝑎𝜀1𝑏𝜂1𝑎𝜀2𝑏𝜂2 … 𝑎𝜀𝑘𝑏𝜂𝑘)  

           = (1 + |𝑥|),  

𝑥|𝑥| =
1

k

i

i


=

 +
1

k

i

i


=



1

k

i

i


=


1

k

i

i


=

n
1

k

i

i


=



1

k

i

i


=

m

𝜔𝐺

ℓ1(𝐺, 𝜔)

 

ℓ1(𝐺, 𝜔)𝐺 

𝐺 = ℤ ∗ ℤ𝑛

𝜔𝛼ℓ1(𝐺, 𝜔𝛼)

D∞ = ℤ2 ∗ ℤ2ℓ1(𝐷∞, 𝜔)

𝜔𝐺

ℓ1(𝐺, 𝜔)

𝜔
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