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Abstract Recently we have proved the factorization of
NRQCD S-wave heavy quarkonium production at all orders
in coupling constant. In this paper we extend this to prove
the factorization of infrared divergences in y production
from color singlet cc pair in non-equilibrium QCD at RHIC
and LHC at all orders in coupling constant. This can be
relevant to study the quark—gluon plasma at RHIC and LHC.
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Introduction

The factorization of infrared divergences in nonrelativistic
QCD (NRQCD) color octet S-wave heavy quarkonium
production at high energy colliders at all orders in coupling
constant is recently proved in [1]. In this paper we extend
this formalism to non-equilibrium QCD by using the
closed-time path integral formulation to prove the factor-
ization of infrared divergences in j production from the
color singlet cc pair in non-equilibrium QCD at all orders
in coupling constant at RHIC and LHC. We also predict the
correct definition of the non-perturbative matrix element of
the y.; production from color singlet cc pair in non-equi-
librium QCD at RHIC and LHC. This can be relevant to
study the quark-gluon plasma (QGP) at RHIC and LHC.
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At very high temperature (> 200 MeV) the normal
hadronic matter becomes a new state of matter known as the
QGP. About 1072 s after the big bang our universe was filled
with the QGP which makes it important to produce it in the
laboratory at RHIC and LHC by colliding two heavy nuclei at
very high energy [2]. Since the confinement in QCD prevents
us to detect the QGP directly at RHIC and LHC, various
indirect signatures (such as the heavy quarkonium produc-
tion/suppression [3]) are proposed for its detection.

Since the center of mass energy /s = 200 GeV (5.5
TeV) of Au—Au (Pb-Pb) collisions at RHIC (LHC) is very
high, the two nuclei at RHIC (LHC) travel almost at the
speed of light creating the non-equilibrium quark—gluon
plasma just after the heavy-ion collisions. Because of the
very small hadronization time scale in QCD (~ 107 s)
there may not be enough secondary partonic collisions to
bring this non-equilibrium QGP to equilibrium. Hence the
QGP at RHIC (LHC) may be in non-equilibrium where one
cannot define a temperature.

The hard (high pt) parton production at RHIC and LHC
can be calculated by using pQCD but the soft parton pro-
duction calculation needs non-perturbative QCD which is
not solved yet. This implies that there remains uncertainty in
determining the soft partons production at RHIC and LHC.
Note that the soft partons play an important role in deter-
mining the bulk properties of the QGP at RHIC and LHC.

It should be mentioned here that the study of
hadronization from non-equilibrium QGP at RHIC and
LHC is one of the most difficult and important problems
because the confinement problem in QCD is not solved yet
due to the lack of our understanding of non-perturbative
QCD. This implies that the first principle calculation of
hadron production from non-equilibrium partons at RHIC
and LHC is not known.
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Because of these reasons one finds that in order to detect
the QGP at RHIC and LHC by using the first principle
calculation one needs to study the nonequilibrium—non-
perturbative QCD by using the closed-time path integral
formalism which is not easy [4-7]. If one does not perform
the exact first principle nonequilibrium—nonperturbative
QCD calculation then the comparison of the theoretical
calculation with the experimental data at RHIC and LHC
becomes questionable. For example, some of the limita-
tions of the present theoretical approaches are listed below.

The lattice QCD at finite temperature [8] is a common
tool to study the properties of the QGP. However, for the
reasons explained above, the actual QGP at RHIC and LHC
may be in non-equilibrium where one cannot define a tem-
perature. Hence the lattice QCD at finite temperature has no
application in non-equilibrium QGP at RHIC and LHC.

Similarly the hydrodynamics [9—-14] is not applicable in
non-equilibrium QGP at RHIC and LHC. Another limita-
tion of the hydrodynamics [9-14] is that it does not answer
the question how the partons become hadrons from first
principle. As shown in [15] the parton to hadron frag-
mentation function in QCD in vacuum cannot be used to
study the hadrons production from partons from the quark—
gluon plasma at RHIC and LHC. It is important to observe
that even if the experimental data at RHIC and LHC is
explained by using the hydrodynamics [9-14] it does not
prove that the QGP is in equilibrium. In order to make sure
that the QGP is in equilibrium at RHIC and LHC one has to
prove that the same experimental data cannot be explained
by using the non-equilibrium QGP for which one has to
study the nonequilibrium-nonperturbative QCD by using
the closed-time path integral formalism.

As far as the actual physics at RHIC and LHC heavy-ion
collisions is concerned the AdS/CFT based studies [16, 17]
and the supersymmetric Yang—Mills plasma-based studies
[18] have nothing to do with it because of the lack of
experimental verification of the string theory and the
supersymmetry.

Regarding the initial condition for the QGP formation and
the color glass condensate (CGC) [19, 20], as discussed above,
the hard (high pr) parton production at RHIC and LHC can be
calculated by using the pQCD but the soft parton production
can only be correctly calculated from the first principle by
using the non-perturbative QCD which is yet to be solved.

The jet quenching study, see for example [21, 22, and
references therein], directly/indirectly uses the parton to
hadron fragmentation function in QCD in vacuum. This is not
possible because unlike the leading order perturbative gluon
propagator in non-equilibrium QCD the non-perturbative
fragmentation function in non-equilibrium QCD cannot be
decomposed into the vacuum part and the medium part [15].

Hence from the above discussions one finds that,
although a lot of experimental data are available at RHIC
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and LHC heavy-ion colliders, there exists no exact first
principle theoretical calculation to explain these experi-
mental data. It is almost impossible to make an exact first
principle theoretical calculation at RHIC and LHC without
studying the nonequilibrium—nonperturbative QCD by
using the closed-time path integral formalism.

The first principle way to study non-equilibrium quan-
tum field theory is the Schwinger—Keldysh closed-time
path (CTP) formalism [4, 5]. Although the non-equilibrium
QED is usually studied by using the canonical quantization
formalism, the closed-time path integral formalism is
useful to study the nonequilibrium—nonperturbative QCD
due to the self-gluon interactions and the hadronization.

As mentioned earlier, the heavy quarkonium is one of
the indirect signatures for the detection of QGP [3]. Both
J/W¥ and y.; are measured by various collaborations at the
RHIC and LHC heavy-ion collider experiments. In order to
study heavy quarkonium production from the QGP at
RHIC and LHC one needs to prove factorization of infrared
divergences; otherwise, one will predict infinite cross
section for the heavy quarkonium production.

The infrared divergences issue in the case of P-wave
heavy quarkonium production is more complicated than
that of the j/i production. This is because there are no
uncanceled infrared divergences due to eikonal gluons
exchange in the case of S-wave heavy quarkonium (/i)
production in the color singlet mechanism, whereas there
are uncanceled infrared divergences due to eikonal gluons
exchange in case of P-wave heavy quarkonium (y ) pro-
duction in the color singlet mechanism [23-28].

Recently, we have shown that these uncanceled infrared
divergences can be factored into the correct definition of the
color singlet P-wave heavy quarkonium non-perturbative
matrix element by supplying the eikonal lines or the gauge links
[29]. In this paper we will extend this to the non-equilibrium
QCD by using the closed-time path integral formalism. We will
prove the factorization of infrared divergences in the y; pro-
duction from the color singlet c¢ pair in non-equilibrium QCD
at RHIC and LHC at all orders in coupling constant. We will
predict the correct definition of the non-perturbative matrix
element of the y; production from the color singlet c¢ pair in
non-equilibrium QCD at RHIC and LHC. This can be relevant
to detect the QGP at RHIC and LHC.

The paper is organized as follows: In “Closed-time path
integral formalism and the generating functional in non-
equilibrium QCD” section a brief discussion on the generating
functional in non-equilibrium QCD is presented. In “Infrared
divergences in y,; production from color singlet CC pair”
section we discuss the non-canceling infrared divergences in
color singlet y.; production. In “Infrared divergence due to
eikonal gluon and the SU(3) pure gauge background field”
section we show that the infrared divergences due to eikonal
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gluons exchange can be studied by using the SU(3) pure
gauge. In “Proof of factorization of y ; production in non-
equilibrium QCD at RHIC and LHC in color singlet mecha-
nism” section we prove the factorization of infrared diver-
gences in the y; production from color singlet c¢ pair in non-
equilibrium QCD at RHIC and LHC at all orders in coupling
constant. In “Correct definition of y production in non-
equilibrium QCD at RHIC and LHC in color singlet mecha-
nism” section we predict the correct definition of the non-
perturbative matrix element of the y; production from color
singlet cc pair in non-equilibrium QCD at RHIC and LHC. We
conclude in “Conclusion” section.

Closed-time path integral formalism
and the generating functional in non-equilibrium
QCD

Since we will use the background field method of QCD in
this paper we denote the gluon field by Q*/(x) and the
background field by A*/(x) where A=0,1,2,3 and
d=1,...,8. The generating functional in non-equilibrium
QCD (without the background field) in the closed-time
path integral formalism is given by [6, 7]
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where 6 =0,1,2,3 and we have included the heavy quark.
In Eq. (1) the symbol k=1,2,3=u,d,s stands for up,
down and strange quark with mass my and field y,. The
heavy quark field is ¥ and the heavy quark mass is M. The
initial density of states is denoted by p, the arbitrary gauge
fixing parameter is o, the [0,/ W, Wy Vo Vs W5,
W_,¥_,0_ > corresponds to the state at the initial time
and
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and similarly for the — index where 4, — stand for the
closed-time path indices. Note that we do not introduce
ghost fields as we directly work with the ghost determinant

det(?22Y) in Eq. (1),

S’
The corresponding non-equilibrium QCD generating
functional in the closed-time path integral formalism of the
background field method of QCD is given by [6, 7, 30-32]

= [ Q(H’

% [a) chd (2)

Z[AaP;J+aJ—7’71+7’71+777177’7177'72+,’72+7’7277’727:
7]3—0—7773—0—7’73—7173—77714-1ﬁ]+7’71—7ﬁ]—]

- / (40, 1[dQ_JTT_, [df,. |ldi ][y, [dy,_|[d, ]
(V[ )]
x det (%) x det (%>

o owe

x expli / e~ 0. A g

4Fd)o[Q +A_]

%(G%Qm)ﬂz—a(ed(@)f
3

) W [y 0 — i+ 8T (Q+ A .
k=1

3
=Y Ui [0 — i+ gTHH(Q + A)S Iy
P

+ WP [iy"0; — M+ T (Q+A)L, Y. —P_[iy*d;

3
— M+ gT (Q+A)] W- +Z%+’7k+
o

— Ve + il Vs — e W]+ P, — P,

i Y =i Yo+ 7.0 —J-0-}]

X <Qy +A+7W1+7lﬁ1+,l//2+,l/;2+»l//3+;lp3+alp+,‘17+’

0101 ¥ Yo o W53, WP, 0 +A_ >
(3)

where the background gauge fixing
G'(Q+) = ;0 + g ™A Q'F (4)

depends on the background field A*(x). In Eq. (3)

Y
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FOl0 + A =[0:[af. +05.] 0 [ad, + 01
+ef (A7, + 0] A5, + 05,]]
x ['[a% + 01] — &[4 + 0]
g a0 A% + 0]
(5)
and we do not have any ghost fields because we directly
work with the ghost determinant det(‘)G (Q*)) in Eq. (3).

For the type I gauge transformation we have [31, 32]

TAM = &, A D! +- (aﬁcm) ©)
0 = o, 70 D!,

where the light-like gauge link or the light-like eikonal line
in the fundamental representation of SU(3) is given by
[1, 33, 34]

o d ZioTd [ derad
_ eng ol (x) _ Pe igT j:) dT1A+(X+Tl)7 12 -0,

D, (x)
(7)

where [* is the light-like four-velocity.

In this paper we will use the generating functionals from
Egs. (1) and (3) in the path integral formulation to prove
the factorization of infrared divergences in the . pro-
duction from the color singlet ¢ pair in non-equilibrium
QCD at RHIC and LHC at all orders of coupling constant.

Infrared divergences in y; production from color
singlet CC pair

The non-canceling infrared divergences were found in the
higher order pQCD calculation of the annihilation of heavy
quark—antiquark pair to light partons in the hadronic decay
of the color singlet P-wave heavy quarkonium [23-28]. For
example, in the partonic processes [23-28]

Ay — 948, he — 888 (8)

of the hadronic decay of y; and h,, respectively, one finds
the non-canceling infrared divergences due to real soft
gluons (eikonal gluons) emission/absorption [23-28, 35,
36].

Now let us discuss the hadroproduction of y ; from color
singlet cc pair at high-energy colliders. If the factorization
theorem is valid [1, 33, 34, 37-46] then the y ; production
from the color singlet cc¢ pair at high energy colliders is
given by

’r @ Springer
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where déy;  cpp jix(y) 18 the partonic level cross section
for the cc production in 3P; state. This partonic level cross
section can be calculated by using pQCD where
k,j = q,q, g- The parton distribution function f; ,(x, Q) of
the parton k inside the proton p is a non-perturbative
quantity in QCD. The non-perturbative matrix element of
%5 production from the color singlet c¢ pair is denoted by
<0/0,,10 > .

As mentioned above the non-canceling infrared diver-
gences were found in the hadronic decay of the color sin-
glet P-wave heavy quarkonium [23-28, 35, 36]. Similarly,
the non-canceling infrared divergences were also found in
the hadroproduction of the color singlet P-wave heavy
quarkonium [36].

Note that for S-wave and P-wave color singlet heavy
quarkonium the infrared divergences occur due to coulomb
gluon and eikonal gluon exchanges. The infrared diver-
gence due to Coulomb gluon exchange is analogous to the
infrared divergence due to the Coulomb photon exchange
in QED, see [47]. This Coulomb gluon infrared divergence
is also known as the %—> oo divergence where v is the
relative velocity of the heavy quark—antiquark which is
normally absorbed into the normalization of the bound
state wave function [23-28] similar to that in QED [47].

In case of j /i production the infrared divergences due to
the eikonal gluons interacting with charm quark exactly
cancel with the corresponding infrared divergences asso-
ciated with the charm antiquark [23-28]. Hence there is no
uncanceled infrared divergences due to eikonal gluons
exchange in case of j/i production. That is why there are
no gauge links in the definition of the j/yy wave function
[29].

However, in case of y  production the non-canceling
infrared divergences occur due to the eikonal gluons
[23-28]. At NLO in coupling constant the non-canceling
infrared divergence due to the eikonal gluons exchange is
found in the quark—antiquark fusion process [36]

99 = X8- (10)

Because of the existence of these non-canceling infrared
divergences, we have shown in [29] that the gauge links are
necessary in the definition of the color singlet P-wave non-
perturbative matrix element of the heavy quarkonium
production. These gauge links make the non-perturbative
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matrix element gauge invariant and cancel these non-
canceling infrared divergences.

Hence the correct definition of the non-perturbative
matrix element of the ., production from color singlet cc
pair at high-energy colliders which is consistent with the
factorization of infrared divergences at all orders in cou-
pling constant in QCD is given by [29]

<0[0,,|0 > = <0|{'oVd'éd) - a,, FOVDI0 >,
(11)

where { (&) is the two-component Dirac spinor field that
creates (annihilates) a heavy quark and

fovels = fovole) — (val))ofe. (12)

In Eq. (11), the a; . is the creation operator of the y,,, the
<0|0,,,|0 > is evaluated at the origin and

(x) = e e Jy detA g (13)

is the light-like gauge link or the light-like eikonal line in
the fundamental representation of SU(3).

Infrared divergence due to eikonal gluon
and the SU(3) pure gauge background field

As mentioned earlier the real gluon emission/absorption is
the source of the non-canceling infrared divergences in
case of P-wave heavy quarkonium production/deacy
[23-28, 35, 36]. In this section we will briefly discuss the
infrared divergence due to real gluon emission/absorption
which can be described by eikonal Feynman rules in QCD.
Let us first discuss the eikonal Feynman rules in QED
before proceeding to QCD as the eikonal Feynman rules in
QCD is similar to that in QED.

In QED the Feynman diagram contribution for an
electron emitting a real photon is given by [48]
Yy —— ; — Ak)u(r) =~ —rrf(:) u(r) + —ﬁf(’]‘{) u(r),

(14)

where r* (k*) is the momentum of electron (photon).
Eq. (14) has both eikonal part

~e(k
%(k)u(r) — o0 when k*—0 (15)
and the non-eikonal part
k ,
i”é( k) u(r) — finite when k* — 0. (16)
v

The eikonal part is the source of the infrared divergence as
Eq. (15) diverges in the infrared limit k* — 0. The non-

eikonal part in Eq. (16) does not diverge in the infrared
limit k¥* — 0. This implies that the infrared divergence due
to the emission of real photon from the electron can be

studied by using only the eikonal term r‘f‘(:)u(r) without

taking into account the non-eikonal term %@u(r) in the

Feynman diagram contribution in Eq. (14).

Now we will show that the study of the infrared diver-
gences due to the eikonal photons at all order in coupling
constant in QED can be enormously simplified when the
electron is light-like (¥ = 0). The effective lagrangian
density of the photon in the presence of current density
K*(x) in quantum field theory is given by [1]

Z[K]

/d4x£eﬂ(x) =—iln<0[0 > g = —iln[m]

_ 1 VRPN
_ 75/51 XK (x) 53 K0,

(17)

where the generating functional Z[K] in the path integral
formulation involving the photon field Q*(x) is given by

ZIK] = / [dQ]e’ | 45000 (-0, () -0 Q)40+ (W (W]

(18)
From Eq. (15) the eikonal contribution
e / (Z;’; llf%"i)e — i / &30 (K (x) (19)
gives the eikonal current density
0
K*(x) = e/o det’ oW (x — In), (20)

where [* is the light-like four-velocity (> =0) of the
electron.

Using eq. (20) in (17) we find that
12

I — P =0.

[V2(1 - x)7]

(21)

From Eq. (21) we find that the light-like eikonal current
produces pure gauge field in quantum field theory at all
space—time points except at the positions perpendicular to
the direction of motion of the charge at the time of closest
approach, a result which agrees with the classical
mechanics [41, 49, 50].

Hence we find from Eq. (21) that the calculation of
infrared divergences due to the real photons’ emission from
the light-like electron can be simplified by using the pure
gauge field in QED. This can also be seen from Grammer—
Yennie approximation [48] as follows: We write the pho-
ton polarization as the sum of the transverse (physical)

Loy (x) = =0, when [-x#0,

’r @ Springer
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polarization plus the longitudinal (pure gauge) polarization
to find [48]

62(]() = 6ghysical(k) + 6gure gauge (k)’ (22)
where

r-e(k)
eﬁhySical(k) = [El(k) — K ﬁ} (23)

which contributes to the physical (finite) cross section and

| _ areelk)
€) (k)_k r~k )

pure gauge

(24)

which does not contribute to the physical (finite) cross
section but contributes to the infrared divergence. This can
be explicitly seen by using Eq. (22) in the eikonal part in
Eq. (14) to find

ek * Epur k
r’f(k)u(r) = epure.gz;:ge( )u(r) — oo when k* — 0,
(25)
. . (k
rame® ) <o, (26)
and in the non-eikonal part in Eq. (14) to find
(K ;
—éf(ll? u(r) = L/ép;:iw:( )u(r) — finite when k% — 0
(27)
and
k
/k/épl;;g.azge( )M(i’) _ 0 (28)
From Eq. (16) the non-eikonal contribution
d'k  kQ(k) 4
—————= [ d"xK(x) - 2
IR T R R 29)
gives the non-eikonal current density
K (x) = Ey‘sy}' dwgéw(x —mw) (30)
2 0x9 ’

where r* is light-like (#> = 0) or non-light-like (r> # 0)
momentum of the electron. Using Egs. (20) and (30) in
Eq. (17) we find that the interaction between the (light-like
or non-light-like) non-eikonal line with four-momentum r*
and the gauge field generated by the light-like eikonal line
with four-velocity /* (1> = 0) gives the interaction (effec-
tive) lagrangian density
CPE[(r-D(rox)—ri-x]
21-)%[(r-x)? = 22 (31)
[-x#0, r-x#0.

‘Cier;;eraction ( X)

when
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From Eq. (31) we find that, in quantum field theory, the
interaction between the non-eikonal line and the gauge
field generated by the light-like eikonal line does not
contribute to the interaction (effective) lagrangian density.
Since the light-like eikonal line produces pure gauge field
in quantum field theory (see Eq. (21)) we find from
Eqgs. (31) and (28) that the light-like eikonal line does not
modify the finite physical cross section.

Hence we find from Egs. (21), (31), (25), (26), (27) and
(28) that the study of infrared divergences in QED due to
real photon emission from the light-like electron can be
enormously simplified by using the pure gauge field
without modifying the finite value of the cross section.

We have shown in Eqgs. (21) and (31) that the light-like
electron produces pure gauge field in QED. This result in
QED agrees with classical mechanics [41, 49, 50]. Hence
we find that the infrared divergences at all orders in cou-
pling constant due to the real photons” emission from the
light-like electron in quantum field theory can be studied
by using the path integral formulation of the background
field method of quantum field theory in the presence of
pure gauge background field [1, 33, 34, 51, 52].

In QED the U(1) pure gauge field A*(x) is given by

A*(x) = &*w(x) and in QCD the SU(3) pure gauge field
A% (x) is given by [1, 33, 34]
TA% (x) = ll [o*D(x)] 0! (x), (32)
where ®(x) is the light-like gauge link or the light-like
eikonal line in the fundamental representation of SU(3)
given by Eq. (13).

Proof of factorization of 3. production in non-
equilibrium QCD at RHIC and LHC in color
singlet mechanism

As discussed in “Infrared divergence due to eikonal gluon
and the SU(3) pure gauge background field” section the
infrared divergences due to the exchange of eikonal gluons
with the light-like parton in QCD can be studied by using
the path integral formulation of the background field
method of QCD in the presence of SU(3) pure gauge
background field as given by Eq. (32) [1, 33, 34]. Note that
the path integral technique is suitable to study the proper-
ties of the non-perturbative quantities in QCD. It should be
mentioned here that the properties of a non-perturbative
function may not always be correctly studied by using the
perturbative method no matter how many orders of per-
turbation theory is used. Take, for example, a non-pertur-
bative function
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floy=e+. (33)
The Taylor series at g = 0 gives f(g) = 0 to all orders in
perturbation theory but f(g) # 0 for g # 0.

Having considered the points mentioned above, one
should note that perturbative QCD entered a new phase when
the cancelation of the leading-order (LO) renormalons
between the QCD potential and the pole masses of quark and
antiquark was discovered (see for example [53, 54]). Con-
vergence of the perturbative series improved dramatically
and much more accurate perturbative predictions became
available. Hence, in some later works (see, for example,
[55, 56]) it was shown that perturbative predictions in QCD
agree well with phenomenological QCD results (determined
from heavy quarkonium spectroscopy) and lattice QCD
calculations. For recent developments on color potential
produced by the color charge of the quark, see [49, 50].

In this paper we will use the path integral formulation of
the background field method of QCD to predict the correct
definition of the non-perturbative matrix element of the y;
production from color singlet c¢ pair in non-equilibrium
QCD which is gauge invariant and is consistent with the
factorization of infrared divergences at all orders in cou-
pling constant.

In the closed-time path integral formulation the gener-
ating functional in non-equilibrium QCD is given by
Eq. (1). Hence from Eq. (1) we find that the heavy quark—
antiquark non-perturbative correlation function of the type
<in|?,(¥)¥,(x')¥P;(x")¥s(x")|in > in non-equilibrium
QCD is given by [6, 7, 32, 57]

<in|¥,(xX)Vo ¥, (x) - P (x") Vo Py (x") in >
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(AP, ][0 [ ][0 |

5 e 5 e 50,04 30,0
J ] . " , N it S A
X W, (X )V, (x) - We(x" )V Py (x )><det< S0, ) ><det< St )
. ' 1 2 1 2 1 2dN\2 1 Ad\2
exp[z/ d4x{ *ZFd;.a[Q+] +1Fdzo‘[Q—] *ﬁ(ale) +ﬂ(aiQ7d)

3
+ Z Vg [17°0; —my + 8Td"//in'{+]l//k+
k=1

w ol

- Z Vi [iy*0; —mi + gTdy;"Qf7]¢k7

=1
+ W [iy"0; — M+ Ty Q¥
— P [i0, — M+ T 0 ]¥-}]
X <O Wi Vo Yo s Vs, P, Wy
SXUPVRTZ0 V2 2 2SR 2SS I Y 0
(34)

where r,s = +, — are the closed-time path indices in non-
equilibrium QCD (the repeated closed-time path indices
r, s in Eq. (34) are not summed) and |in > is the ground
state in non-equilibrium QCD.

In the closed-time path integral formulation in non-
equilibrium the generating functional in the background
field method of QCD is given by Eq. (3). Hence from
Eq. (3) we find that the heavy quark—antiquark nonequi-
librium—nonperturbative correlation function of the type
<in|¥,(¥)¥,(x')¥P(x")¥s(x")|in > 4 in the background
field method of QCD is given by [6, 7, 30-32]

<in|P,(X )V ¥, (x') - P, (x") Vo Py (x") |in > 4

= / (A0 ][O TG, [dy ] [dv, _][dv ] [dys, _][dP-]
@ o, Jjaw |
X W, (X )V, () - Py (x" )V, Py (x) x det <%)
d
x det (%) exp[i/d4x{ - %Fdi(s [0 +A,]
1

(GU(Q:)) +5-(G"(0-))

1 _»
—FY 0_+A_
+4 Aé[Q + } 205

1
200
3 —_ " "
+ Z‘//k+ [i“/kal —my +8TdVA(Q +A)‘){+]‘pk+
k=1

3
- Z‘#kf [iy"0; — i+ 8T (Q+A)] Ty
k=1

T iy 0, — M +gT (Q+A)] ¥, —P_[iy"0;
—M+gT% (Q+A)] ¥}
<Q+ +A+7¢1+7&1+a¢2+7&2+a¢3+7&3+a‘y+7q—1+70|
p|0>lp177¢177¢277‘//277¢37a‘//377q77alP77Q7 +A, >
(35)
From Eq. (35) we find
<in|'P, ()0, (X ) VoL (X )P, () - Py (¥ ) Dy (X" Vo O ()
W (x")|in > 4
= / [dQ. ][dQ-JTT_, [dysy . ][d, (A ][dyy,][dP ]
SRR
X ‘*lj,(x’)(l)r(x’)vx/(l)i(x’)‘l’,(x’) . kps(x”)(I):()c”)vxn(l);r(x")‘l’s(x”)

y det(aGd(gQQ) y det(&G%Q,))

o’ owe.

X exp[i/d4x{ - %Fdi;[Q+ +Ay] +%Fdi5[Q, +A_]
1

1
% (G(04))° +2§(Gd(Q—))2

3
+ Y i —mi+ g T (Q+ A I
k=1

3
- Z Vi 7705 — mi+ gT9 (Q + A)] W

k=1
+ P[0, — M+ gTH(Q + A)L .
—P_[iy"0; — M+ gTy(Q +A){_]¥_}]
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(36)
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where ®(x) is the light-like gauge link or the light-like
eikonal line in the fundamental representation of SU(3)
given by Eq. (13).

Since Q is the integration variable inside the path inte-
gration we change the integration variable Q — Q — A in
Eq. (36) to find
<in|¥P, (X )0, () Ve ® ()P, () - P, (x") Dy (x")

Vo ® ()P (1) |in > 4

- / (40, ][dQ_ T, [d,, ) [d, [dp, Jidy,_][dP, ]

MUATAS
x W, (x)

O, () Vo () ¥, (x') - Po(x")Ds(x")

+))

> X exp[l d4x{

_ 5G4
V@ ()P (") % det( i CE)Q

}i
det
xe(a

(G"(Q+))
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O|p|07lpl—7l//1—a¢2—7l//2—7¢3—7lp3—7 \P*a\P*7Q7 > )

— \p, [i}))’ai -M

(37)
where from Eqgs. (4) and (6) we have
G{(Q+) = 0,07 + gfdb“Ab — 0,4,
10 = 0, 70 07! += (a*cm)cb ! (38)

Since Q, ¥, Y, ¥ and P are integration variables inside
the path integration we can change the unprimed inte-
gration variables to primed integration variables in
Eq. (37) to find

ﬁ @ Springer

<in|¥, (X )0, () V@ ()P, (x') - P (X" ) Dy (x”)
Vo ® ()Y, (") |in > 4

- / (40!, (40 JTT2_, [0, ] [dF, ][y}, ][dy) |[d¥F]
< [0 (AW, ¥ ¥, ()0 r<x’>mf< ()

P () D (x") V@] (") WL () x de t( G, ))
bwi
3G4(Q
« det( (;LE)_ )« expli / ] ——F"’i‘s[Q+] Fdjo[Q ]
1 1

"5 10))) + 5, (Gl

+ lek+ lW/ al — My +8Td“/Q }lp;pr

1< [iy"0; — my + gT% AQ "

=
Mu»
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(39)
The SU(3) pure gauge background field A*(x) given by
Eq. (32). Using the background field A*(x) as the SU(3)

pure gauge background field given by Eq. (32) we find
from

WV (x) = 4 ()P (x) (40)
and from Eq. (38) that [1, 33, 34]
W’kfl (i) = [dJldv.), [dQL] = [dQ.],
[P ][d¥,] = [dP, ][],
(GH(@,) = @:04(x). det “f;%’} - g [10CE)
Ui, [0 — mic+ T QL Wi = i 17705 — i+ 8T Q4 Wy

W [17/0; — M+ gTh QLY. =P [0, — M + T/ Q4 ¥
(41)
At the initial time we are working in the frozen ghost
formalism for the non-equilibrium QCD at the initial time
[6, 7]. This implies from Eqgs. (38) and (40) that at the
initial time the <Q+7Wl+7¢]+a¢2+5w2+7w3+7¢3+7ly+7

II,I+70|p|0 lpl 7‘//1 7‘//2 7l//2 alp3 alpS a \P Q > in
non-equilibrium QCD at the initial time is gauge invariant

by definition, i. e., [34]
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i i i
<Q/+a'VH,'//1+7‘///2+HP2+7%+>1//3+,‘P;>
= Il -/ -/
X \Pl+70‘p|05w175lp/]75 sza w/277lp3falpgfa
L0 >
= <Q+a'101-4-’&1+aw2+7l/;2+7w3+7lp3+’\y+7

X \P+7O‘p|05lpl—alpl—alp2—a lpZ—a‘p?s—alp?)—a
Y_¥Y_,0_>.

From Egs. (41), (40), (42), (39) and (34) we finally obtain
<in|¥,(x )V, (X)al, - ag¥P,(x)V, ¥, (x)|in >
= <in|¥,(xX)0,(x )V, (X)¥,(X)al, - agP,(x)  (43)
x @ (x)V, D (x) W, (x)|in > 4,

which proves the factorization of infrared divergences in
%; Production from color singlet cc pair in non-equilibrium
QCD at all order in coupling constant where the light-like
gauge link or the light-like eikonal line @ (x) in the fun-
damental representation of SU(3) is given by

(D+ (x) _ ,PefigTd‘f; drl-Ai(X+fZ)' (44)

Correct definition of y.; production in non-
equilibrium QCD at RHIC and LHC in color
singlet mechanism

From Eq. (43) we find that the correct definition of the
gauge invariant non-perturbative matrix element of the
production from the color singlet ¢¢ pair in non-equilib-
rium QCD which is consistent with factorization of infra-
red divergences at all orders in coupling constant is given
by

<in|O,, lin > = <in|CTCDv(DTéa;0 ~ax('0§T<D?(DTC|in >,
(45)

Since the left-hand side of Eq. (43) is independent of the
light-like four-velocity /* we find that the long-distance
behavior of the ., non-perturbative matrix element
<in|O, lin> = <in\CT<Dﬁ<DT§aLO -améT(D?CDTﬁin >
in Eq. (45) in non-equilibrium QCD is independent of the
light-like vector I* used to define the light-like gauge link
or the light-like eikonal line in Eq. (44) at all orders in
coupling constant.

Conclusions
Recently we have proved the factorization of NRQCD

S-wave heavy quarkonium production at all orders in
coupling constant. In this paper we have extended this to

prove the factorization of infrared divergences in y pro-
duction from color singlet cc pair in non-equilibrium QCD
at RHIC and LHC at all orders in coupling constant. This
can be relevant to study the quark—gluon plasma at RHIC
and LHC.

Open Access This article is distributed under the terms of the
Creative Commons Attribution 4.0 International License (http://crea
tivecommons.org/licenses/by/4.0/), which permits unrestricted use,
distribution, and reproduction in any medium, provided you give
appropriate credit to the original author(s) and the source, provide a
link to the Creative Commons license, and indicate if changes were
made.

References

1. Nayak, G.C.: Proof of NRQCD factorization at all order in
coupling constant in heavy quarkonium production. Eur. Phys.
J. C 76, 448 (2016)

2. Cooper, F., Mottola, E., Nayak, G.C.: Minijet initial conditions
for non-equilibrium parton evolution at RHIC and LHC. Phys.
Lett. B 555, 181 (2003)

3. Matsui, T., Satz, H.: J/{ suppression by quark-gluon plasma
formation. Phys. Lett. B 178, 416 (1986)

4. Schwinger, J.: Brownian motion of a quantum oscillator. J. Math.
Phys. 2, 407 (1961)

5. Keldysh, L.V.: Diagram technique for nonequilibrium processes.
JETP 20, 1018 (1965)

6. Kao, C.-W., Nayak, G.C., Greiner, W.: Closed-time path integral
formalism and medium effects of non-equilibrium QCD matter.
Phys. Rev. D 66, 034017 (2002)

7. Cooper, F., Kao, C.-W., Nayak, G.C.: Infrared behaviour of the
gluon propagator in non-equilibrium situations. Phys. Rev. D 66,
114016 (2002)

8. Bazavov, A, et al.: Equation of state and QCD transition at finite
temperature. Phys. Rev. D 80, 014504 (2009)

9. Teaney, D., Lauret, J., Shuryak, E.V.: A hydrodynamic descrip-
tion of heavy ion collisions at the SPS and RHIC. arXiv:nucl-th/
0110037

10. Teaney, D., Lauret, J., Shuryak, E.V.: Flow at the SPS and RHIC
as a quark gluon plasma signature. Phys. Rev. Lett. 86, 4783
(2001)

11. Luzum, M., Romatschke, P.: Conformal relativistic viscous
hydrodynamics: applications to RHIC results at +/syy =
200-GeV. Phys. Rev. C 78, 034915 (2008) Erratum: Phys. Rev. C
79, 039903 (2009)

12. Kolb, P.F., Heinz, U.W.: Hydrodynamic description of ultrarel-
ativistic heavy ion collisions. In: Hwa, R.C. (ed.) et al.: Quark
gluon plasma, pp. 634-714. arXiv:nucl-th/0305084

13. Muller, B.: From quark-gluon plasma to the perfect liquid. Acta
Phys. Polon. B 38, 3705 (2007)

14. Shuryak, E.V.: Why does the quark gluon plasma at RHIC behave
as a nearly ideal fluid? Progr. Part Nucl. Phys. 53, 273 (2004)

15. Nayak, G.C.: Jet quenching at RHIC and LHC and the frag-
mentation function in vacuum. arXiv:1705.04878 [hep-ph]

16. Liu, H., Rajagopal, K., Wiedemann, U.A.: Wilson loops in heavy
ion collisions and their calculation in AdS/CFT. JHEP 0703, 066
(2007)

17. Albacete, J.L., Kovchegov, Y.V., Taliotis, A.: Modeling heavy
ion collisions in AdS/CFT. JHEP 0807, 100 (2008)

’r @ Springer


http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/
http://arxiv.org/abs/nucl-th/0110037
http://arxiv.org/abs/nucl-th/0110037
http://arxiv.org/abs/nucl-th/0305084
http://arxiv.org/abs/1705.04878

284

J Theor Appl Phys (2017) 11:275-284

18.
19.
20.

21.

22.

23.

24.

25.
26.
27.
28.

29.
30.
31.

32.
33.

34.
35.

36.

37.

38.

Herzog, C.P., et al.: Energy loss of a heavy quark moving through
N = 4 supersymmetric Yang-Mills plasma. JHEP 0607, 013
(2006)

McLerran, L.D., Venugopalan, R.: Computing quark and gluon
distribution functions for very large nuclei. Phys. Rev. D 49, 2233
(1994)

McLerran, L.D., Venugopalan, R.: Gluon distribution functions
for very large nuclei at small transverse momentum. Phys. Rev. D
49, 3352 (1994)

Gyulassy, M., Vitev, I, Wang, X.-N., Zhang, B.-W.: Jet
quenching and radiative energy loss in dense nuclear matter. In:
Hwa, R.C. (ed.) et al.: Quark gluon plasma, pp. 123-191. arXiv:
nucl-th/0302077

Chien, Y.-T., Emerman, A., Kang, Z.-B., Ovanesyan, G., Vitev,
L.: Jet quenching from QCD evolution. Phys. Rev. D 93, 074030
(2016). arXiv:1509.02936 [hep-ph]

Barbieri, R., et al.: Strong radiative corrections to annihilations of
quarkonia in QCD. Nucl. Phys. B 154, 535 (1979)

Barbieri, R., et al.: Singular binding dependence in the hadronic
widths of 17" and 17 heavy quark anti-quark bound states.
Phys. Lett. 61B, 465 (1976)

Barbieri, R., et al.: Gluon jets from quarkonia. Nucl. Phys. B 162,
220 (1980)

Barbieri, R., et al.: Strong QCD corrections to p-wave quarko-
nium decays. Phys. Lett. 95B, 93 (1980)

Barbieri, R., et al.: QCD corrections to P-wave quarkonium
decays. Nucl. Phys. B 192, 61 (1981)

Kwong, W., et al.: Quarkonium annihilation rates. Phys. Rev. D
37, 3210 (1988)

Nayak, G.C.: Correct definition of color singlet p-wave non-
perturbative matrix element of heavy quarkonium production.
JHEP 2017, 90 (2017)arXiv:1704.07449v2 [hep-ph]

Hooft, G.: An algorithm for the poles at dimension four in the
dimensional regularization procedure. Nucl. Phys. B 62, 444
(1973)

Klueberg-Stern, H., Zuber, J.B.: Renormalization of nonabelian
gauge theories in a background field gauge. 1. Green functions.
Phys. Rev. D 12, 482 (1975)

Abbott, L.F.: The background field method beyond one loop.
Nucl. Phys. B 185, 189 (1981)

Nayak, G.C.: Light-like Wilson line in QCD without path
ordering. Phys. Part Nucl. Lett. 13, 417 (2016)

Nayak, G.C.: Jet quenching and gluon to hadron fragmentation
function in non-equilibrium QCD at RHIC and LHC. Phys. Part
Nucl. Lett. 14, 18 (2017)

Braaten, E., Chen, Y.-Q.: Calculation of P wave charmonium
decay rates using dimensional regularization. Phys. Rev. D 55,
7152 (1997). arXiv:hep-ph/9701242

Petrelli, A., et al.: NLO production and decay of quarkonium.
Nucl. Phys. B 514, 245 (1998). arXiv:hep-ph/9707223

Collins, J.C., Soper, D.E., Sterman, G.: Factorization for one loop
corrections in the Drell-Yan process. Nucl. Phys. B 223, 381
(1983)

Collins, J., Soper, D.E., Sterman, G.: Does the Drell-Yan cross-
section factorize? Phys. Lett. 109B, 388 (1982)

@ Springer

39.

40.

41.

42.

43.

44,

45.

46.

47.

48.

49.

50.

S1.

52.

53.

54.

55.

56.

57.

Collins, J., Soper, D.E., Sterman, G.: Relation of parton distri-
bution functions in Drell-Yan process to deeply inelastic scat-
tering. Phys. Lett. 126B, 275 (1983)

Collins, J., Soper, D.E., Sterman, G.: All order factorization for
Drell-Yan cross-sections. Phys. Lett. 134B, 263 (1984)

Collins, J.C., Soper, D.E., Sterman, G.: Factorization for short
distance hadron-hadron scattering. Nucl. Phys. B 261, 104 (1985)
Nayak, G.C., Qiu, J.-W., Sterman, G.: Fragmentation, factoriza-
tion and infrared poles in heavy quarkonium production. Phys.
Lett. B 613, 45 (2005)

Nayak, G.C., Qiu, J.-W., Sterman, G.: Fragmentation, NRQCD
and NNLO factorization analysis in heavy quarkonium produc-
tion. Phys. Rev. D 72, 114012 (2005)

Nayak, G.C., Qiu, J.-W., Sterman, G.: NRQCD factorization and
velocity-dependence of NNLO poles in heavy quarkonium pro-
duction. Phys. Rev. D 74, 074007 (2006)

Nayak, G.C., Qiu, J.-W., Sterman, G.: Color transfer in associated
heavy-quarkonium production. Phys. Rev. Lett. 99, 212001
(2007)

Nayak, G.C., Qiu, J.-W., Sterman, G.: Color transfer enhance-
ment for heavy quarkonium production. Phys. Rev. D 77, 034022
(2008)

Harris, 1., Brown, L.M.: Radiative corrections to pair annihila-
tion. Phys. Rev. 105, 1656 (1957)

Grammer, G., Yennie, D.R.: Improved treatment for the infrared
divergence problem in quantum electrodynamics. Phys. Rev. D 8,
4332 (1973)

Nayak, G.C.: General form of the color potential produced by
color charges of the quark. JHEP 1303, 001 (2013)

Nayak, G.C.: General form of color charge of the quark. Eur.
Phys. J. C 73, 2442 (2013)

Tucci, R.: Factorization of soft and collinear divergences in QCD
in Feynman gauge via background field gauge. Phys. Rev. D 32,
945 (1985)

Nayak, G.C.: Factorization of soft and collinear divergences in
non-equilibrium quantum field theory. Ann. Phys. 324, 2579
(2009)

Beneke, M.: A quark mass definition adequate for threshold
problems. Phys. Lett. B 434, 115 (1998)

Hoang, A., Smith, M., Stelzer, T., Willenbrock, S.: Quarkonia
and the pole mass. Phys. Rev. D 59, 114014 (1999)

Sumino, Y.: A connection between the perturbative QCD
potential and phenomenological potentials. Phys. Rev. D 65,
054003 (2002)

Sumino, Y.: QCD potential as a ’Coulomb plus linear’ potential.
Phys. Lett. B 571, 173 (2003)

Muta, T.: Foundations of quantum chromodynamics. World
Scientific lecture notes in physics, vol. 5 (1987)

Publisher’s Note

Springer Nature remains neutral with regard to jurisdictional claims in
published maps and institutional affiliations.


http://arxiv.org/abs/nucl-th/0302077
http://arxiv.org/abs/nucl-th/0302077
http://arxiv.org/abs/1509.02936
http://arxiv.org/abs/1704.07449v2
http://arxiv.org/abs/hep-ph/9701242
http://arxiv.org/abs/hep-ph/9707223

	Proof of factorization of \curr{\chi _{\curr{cJ}}} production in non-equilibrium QCD at RHIC and LHC in color singlet mechanism
	Abstract
	Introduction
	Closed-time path integral formalism and the generating functional in non-equilibrium QCD
	Infrared divergences in \chi _{\rm{cJ}} production from color singlet C{\bar{C}} pair
	Infrared divergence due to eikonal gluon and the SU(3) pure gauge background field 
	Proof of factorization of {\varvec{\chi}} _{\bf{cJ}} production in non-equilibrium QCD at RHIC and LHC in color singlet mechanism
	Correct definition of \chi _{\rm{cJ}} production in non-equilibrium QCD at RHIC and LHC in color singlet mechanism 
	Conclusions
	Open Access
	References




