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Abstract Interaction of high power circularly polarized

short laser pulses with a cold underdense magnetized thin

plasma lens is analyzed in the sub-relativistic regime. The

magnetic field is applied along the direction of the laser

field propagation. The evolution equation of the beam spot

size is derived and solved by making use of the variational

principle approach method. The theoretical investigations

reveal that not only the magnetized plasma lens more

sufficiently decreases the laser spot size, but also the left-

handed circularly polarized beam is more effectively

focused by a magnetized plasma lens compared to the

right-handed circularly polarized beam.

Keywords Laser plasma interaction � Magnetized

underdense plasma � Variational principal approach
method � Laser spot size

Introduction

Studying the evolution of high-intensity laser pulses propa-

gating through underdense plasmas is an active area of

research due to its importance to plasma accelerators [1],

radiation schemes [2], X-ray lasers [2, 3], and etc. The

problem of self-focusing of laser light in collisionless plas-

mas has been the subject of intense study in last years [4, 6].

However; laser pulse interaction with magnetized plasmas

is, respectively, new and of interest to researchers and

therefore the related physical processes have been studied. It

has been seen that intense magnetic fields are generated in

the laser plasma interaction [5]. These self-generated (or

externally applied) transverse and axial magnetic fields

affect the propagation of laser pulses in plasmas since the

canonical momentum in a magnetized plasma is not con-

served [6, 7]. Furthermore, laser pulse interaction with

magnetized plasmas finds various applications for different

branches such as: nonlinear interaction [8], wakefield exci-

tation [9], modulation instability [10, 11], laser fusion

schemas [12, 13], and fast ignition schemes in inertial con-

finement fusion (ICF) [14]. Moreover, self-generated mag-

netic fields in the corona region have been studied for intense

laser pulse interaction with magnetized plasmas.

Self-focusing in plasma can occur through thermal,

relativistic and ponderomotive effects [15]. Thermal self-

focusing is due to collisional heating of plasma exposed to

electromagnetic radiation and the rise in temperature

induces a hydrodynamic expansion, which leads to an

increase in the index of refraction and further heating [18].

Relativistic self-focusing is caused by the mass increase in

electrons traveling at speed approaching the speed of light

which modifies the plasma refraction index [4, 6, 19].

Ponderomotive self-focusing is caused by the pondero-

motive force, which pushes electrons away from the region

where the laser beam is more intense, therefore increasing

the refraction index and inducing the focusing effect [20].

In the present paper we analyze this problem with the

assumption that the plasma is cold so that before the pas-

sage of the laser radiation, the plasma electrons are at rest

and the magnetic field does not affect them [21, 22].

Clearly, the ponderomotive force [23] tries to expel elec-

trons; however, since the ions are assumed motionless

(because of their inertia and the shortness of the pulse),

expelled electrons lead to a charge imbalance, creating an

electrostatic field which attracts the electrons back into this
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channel. The balance between the radial electrostatic and

ponderomotive forces determines the electron density

within the channel. In our study it will be assumed that the

electrons are cold. This is justified if the quiver velocity of

the electron motion in the wave is large compared to the

electron thermal speed [24]. In additional, we consider the

effect of nonlinear electric field in the dielectric function of

plasma. It arises on account of redistribution of electron

density in the transverse direction. Also because of the time

duration of the laser pulse is shorter than the electrons

plasma relaxation time ðt � teÞ, we only consider the rel-

ativistic self-focusing nonlinearity. To investigate nonlin-

ear interplay instabilities in the laser–plasma interaction it

is desirable to obtain differential equations for the evolu-

tion of the macroscopic quantities that characterize the

laser beam profile [25, 26], including the amplitude, spot

size, phase, curvature radius, and centroid. There are var-

ious methods for attempting to obtain such envelope

equations, including the variation method [27], the moment

method [28], and the source dependent expansion (SDE)

technique [29]. We can use these mentioned techniques to

study the nonlinear relativistic self-focusing phenomena

with taking into account the relativistic mass corrections.

Relativistic self-focusing is caused by the mass increase of

the electrons traveling at speed and approaching the speed

of light which modifies the plasma refractive index

[4, 6, 30–38]. As we know, the propagation of a laser beam

without diffraction is an essential factor to get better

application [39]. According to this reason, in this work we

use a thin magnetized plasma lens to compress and focus a

laser beam outside of the plasma in the vacuum region. The

plasma lens is a thin plasma layer used to focus particle

beams and laser pulses. By making use of a thin plasma

lens, it is possible to compress and focus a laser beam

outside of the plasma in the vacuum region. Plasma lens is

not damaged by an intense laser beam which is an

advantage of the plasma lens compared with an optical lens

[40]. Here, we show that for high-intensity laser pulses

propagating in the underdense magnetized plasma lens, in

the sub-relativistic regime, the magnetic field sufficiently

decreases the minimum spot size of the radiation field

and increases the focal length of the laser beam for the

circular polarization. The focal length is defined as the

distance between the plasma lens and the laser beam focus

point.

Using the magnetized plasma as a thin lens for

focusing high-intensity lasers, we extend the variation

principal technique to solve the nonlinear wave equation

and analyze the self-focusing phenomenon in the presence

of the static magnetic field. The focusing of intense laser

beam in magnetized plasma lens has been studied by Jha

et al. in [35]. Here, the propagation of an intense circu-

larly polarized laser beam in axially magnetized plasma is

analyzed. In this reference plasma is assumed to be cold

so that before the passage of the laser radiation, the

plasma electrons are at rest and the magnetic field does

not affect them. Here, the effect of an axial magnetic field

on the self-focusing property of the laser beam is dis-

cussed and an expression for the circular power for self-

focusing is obtained. To compare our current work with

this reference it should be noted that we consider the

dependence of a laser pulse trial function on the group

velocity dispersion in our calculation and by considering

the circular polarization for the laser beam propagating

through a magnetized plasma and taking into account the

sub-relativistic effects, we obtain the modified laser spot

size, minimum laser spot size, and the focal length

parameters with the variations of the external magnetic

field for right- and left-handed circular polarizations. It is

important to note that in Jha et al. [35] only the variations

of the normalized spot size versus normalized propagation

distance for a constant laser pulse strength in right- and

left-handed polarizations were presented. As a compar-

ison, in our current work by considering the group

velocity dispersion effect in our calculation the variations

of the normalized beam spot size as a function of the

normalized cyclotron frequency for different laser pulse

strength in right- and left-handed circular polarizations are

obtained. It is clear that in left-hand circular polarization,

the normalized beam spot size decreased more with

increasing the laser pulse strength. It should be noted that

in our current work and in the Jha et al. [35], the pulse

dimension is in the order of plasma wavelength and it

assure us to neglect the instability effect [41].

This paper is arranged as follows: in ‘‘Analytical anal-

ysis’’, the current density generated in the plasma lens due

to the interaction of the intense laser beam with an axially

magnetized plasma is obtained. In ‘‘Spot size evolution’’,

by making use of the variation principal approach, the

envelope equation for laser spot size is solved, and the

minimum spot size and focal length are obtained. Finally a

summery and conclusion is presented in ‘‘Summery and

conclusion’’.

Analytical analysis

We assume the laser beam propagating through magnetized

plasma has circular polarization. In this case, the electric

radiation field is given by:

E ¼ ðex � ieyÞ Eðr; z; tÞeiðkz�xtÞ þ c:c:
� �

; ð1Þ

where ex and ey refer to the unit vectors in x and y direc-

tions, Eðr; z; tÞ; k and x are amplitude, wave number, and

laser field frequency, respectively. Furthermore, the sings
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? and - are used to define the left and right-handed cir-

cularly polarized beams. In addition, c.c. denotes the

complex conjugate. The equations of electrons motion in

the presence of the external magnetic field B0 in x and y

directions are:

dvx

dt
¼ � eEx

me

� eB0

mec
vy; ð2Þ

dvy

dt
¼ � eEy

me

þ eB0

mec
vx: ð3Þ

Here, the direction of the external magnetic field is along

the z axis (B ¼ B0ẑ). Also,m, and c are the electronmass and

the light speed, respectively. Assuming that the growth rate

is slow compared to the pulse frequency, we find:

V?x ¼
ie

mex
Ex þ i

xce

x

� �
Ey

� �
1� xce

x

� �2� ��1

; ð4Þ

V?y ¼
ie

mex
Ey � i

xce

x

� �
Ex

� �
1� xce

x

� �2� ��1

; ð5Þ

where xce ¼ eB0

me
is the electron cyclotron frequency. Now,

using the Maxwell equation, the wave equation of the

electric field is obtained as follows:

r2 � 1

c2
o2

ot2

� �
E? ¼ 4p

c2
oJ?
ot

; ð6Þ

where J? ¼ �nev? is the plasma transverse current density

with respect toE, v and n are the electron velocity and density.

Here, by defining the normalized laser pulse strength as

A? ¼ eE?
mexc

and by considering the transverse electrons

velocity as v? ¼ exvx þ eyvy; v? ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2x þ v2y

q� �
in Eq. (6),

then the equation of the laser vector potential is obtained

as:

r2A? � 1

c2
o2

ot2
A? ¼

x2
pe

c2
1

c
x

x� xce

� �
A?; ð7Þ

where xpe ¼ ð4pne2=mÞ1=2 is the electron plasma fre-

quency and c ¼ 1þ P2
?

m2
ec

2

� �1
2

is the relativistic factor. It

should be noted that in this equation the laser vector

potential (A?) is normalized to mec
2=e.

It is obvious when the laser pulse strength magnitude is

rather near to unity, the sub-relativistic effects should be

taken into account and the plasma particles will experience

a sub-relativistic nonlinear force. Here, the strength of

wake field can exceed to 109 v
m
and we have:

1

c
ffi 1� v2?

c2
ffi 1� A?j j2

2

x
x� xce

� �2

: ð8Þ

Then the final equation will be:

r2A? � 1

c2
o2

ot2
A?

¼
x2

pe

c2
1� A?j j2

2

x
x� xc

� �2
 !

x
x� xce

� �
A?:

ð9Þ

Now, we can write the transverse normalized potential

vector A? as the product of an envelope and a phase,

A ¼ ðex � ieyÞ
a

2
eiðkz�xtÞ þ c:c:

� �
; ð10Þ

where a ¼ e E?j j
mexc

is the magnitude of laser pulse strength; x; k

satisfy the circularly polarized wave dispersion relation as:

x2

c2
� k2 ¼

x2
pe=c

2

1� xce=x
: ð11Þ

Using a mathematical transformation from the coordi-

nate variables ðt; zÞ to variables ðw; sÞ in which s ¼ z and

w ¼ t � z=vg; where vg is the group velocity of the radia-

tion field, the envelope equation of aðw; sÞ reduces to:

2ik
oa

os
þr2

?a�
x2

pe=c
2

1� xce

x

� � 1� aj j2=4
1� xce

x

� �2
 !

a

þ 1

v2g
� 1

c2

 !
o2a

ow2
� 2

vg

o2a

owos
þ x2

c2
� k2

� �
a

þ 2ix
c2

� 2ik

vg

� �
oa

ow
þ o2a

os2

¼ 0: ð12Þ

In this equation, both the first and second terms are related

to the diffraction of the pulse. The third term represents the

reaction of the plasma and the features of the medium. This

term shows the relativistic effects in the dispersion relation of

the plasma. The other terms denote the group velocity dis-

persion. In this equation, the group velocity is obtained by:

vg ¼ c

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ ðx=xceÞx2

pe

q

xþ x2
pe=2xce

ffi c

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ x2

pe=xxce

q

1þ x2
pe=2xxce

: ð13Þ

Note that in Eq. (12), in the term

x2
pe=c

2

1�xce
xð Þ 1� aj j2=4

1�xce
xð Þ2

� �
a; the second part has large value and

we can neglect the first part. Therefore, the simplest

equation including self-focusing in the magnetized plasma

is:

2ik
oa

os
þ e2

c2
o2a

ow2
þr2

?aþ
2ix
c2

� 2ik

vg

� �
oa

ow

þ
x2

pe

c2
aj j2=4

1� xce

x

� �3 a ¼ 0; ð14Þ

where e ¼ 1
c2

x4
pe=4xxcef g

ðx2
peþxxceÞ . This equation can be approxi-

mately solved by using the variational principle [24]. It is
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done by writing down the Lagrangian density ðlÞ for Eq. 14
as follows:

l ¼ ik a
oa�

os
� a�

oa

os

� �
þ e2

c2
oa�

ow
oa

ow

þr?a
�:r?a� i

x
c2

� k

vg

� �
a
oa�

ow
� a�

oa

ow

� �

�
x2

pe

8c2
a2a�2

1� xce

x

� �3 ;

ð15Þ

i.e., Eq. (12) is the Euler–Lagrange equation. With this

equation we can minimize the action integral S ¼R
ldsdx?dw for variations of a� and a. Next we use the

following trial function:

a ¼ aðsÞe�iuðsÞeiw
2
=gðsÞe�w

2
=L

2

eik0r
2
=2RðsÞe�r

2
=W

2

: ð16Þ

Here, L;W ; a;/; g; and R, being real quantities, are the

pulse length, spot size, amplitude, phase, chirp, and radius

of curvature of the Gaussian laser beam, respectively.

Substituting this trial function into Eq. (15) and integrating

over w and x?ðdx? ¼ rdrÞ, we obtain the reduced

Lagrangian density:

l� 4ffiffiffi
p

p
Zþ1

0

rdr

Zþ1

�1

ldw¼�
ffiffiffi
2

p
a2k

du
ds

þ L2

4g2
dg
ds

þ kW2

4R2

dR

ds

� �

þ e2

c2
a2ffiffiffi
2

p 1

L2
þL2

g2

� �
þ a2ffiffiffi

2
p 2

W2
þ k2W2

2R2

� �

� a4

32W2L

x2
pe=c

2

1� xce

x

� �3 :

ð17Þ
Spot size evolution

We use the Euler–Lagrange equations of the reduced

Lagrangian density to drive the evolution of W in s. We

consider the ideal case where a thin magnetized plasma

lens with a thickness D is placed at the vacuum waist

(s = 0) of a Gaussian laser pulse with the spot sizeW0. The

laser exits the plasma at s = D and reaches to its focus,

where it has the minimum spot size Wmin, at s = f. If the

pulse is assumed to remain Gaussian and finite pulse length

effects are neglected, i.e., L, and g are assumed to remain

fixed, then the evolution equation for spot size W inside the

plasma can be derived from the reduced Lagrangian given

by Eq. (17). Varying u leads to power conservation,

da2

ds
¼ 0: ð18Þ

Furthermore, varying R relates R and dW=ds as:

W

R
¼ dW

ds
; ð19Þ

and varying W gives another equation for R and W as:

� k2ffiffiffi
2

p a2W

R2

dR

ds
þ a2ffiffiffi

2
p �4

W3
þ k2W

R2

� �
þ

x2
pe=c

2

1� xce

x

� �3
a4

16W3L

¼ 0:

ð20Þ

Combining Eqs. (19) and (20), we can obtain the evo-

lution equation for the laser beam spot size W as:

d2W

ds2
¼ � 4

k2W3

P=Pc

1� xce

x

� �3 � 1

 !
; ð21Þ

where P=Pc ¼
ffiffiffi
2

p
a2x2

peW
2
0=ð64c2Þ is independent of s:

The solution of Eq. (21) with the initial condition of W ¼
W0 and dW=ds ¼ 0 at s ¼ 0; gives laser beam spot size

inside the magnetized plasma lens as:

W ¼ W0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� P=Pc

1� xce

x

� �3 � 1

 !
s2

s2R

� �vuut ; ð22Þ

where sR : kW0
2/2 is the vacuum Raleigh length of the

laser pulse. It is found that spot size will eventually go to

zero if P/Pc[ 1. When the laser beam exits the plasma,

spot size evolves as:

d2W

ds2
¼ 4

k2W3
: ð23Þ

If the laser beam is focused in the focal length f , and the

minimum spot size Wmin, we can obtain laser spot size

outside of the plasma lens in the vacuum region by solving

Eq. (23) as:

W ¼ Wmin

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ s� f

sR

� �2
W4

0

W4
min

s
: ð24Þ

By matching W and dW=ds from Eqs. (22) and (24), we

can obtain the minimum spot size Wmin and focal length f

as follows:

Wmin ¼ W0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� d2

1þ P=Pc

1�xce
xð Þ3 � 1

� �
d2

vuuut ; ð25Þ

f ¼ D

P=Pc

ð1�xc=xÞ3

1þ P=Pc

1�xce
xð Þ3 � 1

� �
d2

; ð26Þ

where d ¼ ðD=sRÞðP=Pc � 1Þ1=2 is the normalized lens

thickness.

146 J Theor Appl Phys (2017) 11:143–150

123



Although some methods have been already studied to

obtain the variations of laser spot size with plasma distance

such as SDE (source dependence expansion) [35, 36], but

these methods present only the variation of laser spot size

with distance. In the present method (Lagrangian density),

as we see, other parameters such as the variation of laser

spot size with the variations of the plasma distance and the

external magnetic field for right and left-handed circular

polarizations are obtained. Furthermore, the variations of

the minimum laser spot size and laser focal length versus

the variations of the external magnetic field and laser pulse

strength for right and left-handed circular polarizations are

presented. Also, it is noticeable to note that we can study

evaluation of spot size versus other parameter such as

external magnetic field, propagation length and plasma

density through SDE method.

Figure 1 shows the plot of the normalized beam spot

size W
W0

as a dimensionless parameters xce=x0 for right and

left circular polarizations at the fixed point s
sR
¼ 0:03 inside

the plasma lens. The laser source is Nd:Yag with frequency

f0 ¼ 1:88	 1015s�1, wavelength k = 1 lm, and initial

beam spot size W0 = 100 lm. This figure predicts that the

self-focusing property is enhanced by increasing the

external magnetic field for left-handed circular polariza-

tion. In this figure we see that the maximum reduction for

the left-handed circularly polarized beam propagating

through the magnetized pure electron plasma lens is

smaller than 0:15W0. On the other hand, this figure shows

that the right-handed circularly polarized beam diffraction

is increased slightly by increasing the magnetic field.

Figure 2 illustrates the normalized beam spot size W
W0

as

a function of the dimensionless parameter xce

x0
for different

laser pulse strength with the right-handed circular polar-

ization at the fixed point s
sR
¼ 0:03 inside the plasma lens. It

is clear that the diffraction property of the laser beam is

enhanced strongly with increasing the strength of the

external magnetic field. In Fig. 3 the normalized spot size
W
W0

is plotted as a function of the normalized parameter xce

x0

for different laser pulse strength with left-handed circular

polarization. It is seen, in contrast to the right-handed cir-

cularly polarized beam, the normalized beam spot size

decreases with increasing the strength of the external

magnetic field. In the above figures, it should be noted that

the application of external magnetic field enhances the

quality of self-focusing for left-hand polarization and

reduces it for right-hand polarization. Physically, the left-

hand wave drives electrons in the direction of their

cyclotron motion. In this polarization the increase in

magnetic field causes the increase in transverse velocity of

electrons and it leads to increase in nonlinear current

density or nonlinearity of plasma. Furthermore, the rotation

sense of the right-hand polarization is opposite to the

electrons cyclotron motion and the velocity of the electrons

or consequently, the nonlinearity of plasma medium

decreases with increase in external magnetic field. Finally,

we conclude that, self-focusing for left-handed circularly

laser light in magnetized plasma is stronger toward the

right-handed circular polarization.

Figures 4 and 5 show the normalized minimum spot size
Wmin

W0
of a laser beam as a function of the dimensionless

parameter xce

x0
for different laser pulse strength with right

and left-handed circular polarizations, respectively. It is

shown that by increasing laser pulse strength the initial

0 0.05 0.1 0.15 0.2 0.25 0.3
0.7

0.8

0.9

1

1.1

1.2

1.3

1.4

right hand circular polarization
left hand circular polarization

0

ce

0

W
W

Fig. 1 Variation of the normalized spot size W
W0

as a dimensionless

parameter xce=x0 for right (solid line) and left circular polarized

(dashed line) laser beams. The parameters are chosen as xp=x0 ¼
0:09; W0 = 100 lm, x0 ¼ 1:88	 1015 s�1; laser wavelength

k = 1 lm and a ¼ 0:7, for a fix point s
sR
¼ 0:03 inside the plasma

lens with thickness D ¼ 1mm

0 0.05 0.1 0.15 0.2 0.25 0.3
1

1.05

1.1

1.15

1.2

1.25

a=0.25
a=0.5
a=0.7

0

ce

0

W
W

Fig. 2 Variation of normalized spot size W
W0

as a dimensionless

parameter xce=x0 for right circularly polarized laser beam with

different laser pulses strength (a ¼ 0:25 dotted line), (a ¼ 0:5 dashed

line) and (a ¼ 0:7 solid line), in the fix point s
sR
¼ 0:03 inside the

plasma lens. The other parameters are chosen as Fig. 1
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minimum spot size is decreased for the left-handed circular

polarization, while it is increased for the right-handed

circular polarization. Figures 6 and 7 show the plot of the

normalized focal length variations as a function of the

normalized parameter xce

x0
for different laser pulse strength

with right and left-handed circular polarizations, respec-

tively. These figures show that we can focus a weakly

relativistic ða\1Þ right-handed circularly polarized laser

beam to a long focal length by applying an external mag-

netic field, while it is plausible to focus a rather strong

(a 
 1) left-handed circularly polarized beam to a long

focal length by making use of a magnetized plasma lens.

Summary and conclusion

We have derived analytical formulas for the spot size

evolution of a high-intensity laser pulse propagating in a

thin magnetized plasma lens in the sub-relativistic regime.

Our results show that how Wmin and f depend on plasma

lens thickness and the normalized laser power P=Pc.

Clearly, the magnetic field modifies the plasma density and

intensifies the nonlinear effects. In such a case, the self-

focusing of the left-handed circularly polarized beam is

0 0.05 0.1 0.15 0.2 0.25 0.3
0.7

0.75

0.8

0.85

0.9

0.95

1

a=0.25
a=0.5
a=0.7

0

ce

0

W
W

Fig. 3 Variation of normalized spot size W
W0

as a dimensionless

parameter xce=x0 for left circularly polarized laser beam with

different laser pulses strength (a ¼ 0:25 dotted line), (a ¼ 0:5 dashed

line) and (a ¼ 0:7 solid line), in the fix point s
sR
¼ 0:03 inside plasma

lens. The other parameters are chosen as Fig. 1

0 0.05 0.1 0.15 0.2 0.25 0.3
0.01

0.02

0.03

0.04

0.05

0.06

0.07

a=0.25
a=0.5
a=0.7

min

0

W
W

0

ce

Fig. 4 Variation of the minimum normalized spot size
W

min

W0
as a

dimensionless parameter xce=x0 for right circularly polarized laser

beam with different strengths (a ¼ 0:25 dotted line), (a ¼ 0:5 dashed

line) and (a ¼ 0:7 solid line) with plasma lens thickness D ¼ 1mm.

The other parameters are chosen as Fig. 1

0 0.05 0.1 0.15 0.2 0.25 0.3
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0.03
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enhanced by increasing the external magnetic field, while

this property is diminished for the right-handed circularly

polarized beam. The analytical investigation predicts the

increase of the laser beam focal length and the decrease of

the minimum spot size by increasing the external magnetic

field for a left-handed circularly polarized case. As a final

conclusion, we can focus a strong left-handed circularly

polarized laser beam to a long focal length by applying the

external magnetic field on the plasma lens.
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