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Abstract 

In this study, we have investigated a two-spin Ising model with added Dzyaloshinskii-Moriya 

(DM) interaction in an external magnetic field. We have considered two different initial states of 

the system and surveyed the time evolution of entanglement of the system for different parameters 

such as exchange coefficient, DM coefficient, and magnetic field. The Ising interaction has been 

considered as a function of distance between two spins. Moreover, both external magnetic field 

and DM interaction have been considered as a function of time. Under the time-dependent 

magnetic field and DM interaction, the entanglement of the two-spin system with long-range Ising 

model present the different dynamic behavior. This effect is strongly dependent on the initial state 

of the system.  

Keywords: entanglement dynamics, Ising model, Dzyaloshinskii-Moriya interaction, two- spin 

system 
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Introduction 

Quantum entangled states nowadays find important applications in quantum information processes 

[ 1-3]. Quantum teleportation can be implemented with help of quantum entanglement concept [4 

]. Moreover, super-dense coding [5], quantum key distribution [6], and quantum computing [ 7,8] 

use the quantum entanglement to be technologically implemented. Although, it has been proved 

that entanglement is vital in quantum tasks, it is very fragile because the interaction between 

quantum system and environment. In fact, this noise can destroy the initial entanglement of the 

quantum system and fail the quantum processes. So, researchers investigate the various methods 

to protect the entanglement against the unwanted environmental noises. One of the practical 

methods is to use the proper interaction between particles of the quantum system. For instance, it 

has been found that the exchange interaction is useful to maintain the entanglement over the time 

[9-12]. Also, Dzyaloshinskii -Moriya (DM) interaction, an antisymmetric exchange interaction 

between the nearest neighbor spins, can control and improve the dynamics of the quantum 

entanglement [13]. Generally, the different interactions between qubits with each other and qubits 

with external fields are the physical basis of manipulating the entangled states. Various candidates 

have been proposed to serve as qubit in the entanglement technology. Some of those are spin of 

electrons, photons, or quantum dots [14-16]. Moreover, different proposals have been introduced 

to create the experimental setup in order to control and manipulate the entangled states [ 17].  

Demand for controllable mechanisms leads to an innovative proposal that is to introduce the time-

dependency of the exchange interactions [18,19]. The exchange interaction can be controlled by 

time-dependence electrical field which has been studied by researchers in different areas of physics 

such as semiconductor quantum dots [ 20], ultra-cold atoms [ 21], strong correlated materials [22], 

and semiconductors Polluted with impurity spins [23]. Simulations have found that the time-

dependence characters of the spin-spin coupling, DM interaction, and external magnetic field offer 

a longer entanglement for the system [18]. Similar to our study, reference 18, the quantum 

entanglement dynamics of two qubits Heisenberg-XYZ spin chain under a time dependent 

magnetic field effects, and considering the Dzyaloshinskii-Moriya (DM) interactions has been 

studied. They found that by tuning the strength of the DM coupling associated with a time varying 

magnetic field and a time varying spin-spin anisotropic coupling, the system can be better 



 

 

protected from unwanted effects of the environment and thus, entanglement can be preserved for 

a longer period of time. Reference [ 24] shows how entanglement can be tuned by both time-

varying external magnetic field and time-dependence exchange coupling interactions of the spin 

system.  

In this regard, the time-dependent external magnetic field can improve the entanglement of the 

system and protect the entangled system against the environmental noises [24]. In reference [25] 

a Heisenberg XYZ two- qubit model affected by the time-dependence magnetic field has been 

studied. It has been proved that it is possible to control the entanglement with the help of the time-

varying uniform magnetic field.  

In our previous research, the dynamics of the spin-1/2 Ising model with added DM interaction was 

studied. We assumed DM interaction is a function of the time. We have shown that the oscillation 

frequency of the DM interaction influences the fluctuations of the entanglement over the time [ 

26].  Continuing the previous research, we consider the spin-1/2 long range Ising model with DM 

interaction under time-dependent external magnetic field. 

In recent years, long range interactions attract much attention because they can produce interesting 

new phenomena [27-29]. Also, some studies have presented the experimental application of the 

long-range-interacting spin systems [30]. Indeed, the inverse-square, trigonometric and hyperbolic 

interacting particle systems [31,32] and its spin generalizations [33-36] are important model of 

many-body systems due to their exact solvability and intimate connection to spin systems in 

condensed matter [37,38]. References [39] has found that the long-range interactions introduce an 

effective attractive force between a pair of domain walls, so that confining them into a bound state.  

The paper is organized as follows: in the next section, we introduce the model Hamiltonian and 

describe briefly the techniques used to obtain the results discussed in the subsequent sections. In 

section III, we present and discuss the numerical results of modeling. Finally, Section 4 contains 

the concluding remarks. 

 

2. Model 

Here, we consider a set of two localized spin- 1/2 particles coupled through Ising exchange 

interaction J and DM interaction subjected to an external magnetic field of strength h: 
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Where J(r) is the exchange interaction parameter that varies with the distance between spins, r, as 

the 𝐽(𝑟) = 𝐽0/𝑟2, D is the strength of Dzyaloshinskii – Moryia interaction, h is the external 

magnetic field. Time dependency of D and h is as sin( )t . 

In the base ket of 𝑆𝑡𝑜𝑡
𝑧  , the Hamiltonian matrix is formed as:  
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On the other hand, to study the entanglement, one should obtain the density matrix of the system:    

                         (0) | (0) (0) |                                                     (5) 

| (0)  is the initial state of the system Hamiltonian. In our system the density matrix reduced to:  
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Using the eigenvalues of the partial transpose of the density matrix, one can be obtained the 

negativity of this model. Negativity is given by [40]: 

                                                         𝑁 =
‖𝜌𝑇‖−1

2
                                                                   (7) 

Where ‖𝜌𝑇‖ is the trace norm or the sum of the absolute values of the operator𝜌𝑇. In following, 

we try to describe the dynamics of entanglement of this system. The dynamic evolution operator 

U(t) = exp(−iHt) can be obtained as: 
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By introducing: 
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Matrix form of the evolution operator is obtained as: 
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Where: 
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by applying the evolution operator on the |0 > , we can obtain the physical state of the system 

at time t: 

 
 | ( ) | (0)U tt  

                                     (13) 

  

In the next section, we will choose a special initial state and then will investigate the effect of 

distance between two particles, r, and time-dependency of external magnetic field on the dynamics 

behavior of the entanglement in the system.  

 

 

3. Results and Discussion  

In this study, we consider two different initial states of the system and survey the time evolution 

of entanglement of the system for different parameters such as J, D, and h. Also, we consider the 

J as a function of distance between two spins, r. Moreover, h and D are considered as a function 

of time, t. 

 

3-1. Case 1:  

Suppose that at time t = 0 the qubits are entangled together and initial state given by: 

                                           
1
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2

                                                             (14) 

Choosing this initial state makes the effect of the DM interaction removes from the dynamic 

behavior of the entanglement. By applying the instruction mentioned in previous section, we obtain 

the negativity of the system: 
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Now, we begin studying the entanglement dynamics of the system under the different conditions. 

Firstly, we study the effect of time dependency of magnetic field on the dynamic entanglement. 

The distance between two spins is considered constant. As observed in figure 1, in the absence of 

external magnetic field, h, the negativity is constant over the time (N=0.5). Although, the presence 

of the magnetic field increases the initial negativity, it creates the oscillatory behavior for 

entanglement dynamics. Raising h prevents the fluctuations’ amplitude from less than the 

minimum value (Nmin=0.5). Moreover, a higher magnetic field makes a more regular oscillations 

of the negativity. As a result, the magnetic field has a relatively positive effect on the entanglement 

dynamics of the system. If the magnetic field is a time function as 0 sin( )h h t , the irregular 

oscillations with growing amplitude appear, as seen in figure 1.  

Does time-dependence magnetic field improve or maintain the entanglement over the time? 

Compared to entanglement dynamics under the constant magnetic field, one can say that the model 

with constant magnetic field, especially higher values of h, performs better to improve the dynamic 

behavior of the entanglement.   

 

Fig. 1 time-dependency of entanglement of the Ising model under different magnetic fields.  

 

 

Now, we study the effect of angular frequency of the time-dependence magnetic field on the 

entanglement dynamics. As seen in figure 2a, increasing the angular frequency of magnetic field 

does not have a positive effect on entanglement. Figure 2b shows that increasing the r, and 

therefore decreasing the Ising interaction between two spins, can remove the improper effects of 

magnetic field with high angular frequency on the entanglement dynamics.  

Thus, if an oscillatory magnetic field with high angular frequency is applied to an entangled 

system, long range Ising interaction can leads to a more stable dynamics of entanglement.  



 

 

  

Fig. 2 time-dependency of entanglement of the model for different angular frequency. A) r=1, b) r=2 

 

Briefly, the comparison of above figures indicates the significant role of the magnetic field in 

dynamics of the entanglement. For low constant magnetic field, h=0.5, the amplitude range of the 

entanglement fluctuations is 0.4-0.7, approximately. For high constant magnetic field, h=2, the 

amplitude range of the entanglement fluctuations is 0.5-0.7. for oscillatory magnetic field, the 

amplitude range of the entanglement fluctuations is 0.3-0.7. Therefore, one can conclude the 

constant strong magnetic field can better improve the dynamic behavior of entanglement.  

In the next step, we investigate the role of distance between spins, r, in the dynamic behavior of 

the entanglement. In the absence of the magnetic field, the distance of the spins does not influence 

the strength of Ising interaction. In fact, for all values of r, the negativity remains N=0.5. This 

behavior can be explained as follows. When h=0, the fourth eigenstate of the system converts into: 

1
| 4 ( )( ' 1)

2
     which is the same as the initial state of the system. In fact, in such 

conditions (h=0), the initial state of the system is exactly in accordance with one of the eigenstates 

of the system and so the system will not have the dynamics behavior and will always remain in its 

eigenstate.    

Figure 3 indicates the effect of r on the negativity behavior over the time. The magnetic field is 

supposed to be time- dependent. In this situation, increasing the distance between two spins shifts 

the fluctuations to higher values of the negativity. This is a desired behavior to gain an increased 

entanglement over the time. 

 

 

Fig3. time-dependency of entanglement of the model for different r. 

 

 



 

 

3-2 Case 2:  

Now, suppose that at time t = 0 the qubits are entangled together and initial state given by: 

                                           
1

(0) ( )
2

                                                             (16) 

By applying the evolution operator on the |0 > , we can obtain the physical state of the system 

at time t as:  

       *1
(t) [(cos(xt/ 4) i sin(xt/ 4) (cos(xt/ 4) i sin(xt/ 4) )

2
                (17)     

 

The interesting thing is that the selected initial state makes role of the magnetic field disappears 

in the time evolution of the entanglement. In fact, the change of h does not affect the 

entanglement dynamics of the system. Therefore, the negativity is written as: 
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In following, we study the dynamics behavior of entanglement under different DM interactions. 

Figure 4 shows the role of DM interaction in dynamic behavior of the entanglement for the two- 

spin Ising model. As figure indicates, raising DM interaction increases the entanglement 

fluctuations over the time. Thus, the DM interaction plays a destroying role in the entanglement 

dynamics of the system. If DM interaction is a sinusoidal function of time, the fluctuations of the 

entanglement are increased. It is worth noting that the upper limit of entanglement for all different 

values of D is the same and equal to its value for system without DM interaction.  

 

Fig 4. Time-dependency of entanglement for different DM interactions. Here r =1. 



 

 

In the paper, we try to study if long range exchange interaction compensates the negative role of 

the DM interaction, especially when DM is a time dependent parameter.  Figure 5 demonstrates 

the effect of long-range Ising interaction on covering the negative effect of time- dependent DM 

interaction. Increasing the distance between two spins with Ising interaction reinforces the 

destroying effect of DM interaction. Unlike the figure 3, in which increasing r and consequently 

reducing the strength of Ising interaction highlights the positive role of the magnetic field and 

improves the entanglement dynamics, figure 5 depicted that increasing r downplays the effect of 

Ising interaction and thus the DM interaction dominates in the system. In result, the fluctuations 

of the negativity increases significantly.       

 

 

 

Fig5. Time-dependency of entanglement for different r. here, 𝐷 = 𝑠𝑖𝑛10𝑡. 

 

 

4. Conclusion  

In this study, we have investigated a two-spin system which is represented by the Ising model with 

DM interaction in an external magnetic field. We have considered two different initial states of the 

system and surveyed the time evolution of entanglement of the system for different parameters 

such as J, D, and h. The Ising interaction has been considered as a function of distance between 

two spins, r, and the external magnetic field and DM interaction have been considered as a function 

of time, t. For more detailed analysis, two different initial states have been defined for the system.   

The first initial state has been given by: 1
(0) ( )

2
     . The noteworthy point is that this 

choice has removed the role of the DM interaction in the entanglement dynamics of the system. 

Although, the presence of the constant magnetic field has increased the initial negativity, a higher 

magnetic field leads to more regular oscillations. Thus, the magnetic field has a relatively positive 

effect on the entanglement dynamics of the system. If the magnetic field is a time function as 



 

 

0 sin( )h h t , the irregular oscillations with growing amplitude appear. Compared to 

entanglement dynamics under the constant magnetic field, one can say that the model with constant 

magnetic field, especially higher values of h, shows better performance to improve the dynamic 

behavior of entanglement.  

Also, we have investigated the effect of distance between spins, r, on the dynamic behavior of the 

entanglement. In the absence of the magnetic field, the distance of the spins does not influence the 

strength of Ising interaction. In the presence of time-dependent magnetic field, increasing the 

distance between two spins shifts the fluctuations to higher values of the negativity. This is a 

desired behavior to gain an increased entanglement over the time.  

The second initial state has been given by: 1
(0) ( )

2
     . The interesting point is that 

this choice makes role of the magnetic field disappears in the time evolution of the entanglement. 

In this case, the DM interaction, whether constant or time-dependent, plays a destroying role in 

the entanglement dynamics of the system. For system with second initial state, increasing the 

distance between two spins reinforces the destroying effect of DM interaction. 

 

Summary, in the conditions that the magnetic field and DM interaction are time-dependent, the 

entanglement of the two-spin system with long-range Ising model will present the different 

dynamic behavior. This effect is strongly dependent on the initial state of the system.  
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Fig. 1 time-dependency of entanglement of the Ising model under different magnetic fields 
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Fig. 2 time-dependency of entanglement of the model for different angular frequency. A) r=1, b) r=2 

 

  



 

 

 

 

Fig3. time-dependency of entanglement of the model for different r. 
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Fig 4. Time-dependency of entanglement for different DM interactions. Here r =1. 

 

  



 

 

 

 

Fig5. Time-dependency of entanglement for different r. here, 𝐷 = 𝑠𝑖𝑛10𝑡. 

 

 

 

 


