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Data Envelopment Analysis (DEA) is a non-parametric programming method that was
initially introduced by Charnes et al. (1978) and later extended by Banker et al. (1984). It is
used to evaluate the relative efficiency of decision-making units (DMUs) based on
deterministic input and output data. Essentially, the DEA model involves a fractional linear
programming problem, which can be transformed into a linear programming problem under
the assumption of convexity and constant returns to scale (CRS).

Another non-parametric and deterministic model useful for evaluating the efficiency of
DMuUs, which does not impose the convexity assumption and is based on the principle of free
disposability, was introduced by Deprins et al. (1984) and is known as the Free Disposal Hull
(FDH) model. Subsequently, Tulkens (1993) proposed an integer linear programming
formulation for solving the FDH model. Additionally, Kerstens and Eeckaut (1999)
introduced different types of returns to scale for the FDH model, including non-increasing,
non-decreasing, and constant returns to scale. In another study, Agrell and Tind (2001)
proposed a linear programming formulation for the FDH model, which was later extended by
Leleu (2006) to account for variable returns to scale using a cost function.

Both DEA and FDH models require input and output data to be precisely known. However,
in many cases, the observed data are imprecise and subject to uncertainty. In this context,
Hougaard (1999) outlined several reasons why traditional DEA models may not be suitable
for modeling real-world problems and assessing their performance. One of the key reasons
mentioned is that both the efficiency scores and the efficient frontier are highly sensitive to
fluctuations and noise in the data, indicating that caution must be exercised when applying
such models to uncertain environments. Similar limitations also apply to FDH models.

Various approaches have been proposed to address DEA models under imprecise data
conditions. Among these are interval-based methods (Cooper, Park, & Yu, 1999), fuzzy
methods (Hatami-Marbini et al., 2011), stochastic approaches (Olesen & Petersen, 2016), and
robust optimization techniques. In this study, we adopt the robust optimization approach to
extend the DEA models, and thus, we review several key studies related to this method.

Before delving into robust optimization, it is useful to briefly highlight some of the
limitations of the other approaches, namely interval, stochastic, and fuzzy methods. The
primary shortcoming of interval-based approaches is that they only provide efficiency scores
for the best-case and worst-case scenarios of inputs and outputs. Stochastic DEA methods
allow deterministic data to be replaced by statistical and probabilistic values. In such
approaches, the uncertainty in inputs and outputs is modeled through probability
distributions, resulting in quadratic or nonlinear programming models. Fuzzy DEA methods,
on the other hand, utilize membership functions to handle uncertainty and, similar to interval
methods, provide upper and lower bounds for relative efficiency scores.

As previously stated, the focus of this study is on the robust optimization approach. This
method first considers a level of uncertainty in problem parameters and then estimates a
robust solution accordingly. The robust optimization method was first introduced by Soyster
(1973), but the solutions it produced were overly conservative. The approach was later
developed by Ben-Tal and Nemirovski (1998, 1999, 2000)—referred to hereafter as BN—
who proposed replacing the original linear programming problem with its robust counterpart.
Their method guarantees feasibility of the robust solution when the problem parameters
follow a normal distribution, and is more flexible than Soyster’s method, although the robust
counterpart becomes a second-order cone program (SOCP).
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More recently, Bertsimas and Sim (2003, 2004)—hereafter referred to as BS—and
Bertsimas et al. (2004) introduced a new approach that allows the decision-maker to control
the level of constraint protection against uncertainty and adjust the conservatism of the
solution. This method is highly flexible in handling uncertainty while preserving linearity in
the robust counterpart, which is particularly valuable in real-world applications.

Since its introduction, the robust optimization approach has been applied in various
operations research domains, including facility location, production planning, supply chain
management, and data envelopment analysis. In what follows, we review a number of
significant studies that applied robust optimization to handle uncertainty in DEA models.

Sadjadi and Omrani (2008) were the first to use the robust optimization approach to
evaluate the performance of electric power distribution companies in Iran, applying the
multiplier form of DEA and incorporating output uncertainty. They employed both BN and
BS approaches in their model development. Shokouhi et al. (2010) used the BS
robustification approach under interval data uncertainty to propose a unified model that
captures both optimistic and pessimistic DEA efficiency bounds using a tuning parameter.
Sadjadi et al. (2011), using the BN method and the envelopment form of DEA, proposed a
robust super-efficiency model to assess the performance of provincial gas companies in Iran.
Omrani (2013) applied the BS robust optimization approach to the model proposed by
Zohrehbandian et al. (2010), which aimed at obtaining common weights, and developed a
robust model that simultaneously considered uncertainty in both inputs and outputs.

Arabmaldar et al. (2017), using the equivalent multiplier form introduced by Toloo
(2014)—which replaces the equality normalization constraint with an inequality—proposed a
robust counterpart of the multiplier form assuming constant returns to scale and uncertain
inputs and outputs. They also presented a robust super-efficiency model using the
envelopment form and employed the BS approach in their model. Toloo and Mensah (2019),
assuming variable returns to scale and accounting for data uncertainty, developed a robust
DEA model for evaluating the performance of 50 European banks, with emphasis on the non-
negativity of decision variables. More recently, Salahi et al. (2020) proposed a robust model
for deriving common weights in the presence of data uncertainty. Peykani et al. (2020)
conducted a comprehensive review of 73 studies involving robust optimization in DEA
models.

To the best of the authors’ knowledge, only a limited number of studies have addressed the
FDH model under uncertainty. Jahanshahloo et al. (2004) presented upper and lower bounds
for performance evaluation of DMUs using the FDH model with interval uncertainty in input
and output data. In another study, Khanjani Shiraz et al. (2014) proposed a model using
chance-constrained programming, assuming fuzzy input and output data in the FDH
framework. Later, Khanjani et al. (2016) proposed a model for cost efficiency evaluation by
considering hybrid fuzzy-rough data uncertainty.

As the above review indicates, research on FDH models under uncertainty is still quite
limited. This gap in the literature has motivated the present study. The key contributions of
this paper can be summarized as follows:

1. Proposing a linear equivalent formulation of the FDH model by converting the
normalization equality constraint into an inequality;

2. Introducing a method to determine a lower bound for the weights associated with
inputs and outpults;
And

3. Developing a robust FDH model using the robust optimization approach to evaluate
the performance of decision-making units under data uncertainty.
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The structure of this paper is as follows: Section 2 presents the foundational methods and
the proposed models. In Section 3, a real-world case study is introduced and the performance
of the given problem is evaluated using the developed model. Section 4 provides detailed
analysis and discussion of the results.

In this section, the main objective of the present study is to propose a robust counterpart of
the Free Disposal Hull (FDH) model, which is capable of analyzing and accounting for the
impact of uncertainty in input and output data. Since the FDH model is an integer
programming model, we begin by reviewing its equivalent linear programming formulation
and its dual counterpart, as presented by Agrell and Tind (2001) and Jahanshahloo et al.
(2004), respectively.

Next, to incorporate uncertainty conditions into the FDH model, we introduce an
equivalent formulation that facilitates this extension. Moreover, to ensure that both input and
output weights are adequately considered in evaluating the efficiency of decision-making
units (DMUs), we propose a method to determine appropriate lower bounds for these
weights. Finally, by applying the robust optimization approach developed by Bertsimas and
Sim (2004), we develop the robust counterpart of the FDH model.

Suppose there are nn decision-making units (DMUs), where the jthj*{th} unit, denoted by
DMUj\text{DMU} j, has mm inputs and ss outputs represented as Xj=(x1j,...,.xmj)TX j =
(x_{1j}, \Idots,

miné — & (1s;" + 1s;)

s.t.

Z?:l xijﬂ-j + S;- = 0x;, i=1..m
?=1yrjlj —Sr = Yro r=1..s
=14 =1

2 € {01} j=1..n

si s =0 Vi, VT,

0 free

€]

where €>0 is a non-Archimedean constant and 1 is a row vector with all its components
equal to one. It should be noted that model (1) is a mixed integer programming problem
whose linear equivalent form is given by Agrell & Tind, (2001) in the input nature as
follows:

minY7_, 6; — e X7, (1s + 1s;)

s.t.

Z;'l=1xijﬂj +s; = 0;xio j=1..n

Z?:l(yrj - :Vro)lj + S]-+ =0 ] =1..n
noA=1 (2)
j=1%4 =

/1]' > 0 ] =1...n

si s =20

8; free j=1l..n
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e dual of model (2) is obtained as follows:

max z,
s.t.

Z‘lle xiovij = 1, ] = 1, e, n, (3)
Vi1 (Ve = Yro)thrj = Xlixyvy; +2 <0, j=1,.,n,

Upj, Vij 2 € vi,r,j.

As discussed in Jahanshahloo et al. (2004) z* = min;{X%, x;;vij — Xso1(Vrj — Yro)urj} < 1

Moreover, model (4) is linear and, in large-scale problems, variable relaxation techniques
can bemployed to solve it (Bazaraa, Jarvis, & Sherali, 2009).

Certainly! Here's the precise English translation of your paragraph, tailored for academic
writing in operations research and robust optimization:
FDH model for considering uncertain data

Let x_ij and y_rj be nominal values for uncertain inputs and outputs of each DMU _j and
let x” ij and y” 1j be the deviations from the nominal inputs and outputs, respectively. In
robust optimization, often uncertain data are defined as symmetric and unequal intervals.
Therefore, equality constraints that have uncertainty in their data need to be unequal for
proper analysis because equality constraints can restrict the feasible region and sometimes
make it unfeasible (Ben-Tal A. et al., 2009; Gorissen, et al., 2015). Therefore, since in model
(3) the first constraint, namely %, x;,v;; = 1, is equality, we present a method to convert
this equality constraint to inequality. For this purpose, suppose we consider the normalizer
constraint in model (3) with any positive parameter t as follows:

max z,

s.t.

Yit1XioVij = t, Jj=1..n @)
Zf’:l(yrj - yro)urj - Zﬁl XijVij +z<0, j=1,.,n

Uy, Vij 2 € vi,r,j.

It is easy to check that (u"*,v"*,z"*) is the optimal solution of model (3) if and only if
(tur* tv™* tz"*) is the optimal solution of model (4).
Theorem 1. The following model is equivalent to the FDH and linear model (3).

The following model is equivalent to the original FDH model and its linear formulation
(Model 3).

max 2z,

s.t.

Zﬁlxiovi}- <t, j=1,..,n (5)
Z?:l(Yrj - Yro)urj - Zﬁl XijVij +z<0, j=1,..n

Uy, Vij 2 € vi,r,j.

According to the primal-dual relationship, to demonstrate that Models (4) and (5) are
equivalent, it is sufficient to compare their corresponding dual formulations, which are
derived as follows
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min Z;Ll th; — ¢ Z;Ll(lsj’ + 1Sj_),

s.t.
Z?:lxijﬂj + Sj_ = 9jxio, j=1,..,n,
Z;l=1(yrj - yT'O)A] + S]+ = OJ ] = 1! "'lnl
noa=1 (6)
]:1 ] - )
AJ'ZO, j=1,...,n,
s, sf 20, j=1,..,n,
0; free, j=1,..,n,
and
min X7, t6; — & X (1s + 1s77),
s.t.
Z?=1 XUA] + Sj_ = ijio, ] =1,..,n,
Z}l=1(y7"j - yTO)A'] + S_]+ = OJ ] = 1; "'Inl
Z?:llj = 1! (7)
AjZO, j=1,...,n,
s, 57 20, j=1,..n,
91201 j:].,...,n,

Assume that 6 j™* is the optimal solution for each j in the dual models. By carefully
examining the constraints of model (6), it can be easily shown that 6 j** > 0 for all j. This is
because if 6 j** < 0 for some j, it would imply that A j** < O for that j, violating the
convexity constraint ), (j=1)"n A_j = 1, which is impossible. Therefore, models (6) and (7)
are equivalent, and their corresponding primal models are also equivalent.

It is worth noting that in this paper, without loss of generality, we set the parameter t equal
to 1,and., t = 1. This approach provides a method to analyze the uncertainty in the inputs and
outputs of the FDH model..

One of the main challenges in DEA models is enhancing the discrimination power among
efficient units, in which the non-Archimedean ¢ plays a significant role. The maximum value
of the non-Archimedean ¢, denoted by €*, is a positive number such that the model remains
feasible for any € € [0, €*], and becomes infeasible for any € > ¢*. The interval (0, €*] and the
set € € [0, £*] are referred to as the confidence interval and the confidence value for the non-
Archimedean &, respectively.

On one hand, selecting a small value for & guarantees the feasibility of DEA models (Amin
& Toloo, 2004). On the other hand, choosing a larger value can enhance the discrimination
power of DEA models in identifying efficient units (Cook, Kress, & Seiford, 1996).
Therefore, the optimal choice of € in equality-based DEA models is the maximum confidence
value, or equivalently, the maximum non-Archimedean .

The following model determines the maximum non-Archimedean ¢ for model (5),
assuming t =1:
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& = max ¢,

s.t.
Yitixijvii <1, j=1,..,n,
Zi:l()"rj - Yro)urj - Z?ll Xijvy; +z < 0, j=1,..,n, (8)

€ = Uyj <0, vr,j,
S—Uij SO, Vi,j,
e=>0

where € is a nonnegative decision variable.:

Model (3) represents a case where inputs and outputs are deterministic, meaning it uses
nominal and precise data. Therefore, when the inputs and outputs are uncertain, model (3) is
not suitable for analyzing the impact of uncertainty in FDH models. In this section, we apply
robust optimization methods to extend the FDH model to its robust counterpart for handling
imprecise data.

A common technique for presenting the robust counterpart of DEA models is to consider
the worst-case scenario for uncertain inputs and outputs, allowing simultaneous investigation
of both the level of uncertainty in the problem parameters and the efficiency scores. Suppose
that the uncertain input and output variables are expressed as follows:

max z,
s.t

Yt Xpovij <1, j=1,..,n,

Zi:l(yrj - yro)urj - Zﬁlfijvij +2z<0, ] =1, ""n'j 0 (g)
z <1,

Upj, Vij = € vi, 1, ],

V(X%,7)EU

The robust counterpart of the FDH model (9), under the uncertainty defined
above, can be obtained as the following linear model:

max Zz,

s.t.

Y1 XioVij +px1~x +XiE lql] vj
Zr:l(yrj - yro)urj - Zi:l xijvij +z+ pjyl;'y + p] i + Zr 1qr] + Zl 1‘111 Vj F0

z<1

p;‘/ + ng = (yrj - yro)urj Vj, vr (10)
pJ’-C +qi; = J?U-vij Vj, Vi

p] pi = vj
ClerCIij =0 Vi, T,

Uy, Vij 2 € Vi, r1,J.

By applying the uncertainty defined at the beginning of this section for¥;;, ,;, Vi, r
model (9) can be reformulated as follows
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max z,
s.t.

Yit1(Xio + NipXio)vij < 1, V),

Zf‘:l(yw + r]gjyrj)urj - Zf’:l(yro + ngoyro)urj - Zﬁl(xij + nlxjfij)vij +z<0, Vj * o0, (11)
z<1,

Upjy Vij 2 €, vi,r1,j.

By performing the necessary algebraic manipulations on the constraints of model (11), the
following model can be readily obtained:

max =z,
s.t.
21 XioVij + Xitq MipXioVij < 1, Vj,
Zf‘:l VrjUrj + Zf’:r an?rjurj - Zf‘:l YroUrj — Zf‘:l m}:oyrourj - Zﬁlxijvij - Zﬁl 771?Cj3?ijvij (12)
z <1,
urj,vij =€, Vi,T,j.

Considering that in the robust optimization approach proposed by Bertsimas and Sim
(2004), the constraints of the model under study must hold under the worst-case realizations
of uncertain input and output parameters, and taking into account the properties of
maximization and minimization functions, the following model can be derived:

max z,
s.t.

Yit1XioVij + maxyx YLy nipRiovij < 1, V),

Y5 1(Vrj = Vro)urj — 2ty xijvij + 2 +

maxni’j Zf’:r nzjj}rjurj + maX,ﬂg Zf’:l m}:oyrourj + maanj 2:11 nl?cjjc\ijvij <0 Vj' ] F0
z <1,

urj,'l?ij =€, Vi,T,j.

(13)

Sie; Nl S ¥, =1 <1 S 15%0er; In);] < I, =1 <1}, < Lwhere

It should be noted that the constraints in model (13) involve a maximization problem, and
similar to standard optimization problems, they contain their own objective function,
constraints, and decision variables. However, some decision variables of the outer problem
are treated as fixed parameters within the inner problems.

In other words, the optimal value of the objective function in the inner problem constitutes
a part of the corresponding constraint in the overall (outer) problem. Therefore, in what
follows, we aim to derive an explicit form of these inner problems to complete the proof of
the theorem.

Y ra ~ o
max };_; Tlrj(ym' - }’ro)urj + Z?Q ngcjxijvij )

S. t.
?:17731- < I}y: vj
mani S LY, V) (14)

0<n) <1 VrVvj
0<n5<1 VivVj
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In whichw,; and v;; are parameters, and n;; mfj are decision variables. Consider the
dual of problem (14) as follows

min py [ +pf ¥ + Y7oy 47 + 221 a5

s.t.

p]J'/ + q73~1j = (j}rj - 5’\7"0) Uy j vj,vr

pj +qi; = %ijvj V), vi (15)
pj,pf =0 j=1,.,n

4,420 V), Vi, Vr

Upj, Vij 2 € vj,Vi,vr

this context pf,pjy € R and q;}, qﬁ’j € R™*S denote the dual variables corresponding to the

first to fourth constraints of model (14).

Similarly, it is possible to derive an equivalent constraint corresponding to the first
constraint in model (13).

By substituting the equivalent constraints obtained in (15) into the constraint set of model
(13), model (10) is derived. Hence, the proof is complete. O

To evaluate and analyze the proposed model in this paper, the performance of 33 universities
in Iran during the year 2004 (1383 in the Iranian calendar) has been considered
(Khodabakhshi & Kheirollahi, 2013). Table 1 presents the inputs and outputs of the problem
under study, which include 7 inputs and 5 outputs.

The proposed robust model has been applied to rank the 33 universities to demonstrate its
practical applicability. The results of the deterministic model (3) and its robust counterpart,
model (10), are shown in Table 2, which includes efficiency scores and rankings. A
university is considered efficient and lies on the FDH efficiency frontier if its efficiency score
equals one. The efficient universities are indicated in the second column of Table 2. Using
the deterministic FDH model, 25 universities are identified as efficient. It should be noted
that the efficiency scores decrease when applying the robust models.

Also, note that in solving models (3) and (10), the value of €\varepsilong is first obtained
using the proposed model, which is 0.0154

Table 1. Inputs and Outputs of One of the Universities in Iran

oput input
05 04 o3 02 o1 17 16 15 14 13 12 11 oMU
0.88 | 0.18 0.02 0.09 0.28 0.1 0.23 0.6 0.67 046 | 0.27 0.16 1
0.89 0.39 0.23 0.2 055 | 0.31 0.35 | 0.86 0.48 0.53 | 0.38 0.29 2
0.99 0.14 | 0.04 | 0.09 0.24 | 0.13 0.18 | 0.35 0.66 0.34 0.3 0.17 3
0.9 0.2 0.09 0.09 0.29 | 0.09 0.19 | 0.39 0.66 0.45 0.3 0.16 4
0.9 0.47 0.05 | 0.15 0.47 0.33 0.42 0.81 0.63 049 | 0.37 0.27 5
0.91 1 1 1 1 1 1 059 | 09 0.99 1 1 6
0.88 | 0.2 0.07 0.1 031 | 0.09 | 019 | 0.46 | 057 | 047 | 027 | 0.13 7
0.91 0.17 0.07 0.05 0.34 | 0.15 034 | 0.84 | 042 0.72 | 0.32 0.12 8
09 | 029 | 005 | 013 | 047 | 023 | 03 | 053 | 056 | 0.68 | 053 | 0.22 9
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oput input

DMU
05 04 03 02 o1 17 16 15 14 13 12 11

092 | 0.36 0.3 0.19 | 0.43 0.4 039 | 032 | 036 | 039 | 0.34 | 0.33 10

0.92 0.3 0.14 | 0.16 0.4 029 | 0.43 0.6 024 | 062 | 038 | 0.25 11

091 | 049 | 011 | 054 | 056 | 051 | 058 | 0.68 | 0.77 0.5 041 | 0.34 12

093 | 051 | 026 | 0.21 | 0.64 0.4 049 | 052 | 071 | 0.75 | 053 | 0.36 13

0.9 024 | 007 | 011 | 039 | 019 | 024 | 053 | 046 | 036 | 0.24 | 0.17 14

0.9 0.26 | 0.05 | 0.08 | 042 | 017 | 0.22 | 0.73 0.4 056 | 0.36 | 0.17 15

092 | 021 | 0.06 | 0.05 | 0.36 | 0.14 | 0.17 | 0.48 0.9 037 | 023 | 0.15 16

0.86 | 009 | 002 | 003 | 013 | 0.16 | 0.07 | 038 | 033 | 0.23 | 0.15 | 0.06 17

091 | 004 | 002 | 0.01 | 0.09 | 0.04 | 0.09 | 051 | 0.32 0.2 0.11 | 0.06 18

092 | 009 | 002 | 0.02 | 024 | 004 | 012 | 059 | 057 | 0.24 | 0.19 | 0.09 19

0.9 0.11 | 008 | 003 | 0.12 | 0.06 | 0.11 0.5 045 | 023 | 0.17 | 0.05 20

092 | 006 | 001 | 002 | 011 | 0.04 | 0.09 | 0.66 | 0.75 0.2 0.09 | 0.05 21

093 | 004 | 002 | 0.01 0.2 009 | 014 | 019 | 0.16 | 0.69 | 0.34 0.1 22

0.9 0.1 0.02 | 005 | 0.12 | 007 | 0.12 | 037 | 0.57 | 0.27 0.2 0.09 23

0.9 0.07 | 004 | 002 | 0.11 | 0.04 0.1 0.51 0.5 021 | 0.14 | 0.06 24

092 | 005 | 001 | 0.05 | 0.09 | 0.04 0.1 089 | 089 | 017 | 0.13 | 0.07 25

096 | 005 | 004 | 0.02 | 0.09 | 0.03 | 0.07 | 054 | 044 | 0.16 | 0.14 | 0.06 26

092 | 012 | 003 | 005 | 016 | 006 | 011 | 035 | 036 | 0.22 | 0.12 | 0.07 27

0.88 | 0.08 | 0.03 | 0.03 | 0.17 | 0.04 0.1 062 | 043 | 023 | 0.14 | 0.07 28

092 | 008 | 0.03 | 0.04 | 0.12 | 0.07 0.1 029 | 0.38 | 0.42 0.2 0.8 29

0.9 0.07 | 0.07 | 0.03 | 0.18 | 0.04 | 0.08 | 0.64 0.7 0.2 0.15 0.6 30

092 | 004 | 002 | 001 | 0.06 | 0.03 | 0.06 | 0.36 | 0.24 | 0.18 | 0.07 0.4 31

093 | 003 | 003 | 001 | 0.O8 | 0.05 | 0.08 | 0.63 | 059 | 0.13 | 0.07 | 0.03 32

0.9 004 | 001 | 002 | 0.09 | 0.04 | 006 | 039 | 032 | 0.17 | 0.11 | 0.04 33

Using the robust FDH model with data subject to uncertainty, it should be noted that even a
small amount of disturbance can significantly affect the feasibility and complexity of solving
the problem. The optimal solution tends to decrease as the level of uncertainty in the inputs
and outputs increases. Therefore, the efficiency scores obtained from the robust model are
generally

lower than those from the conventional model (see Figure 1).

Table 2. Efficiency Scores and Sensitivity Analysis of the Models

Model (10) Model (3)
L,=I,=5¢e=0.1 I,=TI,=5e=0.05
Grade Efficiency Grade Efficiency Grade Efficiency NO
32 0/8170 32 0/8600 30 0/9094 1
9 0/9152 9 0/9634 1 1 2
12 0/9035 12 0/9511 1 1 3
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Model (10) Model (3)

22 0/8750 22 0/9211 1 1 4
20 0/8819 20 0/9283 1 1 5
1 0/9363 1 0/9856 1 1 6
13 0/9031 13 0/9506 1 1 7
26 0/8560 26 0/9010 27 0/9871 8
31 0/8294 31 0/8731 32 0/9031 9
8 0/9200 8 0/9684 1 1 10
4 0/9276 4 0/9764 1 1 11

0/9258 5 0/9745 1 1 12
14 0/9013 14 0/9487 1 1 13
25 0/8572 25 0/9023 26 0/9983 14
19 0/8848 19 0/9314 1 1 15
17 0/8927 17 0/9397 1 1 16
18 0/8898 18 0/9366 1 1 17
29 0/8382 29 0/8823 31 0/9054 18
15 0/8992 15 0/9456 1 1 19
2 0/9344 2 0/9836 1 1 20
24 0/8697 24 0/9155 1 1 21
3 0/9341 3 0/9833 1 1 22
33 0/7635 33 0/8037 33 0/8782 23
28 0/8466 28 0/8912 29 0/9253 24
27 0/8517 27 0/8965 28 0/9495 25
21 0/8798 21 0/9261 1 1 26
10 0/9114 10 0/9594 1 1 27
23 0/8725 23 0/9184 1 1 28
30 0/8322 30 0/8760 1 1 29
11 0/9047 11 0/9523 1 1 30
6 0/9240 6 0/9726 1 1 31
7 0/9202 7 0/9686 1 1 32
16 0/8952 16 0/9423 1 1 33

In this study, the robust efficiency results are calculated for an equal level of protection
against input and output uncertainty, with I'x= I'y= 5 and a disturbance level of € = 0.05. As
previously mentioned, and as shown in Table 2 and Figure 1, the efficiency scores decrease
as data disturbance increases. Consequently, the number of efficient units also declines, and
only a few universities maintain efficiency scores close to one when the disturbance level
increases from 0.05 to 0.10. The average efficiency derived from model (10) for disturbance
levels of 0.05 and 0.10 is 0.9312 and 0.8845, respectively. This indicates to educational
managers that as the level of uncertainty in the data increases, a significant cost must be
incurred to manage and mitigate its impact.
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Figure 1. Comparison of robust performance under different levels of disturbance"

Results

Robust optimization is a powerful approach in operations research that is widely used to obtain
optimal solutions for problems under uncertainty. In the context of Data Envelopment Analysis
(DEA), investigating the impact of uncertainty on model efficiency and performing sensitivity
analysis are of critical importance. This study focuses on developing a robust version of the
Free Disposal Hull (FDH) model, which is known for its non-convex and non-linear structure
and is often used in efficiency analysis when the convexity assumption is not justified.

To achieve this goal, we first formulated the classical FDH model as a linear programming
problem. We demonstrated that the normalization constraint in the FDH model, traditionally
expressed as an equality, can be relaxed into an inequality. This relaxation allows for the
incorporation of uncertainty into the model formulation, which is a prerequisite for applying
robust optimization techniques.

Furthermore, to prevent the degeneracy problem caused by zero-valued input or output
weights, we proposed a method to establish lower bounds on these weights. This ensures a
more meaningful and realistic representation of decision-making units (DMUSs), especially
under uncertainty.

In this paper, we utilized the robust optimization framework introduced by Bertsimas and
Sim (2004), which allows for a controlled level of conservatism in handling uncertainty
through the concept of a “budget of uncertainty.” This approach enables decision-makers to
adjust the level of protection against uncertainty without significantly compromising solution
quality.

We applied the proposed robust FDH model to evaluate the performance of 33 universities
in Iran. The results indicate a clear trend: as the level of uncertainty (i.e., the disturbance
level) increases, the efficiency scores of the DMUs generally decrease. This outcome
highlights the sensitivity of performance evaluations to data perturbations and emphasizes the
necessity for higher education managers and policy-makers to incorporate uncertainty
considerations into their decision-making processes. In practice, this means that reliable,
robust strategies should be adopted to mitigate the adverse effects of data inaccuracy and to
ensure more stable and trustworthy performance assessments.

The proposed model contributes to the existing literature by offering a robust analytical
framework capable of capturing uncertainty in non-convex efficiency models. It opens new
avenues for future research in robust DEA models and provides practical insights for

organizations operating in environments with incomplete or imprecise data.
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