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Abstract. Centrality measurement is a useful way to find the most important points (vertices) and connections
(edges) in a network. Over time, many researchers have created different types of centrality measures to study
and understand how networks work. Closeness centrality, in particular, is crucial for examining biological, social,
and transportation networks. The closeness centrality of a node u of a graph is the multiplicative inverse of the
sum of the distances from u to each other vertex. We define normalized closeness centrality CNC(u) of a vertex u
as CNC(u) = n−1∑

x∈V d(u,x)
, where n = |V |. This centrality measurement is more receivable than degree centrality

because it counts direct as well as indirect connections. In this paper, we present some new theoretical results for
finding normalized closeness centrality of some corona product graphs like Pn ⊙Pm, Pn ⊙Km, Cn ⊙Km, Pn ⊙Cm,
Cn⊙Cm, Cn⊙Pm, Pn⊙Sm, Sn⊙Km, Kn⊙Pm and Kn⊙Km. We also correct the result established by Eballe et al.
for finding the vertex closeness centrality of the cycle graph Cn. The corona graph has many applications, including
in signed networks, biotechnology, chemistry, and small-world networks. We demonstrate a practical application
of our proposed results for identifying influential nodes in small-world networks based on our results and using the
corona product graph model. We also present the applications of our studied results in a transportation network
by transferring our crisp result to fuzzy membership degree and using the corona product graph model.

AMS Subject Classification 2020: 68R10; 90B10; 05C76; 05C82; 03E72
Keywords and Phrases: Closeness centrality, Cycle graph, Corona product, Small-world network, Transportation
network, Crisp set, Fuzzy set, Membership function.

1 Introduction

The closeness centrality measurement is well-known to us for finding the important vertex in a complex
network. The high centrality of a vertex gives it a positive influence on the network. It is widely used to
study different types of networks [1, 2, 3, 4, 5, 6] such as social, biological, and transportation networks,
and it is also applied to identify potential leads in customer data and in bibliometric analysis. The closeness
centrality finds the suitable location in the facility location problem and the influence of a brain region in the
brain network on other brain regions. Closeness centrality measures the connection between a street and all
other neighbouring streets in the road network and also measures their accessibility. Details about centrality
measurement are found in [7, 8, 9].

For a graph G(V,E), the closeness centrality of a node point/vertex u, denoted by CC(u), is the multi-
plicative inverse of the sum of the distances from u to all other nodes of G. The mathematical expression of
CC(u) is defined by CC(u) =

1∑
x∈V d(u,x) , where d(u, x) is the distance between the two vertices u and x. To
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compare the closeness centrality of the vertices of various graphs with several orders, we define normalized
closeness centrality. The normalized closeness centrality CNC(u) of u is CNC(u) =

n−1∑
x∈V d(u,x) where n = |V |.

It is more receivable than degree centrality because it counts direct as well as indirect connections. Its aim
is to recognize suitable vertices in a network that can reach other vertices more quickly.

1.1 Review of related works

Different centrality measurements were introduced and developed by lots of researchers to find the important
nodes or edges in graphs. Closeness centrality is one of them. In 1948, Bavelas [10] first introduced the concept
of closeness centrality, and Sabidussi [11] first gave the definition of closeness centrality in 1966. Freeman
[12] in 1978, delivered the mathematical expression of closeness centrality. After a few years, Newman
[13] generalized the closeness centrality for weighted graphs using Dijkstras shortest paths algorithm. In
2001, Brandes presented a faster algorithm that takes O(mn) time to measure the closeness centrality of
any vertex in a network [14]. Okamoto et al. [15] formulated an algorithm to find the top-k vertices in a
network according to the highest closeness centrality. Furthermore, Ni et al. [5] studied degree, closeness and
betweenness centrality and found application of group centrality measurements to explore macro-disciplinary
evolution diachronically. Park et al. [16] have developed an algorithm for calculating the closeness centrality
of a workflow-supported social network. In 2013, Yen et al. [17] presented an efficient approach for updating
closeness centrality in dynamic networks. In the same year, Kas et al. [18] introduced incremental closeness
centrality for dynamically changing social networks. After that Cohen et al. [19] computed classic closeness
centrality, at scale. Crescenzi et al. [20] proposed a greedy algorithm for calculating the increment of closeness
centrality by adding new edges to it and applied it to real-world networks and synthetic graphs. Also, in
2018, Phuong-Hanh et al. [21] developed an efficient parallel algorithm for computing the closeness centrality
in social networks. In 2019, Jin et al. [22] studied parallel computation of hierarchical closeness centrality
and applications. Also, Hu et al. [23] presented closeness centrality measures in fuzzy enterprise technology
innovation cooperation networks. Again, Shukla et al. [24] designed an efficient parallel algorithm to find
closeness centrality in dynamic graphs. In 2021, Skibski [25] studied the closeness centrality via the condorcet
principle. In 2021, Eballe et al. investigated the formulation of closeness centrality for certain classes of graphs
and in 2023, extended this study to graph products [26, 27]. Nandi [28] determined the closeness centrality of
the complete graph, wheel graph, and fan graph in 2022. In the same year, Evans and Chen [29] showed by
the shortest path tree approximation method, the inverse of closeness centrality and the logarithm of degree
centrality are linearly dependent. After that, Lpez-Rourich and Rodrguez-Prez [30] presented an efficient
data transfer by evaluating closeness centrality for dynamic social complex network-inspired routing. In
2023, Liu et al. [31] explored closeness centrality on uncertain graphs. In 2024, a new concept of centrality
measurement in fuzzy social networks and a centrality measure using Linguistic Z-graphs were introduced,
followed by an exploration of centrality measures in Quantum graphs in 2025 [32, 33].

1.2 Motivation and objective

In many real-life networks such as social, communication, biological, and transportation systems, it is im-
portant to know which nodes play the most important roles. To find such nodes, researchers use different
centrality measures. One of the most useful measures is closeness centrality, which shows how quickly a node
can reach all other nodes in a network. A node with high closeness centrality can spread information faster
or connect to others more easily.

Graphs are often used to represent such networks. To study large and complex networks, mathematicians
use graph products, which combine two simple graphs to form a bigger one. Two important examples are
cycle graphs and corona product graphs. Cycle graphs are used to represent circular connections, such as
ring networks or closed routes in transportation. Corona product graphs are useful to model networks that
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have a main core connected to several smaller sub-networks, such as a central server connected to many local
computers.

Although graph products have been widely investigated, only limited attention has been paid to the
computation of closeness centrality for cycle graphs and corona product graphs. In particular, Eballe et al.
proposed an incorrect formula for the closeness centrality of cycle graphs and later presented a formula for
determining the closeness centrality of the corona product of two graphs G and H as follows.

Theorem 1.1. [27] Let G and H be graphs of orders m and n, respectively, with G connected. Then the
closeness centralities of the vertices u ∈ G and (u, h) of the attached copies H are given by the following
expressions:

CG⊙H(u) = mn+n−1)
((n+1)τG(u)+mn

CG⊙H(u) = mn+n−1)
((n+1)τG(u)−degH(h)+2mn+m−2 , where τG(u) =

∑
v∈G d(u, v).

In the above formula, Eballe et al. did not provide the formula to find the value of τG(u) for the general
graph G. They only proposed the formula of τG(u) for the path graph G = Pm. For this reason, they
proposed the formula to find the closeness centrality of Pm ⊙ K̄2 in their studied paper. To the best of our
knowledge, there is no single, specific formula for finding the sum of distances from a particular vertex to
other vertices in general graphs. So, the problem of finding the closeness centrality of the corona product of
different graphs is still open.

Also, understanding closeness centrality in these graphs can help improve the design of communication
systems, make transportation routes more efficient, and study how information or influence spreads in different
types of networks.

Therefore, this work aims to find and analyze the closeness centrality of cycle and corona product graphs,
and to show how these results can be used in real-world applications.

1.3 Result

At first, we correct the result of Eballe et al. for finding the vertex closeness centrality of the cycle graph Cn.
After that, we present some theoretical results of the normalized closeness centrality of some corona product
graphs. We explore the applications of our studied results in small-world and transportation networks.

1.4 Organization of the paper

Some useful symbols are presented in the next section. We correct the result for finding the vertex closeness
centrality of the cycle graph Cn in Section 3. We provide some new theoretical results of normalized vertex
closeness centrality of some corona product graphs in Section 4. In Section 5, we present the applications of
our studied results in small-world and transportation networks. Section 6 presents the conclusion and future
scope of our paper.

2 Symbols

CC(u) : vertex closeness centrality of the node point u
CNC(u) : normalized vertex closeness centrality of the node u
d(u, x) : shortest distance between the nodes u and x
Pn : path graph with n node points
Cn : cycle graph with n node points
Sn : star graph having n node points
Kn : complete graph with n node points
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3 Rectification of the vertex closeness centrality formula for cycle graphs

Let Cn be a cycle graph and {uλ : λ = 1, 2, · · · , n} be its set of nodes. The cycle graphs C4 and C5 are shown
in Figure 1. In this section, we correct the result presented by Eballe et al. relating to the vertex closeness
centrality of the cycle graph Cn. The term ’closeness centrality’ in the paper by Eballe et al. is the same as
the term ’normalized closeness centrality’ in our paper.

s s

s s

u1 u2

u3u4

(a)

s
s

s
s

s u1

u2
u3

u4 u5

(b)

Figure 1: Cycle graph C4 and C5

.

We first recall the following result.

Theorem 3.1. [26] The normalized closeness centrality of any node u of Cn is given by

CNC(u) =


4(n−1)
(n+2)2

, when n is even

4
n+1 , when n is odd.

We have found that this result is not true for even values of n. For example, according to the above result,
CNC(u) =

4(4−1)
(4+2)2

= 12
36 = 1

3 ∀u ∈ C4.

But the actual value of CNC(u) is
3
4 for all u ∈ C4.

We correct this result below.

Theorem 3.2. The normalized closeness centrality of any node u of the cycle graph Cn is

CNC(u) =


4(n−1)

n2 , if n is even

4
n+1 , if n is odd.

Proof. We prove the above result for even values of n only because the result for odd values of n is already
proven in the paper by Eballe et al. To prove this result for the even case, we first label any arbitrary vertex
of Cn by un and then label the other nodes of Cn as u1, u2, · · · , un

2
−1, un

2
, un

2
+1, · · · , un−1 in the clockwise

direction from the node un. Now, if u = u1, then
∑

x∈V (Cn)
d(u1, x) = 2[

∑n
2
λ=2 d(u1, uλ)] + d(u1, un

2
+1)

= 2[1 + 2 + · · ·+ (n2 − 1)] + n
2

= 2[
n
2
(n
2
−1)

2 ] + n
2

= n
2 [(

n
2 − 1) + 1]
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= n
2 · n

2

= n2

4 .

Therefore, CNC(u1) =
n−1∑

x∈V d(u1,x)
= 4(n−1)

n2 .

This result is true for all nodes of Cn, when n is even. Therefore, CNC(u) =
4(n−1)

n2 , if n is even. □

4 Closeness centrality of some corona product graphs

Several binary graph operations are present in the field of graph theory. These operations always build a
new graph. One of them is a corona product. G1 ⊙G2 represents the corona product of two graphs G1 and
G2. It is created by drawing one copy of G1 having n1 nodes and n1 copies of G2 having n2 nodes, and
connecting the λth node of the first graph by an edge to each node of the corresponding copy of the second
graph, λ = 1, 2, · · · , n1. This newly formed graph is known as the corona graph of G1 and G2. G1 ⊙G2 has
n1 + n1n2 nodes and m1 + n1m2 + n1n2 edges, where |E(G1)| = m1 and |E(G2)| = m2.

4.1 Closeness centrality of corona product graph Pn ⊙ Pm

The corona product graph Pn ⊙ Pm is made using the corona product of the path graphs Pn and Pm. The
graph Pn ⊙Pm has n+ nm nodes. Let the nodes of Pn be u1, u2, ..., un, and that of Pm corresponding to the
node ui be uλ,1, uλ,2, ..., uλ,m. Figure 2 displays a corona graph Pn ⊙ P4.
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Figure 2: Corona graph Pn ⊙ P4

.

Theorem 4.1. The normalized closeness centrality of any node point v of Pn ⊙ Pm is given by

CNC(v) =



2(nm+n−1)
(n−λ+1)[(n−λ)+m(n−λ+2)]+λ[(λ−1)+m(λ+1)]−2m , when v = uλ ∈ Pn and

λ = 1, 2, ..., n
2(nm+n−1)

(n−λ+2)[(n−λ+1)+m(n−λ+3)]+(λ+1)[λ+m(λ+2)]−2(4m+5) , when v = uλ,µ ∈ Pm, λ = 1,

2, ..., n and µ = 1,m

2(nm+n−1)
(n−λ+2)[(n−λ+1)+m(n−λ+3)]+(λ+1)[λ+m(λ+2)]−2(4m+5) , if v = uλ,µ ∈ Pm, λ = 1, 2, ..., n

and µ = 2, 3, ...,m− 1.

Proof. Consider that the node points of Pn are u1, u2, ..., un, and that of Pm corresponding to the node uλ
are uλ,1, uλ,2, ..., uλ,m, λ = 1, 2, ..., n. If v = uλ be any vertex of Pn then

∑
x∈V d(uλ, x) =

∑n
l=λ+1 d(uλ, ul) +
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∑λ−1
l=1 d(uλ, ul) +

∑m
µ=1

∑n
l=λ d(uλ, ul,µ) +

∑m
µ=1

∑λ−1
l=1 d(uλ, ul,µ)

= [1+2+ · · ·+(n−λ)]+ [1+2+ · · ·+(λ−1)]+ [m+2m+ · · ·+m(n−λ+1)]+ [2m+3m+ · · ·+m(λ−1+1)]

= (n−λ)(n−λ+1)
2 + λ(λ−1)

2 +m (n−λ+1)(n−λ+2)
2 + [m+ 2m+ 3m+ · · ·+ λm]−m

= (n−λ)(n−λ+1)
2 + λ(λ−1)

2 +m (n−λ+1)(n−λ+2)
2 +mλ(λ+1)

2 −m

= (n−λ+1)[(n−λ)+m(n−λ+2)]+λ[(λ−1)+m(λ+1)]−2m
2 .

Therefore,

CNC(v) =
nm+ n− 1∑
x∈V d(u, x)

=
2(nm+ n− 1)

(n− λ+ 1)[(n− λ) +m(n− λ+ 2)] + λ[(λ− 1) +m(λ+ 1)]− 2m
.

If v = uλ,µ is a vertex of Pm where λ = 1, 2, · · · , n; µ = 1,m then
∑

x∈V d(uλ,µ, x) =
∑n

l=λ d(uλ,µ, ul) +∑λ−1
l=1 d(uλ,µ, ul) +

∑m
k=1

∑n
l=λ d(uλ,µ, ul,k) +

∑m
k=1

∑λ−1
l=1 d(uλ,µ, ul,k)

= [1 + 2 + · · ·+ {(n− λ) + 1}] + [2 + 3 + · · ·+ {(λ− 1) + 1}] + [{1 + 2(m− 2)}+ 3m+ 4m+ · · ·
+m{(n− λ) + 2}] + [3m+ 4m+ · · ·+m{(λ− 1) + 2}]

= (2m− 3) + (n−λ+1)(n−λ+2)
2 + [1 + 2 + 3 + · · ·+ λ]− 1 + [m+ 2m+ 3m+ 4m+ · · ·+m(n− λ+ 2)]

+ [m+ 2m+ 3m+ 4m+ · · ·+m(λ+ 1)]− 3m− 3m

= (2m− 3) + (n−λ+1)(n−λ+2)
2 + λ(λ+1)

2 +m (n−λ+2)(n−λ+3)
2 +m (λ+1)(λ+2)

2 − 6m− 1

= (n−λ+2)
2 [(n− λ+ 1) +m(n− λ+ 3)] + (λ+1)[λ+m(λ+2)]

2 − (4m+ 4)

= (n−λ+2)[(n−λ+1)+m(n−λ+3)]+(λ+1)[λ+m(λ+2)]−2(4m+4)
2 .

Hence,

CNC(v) =
nm+ n− 1∑
x∈V d(u, x)

=
2(nm+ n− 1)

(n− λ+ 2)[(n− λ+ 1) +m(n− λ+ 3)] + (λ+ 1)[λ+m(λ+ 2)]− 2(4m+ 4)
.

If v = uλ,µ is any vertex of Pm where λ = 1, 2, · · · , n; µ = 2, 3, · · · ,m − 1 then
∑

x∈V d(uλ,µ, x) =∑n
l=λ d(uλ,µ, ul) +

∑λ−1
l=1 d(uλ,µ, ul) +

∑m
k=1

∑n
l=λ d(uλ,µ, ul,k) +

∑m
k=1

∑λ−1
l=1 d(uλ,µ, ul,k)

= [1 + 2 + · · ·+ (n− λ) + 1] + [2 + 3 + · · ·+ (λ− 1) + 1] + [{1 + 1 + 2(m− 3)}+ 3m+ 4m+ · · ·
+m{(n− λ) + 2}] + [3m+ 4m+ · · ·+m{(λ− 1) + 2}]
= (2m− 4) + (n−λ+1)(n−λ+2)

2 + [1 + 2 + 3 + · · ·+ λ]− 1 + [m+ 2m+ 3m+ 4m+ · · ·+m(n− λ+ 2)]
+ [m+ 2m+ 3m+ 4m+ · · ·+m(λ+ 1)]− 3m− 3m

= (2m− 4) + (n−λ+1)(n−λ+2)
2 + λ(λ+1)

2 +m (n−λ+2)(n−λ+3)
2 +m (λ+1)(λ+2)

2 − 6m− 1

= (n−λ+2)
2 [(n− λ+ 1) +m(n− λ+ 3)] + (λ+1)[λ+m(λ+2)]

2 − (4m+ 5)

= (n−λ+2)[(n−λ+1)+m(n−λ+3)]+(λ+1)[λ+m(λ+2)]−2(4m+5)
2 .

Hence,

CNC(v) =
nm+n−1∑
x∈V d(u,x) =

2(nm+n−1)
(n−λ+2)[(n−λ+1)+m(n−λ+3)]+(λ+1)[λ+m(λ+2)]−2(4m+5) .

□

4.2 Closeness centrality of Pn ⊙Km

The corona graph Pn⊙Km is made using the corona product of path graphs Pn and the complete graph Km.
The graph Pn ⊙Km has n+ nm nodes. Let the nodes of Pn be u1, u2, ..., un, and that of Km corresponding
to the node uλ be uλ,1, uλ,2, ..., uλ,m. Figure 3 displays a corona graph Pn ⊙K4.
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Figure 3: Corona graph Pn ⊙K4

.

Theorem 4.2. The CNC(v) of any node point v of Pn ⊙Km is

CNC(v) =



2(nm+n−1)
(n−λ+2)[(n−λ+1)+m(n−λ+3)]+(λ+1)[λ+m(λ+2)]−2(5m+2) , if v = uλ,µ ∈ Km, λ = 1, 2,

· · · , n and µ = 1, 2, · · · ,m

2(nm+n−1)
(n−λ+1)[(n−λ)+m(n−λ+2)]+λ[(λ−1)+m(λ+1)]−2m , if v = uλ ∈ Pn, λ = 1, 2, · · · , n.

Proof. Consider that the node points of Pn are u1, u2, ..., un and that of Km corresponding to the node uλ
are uλ,1, uλ,2, ..., uλ,m, λ = 1, 2, ..., n. If v = uλ be any vertex of Pn then

∑
x∈V d(uλ, x) =

∑n
l=λ+1 d(uλ, ul) +∑λ−1

l=1 d(uλ, ul) +
∑m

µ=1

∑n
l=λ d(uλ, ul,µ) +

∑m
µ=1

∑λ−1
l=1 d(uλ, ul,µ)

= [1+2+ · · ·+(n−λ)]+ [1+2+ · · ·+(λ−1)]+ [m+2m+ · · ·+m(n−λ+1)]+ [2m+3m+ · · ·+m(λ−1+1)]

= (n−λ)(n−λ+1)
2 + λ(λ−1)

2 +m (n−λ+1)(n−λ+2)
2 + [m+ 2m+ 3m+ · · ·+ λm]−m

= (n−λ)(n−λ+1)
2 + λ(λ−1)

2 +m (n−λ+1)(n−λ+2)
2 +mλ(λ+1)

2 −m

= (n−λ+1)[(n−λ)+m(n−λ+2)]+λ[(λ−1)+m(λ+1)]−2m
2 .

Therefore,

CNC(v) =
nm+n−1∑
x∈V d(u,x) =

2(nm+n−1)
(n−λ+1)[(n−λ)+m(n−λ+2)]+λ[(λ−1)+m(λ+1)]−2m

.
If v = uλ,µ is any vertex ofKm where λ = 1, 2, · · · , n; µ = 1, 2, · · · ,m, then

∑
x∈V d(uλ,µ, x) =

∑n
l=λ d(uλ,µ, ul)+∑λ−1

l=1 d(uλ,µ, ul) +
∑m

k=1

∑n
l=λ d(uλ,µ, ul,k) +

∑m
k=1

∑λ−1
l=1 d(uλ,µ, ul,k)

= [1 + 2 + · · ·+ {(n− λ) + 1}] + [2 + 3 + · · ·+ {(λ− 1) + 1}] + [(m− 1) + 3m+ 4m+ · · ·
+m{(n− λ) + 2}] + [3m+ 4m+ · · ·+ {(λ− 1) + 2}]
= (m− 1) + (n−λ+1)(n−λ+2)

2 + [1 + 2 + 3 + · · ·+ λ]− 1 + [m+ 2m+ 3m+ 4m+ · · ·+m(n− λ+ 2)]
+ [m+ 2m+ 3m+ 4m+ · · ·+m(λ+ 1)]− 3m− 3m

= (m− 1) + (n−λ+1)(n−λ+2)
2 + λ(λ+1)

2 +m (n−λ+2)(n−λ+3)
2 +m (λ+1)(λ+2)

2 − 6m− 1

= (n−λ+2)
2 [(n− λ+ 1) +m(n− λ+ 3)] + (λ+1)[λ+m(λ+2)]

2 − (5m+ 2)

= (n−λ+2)[(n−λ+1)+m(n−λ+3)]+(λ+1)[λ+m(λ+2)]−2(5m+2)
2 .

Hence,

CNC(v) =
nm+n−1∑
x∈V d(u,x) =

2(nm+n−1)
(n−λ+2)[(n−λ+1)+m(n−λ+3)]+(λ+1)[λ+m(λ+2)]−2(5m+2) .

□
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4.3 Closeness centrality Cn ⊙Km

The graph Cn ⊙Km is obtained by the corona product of the cycle graph Cn and the complete graph Km.
It has n+ nm nodes. Let the nodes of Cn be u1, u2, ..., un, and that of Km corresponding to the node uλ be
uλ,1, uλ,2, ..., uλ,m. A corona graph C3 ⊙K4 is shown in Figure 4.

u

u u u u

u u

u u

u1 u2 u3

u u
u1,1 u1,4

uu u u

u1,2 u1,3
u2,2

u2,1 u2,4 u3,1
u3,4

u3,2
u3,3u2,4

Figure 4: Corona graph C3 ⊙K4

.

Theorem 4.3. The CNC(v) of any node point v of Cn ⊙Km is given by

CNC(v) =



4(nm+n−1)
m(n+4)2+(n+2)2−4(5m+2)

, if v = uλ,µ ∈ Km, λ = 1, 2, · · · , n; µ = 1, 2, · · · ,m,

and n is even

4(nm+n−1)
(n+3)[(n+1)+m(n+5)]−4(5m+2) , if v = uλ,µ ∈ Km, λ = 1, 2, · · · , n; µ = 1, 2, · · · ,m,

and n is odd

4(nm+n−1)
n2+mn(n+4)

, if v = uλ ∈ Cn, λ = 1, 2, · · · , n and n is even

4(nm+n−1)
m(n2+4n−1)+n2−1

, if v = uλ ∈ Cn, λ = 1, 2, · · · , n and n is odd.

Proof. Suppose that the node points of Cn are u1, u2, ..., un, and that of Km corresponding to the node
uλ are uλ,1, uλ,2, ..., uλ,m, λ = 1, 2, ..., n. If v = uλ is any vertex of Cn and n is even then

∑
x∈V d(uλ, x) =∑n

λ=1,k ̸=λ d(uλ, uk) +
∑n

k=1

∑m
µ=1 d(uλ, uk,µ).

We know from Theorem 3.1,
∑n

λ=1,k ̸=λ d(uλ, uk) =
n2

4 .
Now,

∑n
k=1

∑m
µ=1 d(un, uk,µ) =

∑m
µ=1 d(un, un,µ) +

∑m
µ=1 d(un, un

2
,µ) + 2[

∑m
µ=1 d(un, u1,µ)

+
∑m

µ=1 d(un, u2,µ) + · · ·+
∑m

µ=1 d(un, un
2
−1,µ)]

= m+m(n2 + 1) + 2(2m+ 3m+ · · ·+ n
2 ·m)

= mn
2 + 2m[1 + 2 + 3 + · · ·+ n

2 ]

= mn
2 + 2m[

n
2
(n
2
+1)

2 ]
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= mn
2 + mn(n+2)

4
= mn

2 (1 + n+2
2 )

= mn(n+4)
4 .

Therefore,
∑n

k=1

∑m
µ=1 d(un, uk,µ) =

mn(n+4)
4 .

This result is true for all uλ, λ = 1, 2, · · · , n.
Therefore,

∑n
k=1

∑m
µ=1 d(uλ, uk,µ) =

mn(n+4)
4 .

Hence,
∑

x∈V d(uλ, x) =
n2

4 + mn(n+4)
4 = n2+mn(n+4)

4 .

Therefore, the normalized closeness centrality of v is CNC(v) =
nm+n−1∑
x∈V d(uλ,x)

= 4(nm+n−1)
n2+mn(n+4)

.

If v = uλ is an arbitrary node of Cn, and n is odd, then∑
x∈V d(uλ, x) =

∑n
λ=1,k ̸=λ d(uλ, uk) +

∑n
k=1

∑m
µ=1 d(uλ, uk,µ).

Again, we know from Theorem 3.1,
∑n

λ=1,k ̸=λ d(uλ, uk) =
(n−1)(n+1)

4 .

Again,
∑n

k=1

∑m
µ=1 d(un, uk,µ) =

∑m
µ=1 d(un, un,µ) + 2[

∑n−1
2

l=1

∑m
µ=1 d(un, ul,µ)]

= m+ 2(2m+ 3m+ · · ·+ n+1
2 ·m)

= 2m[1 + 2 + 3 + · · ·+ n+1
2 ]−m

= 2m[
n+1
2

(n+1
2

+1)

2 ]−m

= m(n+1)(n+3)
4 −m

= m(n2+4n+3)−4m
4

= m(n2+4n−1)
4 .

This result is true for all uλ, λ = 1, 2, · · · , n.
Therefore,

∑n
k=1

∑m
µ=1 d(uλ, uk,µ) =

m(n2+4n−1)
4 .

Hence,
∑

x∈V d(uλ, x) =
(n−1)(n+1)

4 + m(n2+4n−1)
4 = m(n2+4n−1)+n2−1

4 .

Therefore, the normalized closeness centrality of v is CNC(v) =
nm+n−1∑
x∈V d(uλ,x)

= 4(nm+n−1)
m(n2+4n−1)+n2−1

.

If v = uλ,µ is any vertex of Km adjacent to uλ where λ = 1, 2, · · · , n; µ = 1, 2, · · · ,m and n is even then∑
x∈V d(uλ,µ, x) =

∑n
l=1 d(uλ,µ, ul) +

∑m
k=1 d(uλ,µ, uλ,k) +

∑n
l=1,λ̸=l

∑m
k=1 d(uλ,µ, ul,k). As n is even, so from

uλ,µ, 2m vertices of Km are at a distance 3, 2m vertices of Km are at a distance 4, · · · , 2m vertices of Km are
at a distance n

2 + 1 and m vertices of Km are at a distance n
2 + 2 and m− 1 vertices of Km are at a distance

1.
Now,

∑
x∈V d(uλ,µ, x) = [1+2+2+3+3 · · ·+n

2+
n
2+(n2+1)]+(m−1)+[2m·3+2m·4+· · ·+2m·(n2+1)+m(n2+2)]

= [1 + 2 + 3 + · · ·+ n
2 + (n2 + 1)] + [2 + 3 + · · ·+ n

2 ] + (m− 1) + [3m+ 4m+ · · ·+m{n
2 + 1}+m{n

2 + 2}] +
[3m+ 4m+ · · ·+m{n

2 + 1}]
= (m− 1)+ [1+ 2+ · · ·+(n2 +1)]+ [1+ 2+3+ · · ·+ n

2 ]− 1+ [m+2m+3m+4m+ · · ·+m{n
2 +1}+m{n

2 +
2}]− 3m+ [m+ 2m+ 3m+ 4m+ · · ·+m{n

2 + 1}]− 3m

= (m− 1) +
(n
2
+1)(n

2
+2)

2 +
n
2
(n
2
+1)

2 − 1 +m
(n
2
+2)(n

2
+3)

2 +m
(n
2
+1)(n

2
+2)

2 − 6m

= (n+2)(n+4)
4 + n(n+2)

4 + m(n+4)(n+6)
4 + m(n+2)(n+4)

4 − (6m+ 1−m+ 1)

= (n+2)(n+4+n)
4 + m(n+4)(n+6+n+2)

4 − (5m+ 2)

= m(n+4)2+(n+2)2

4 − (5m+ 2)

= m(n+4)2+(n+2)2−4(5m+2)
4 .

Hence, the normalized closeness centrality of v is CNC(v) =
nm+n−1∑
x∈V d(u,x) =

4(nm+n−1)
m(n+4)2+(n+2)2−4(5m+2)

.

If v = uλ,µ is any vertex of Km where λ = 1, 2, · · · , n; µ = 1, 2, · · · ,m and n is odd then∑
x∈V d(uλ,µ, x) =

∑n
l=1 d(uλ,µ, ul) +

∑m
k=1 d(uλ,µ, uλ,k) +

∑n
l=1,λ̸=l

∑m
k=1 d(uλ,µ, ul,k). As n is odd, so from
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uλ,µ, 2m vertices of Km are at a distance 3, 2m vertices of Km are at a distance 4, · · · , 2m vertices of Km

are at a distance n+3
2 and m− 1 vertices of Km are at a distance 1.

Now,
∑

x∈V d(uλ,µ, x) = [1+ 2+ 2+ 3+ 3 · · ·+ n+1
2 + n+1

2 ] + (m− 1)+ [2m · 3+ 2m · 4+ · · ·+2m · (n+1
2 +1)]

= (m− 1) + 2{1 + 2 + · · ·+ n+1
2 } − 1 + 2{m+ 2m+ 3m+ 4m+ · · ·+m(n+1

2 + 1)} − 6m

= 2 ·
n+1
2

(n+1
2

+1)

2 + 2m · (n+1
2

+1)(n+1
2

+2)

2 +m− 1− 6m− 1
= n+1

2 (n+1
2 + 1) +m(n+1

2 + 1)(n+1
2 + 2)− (5m+ 2)

= (n+1)(n+3)
4 +m (n+3)(n+5)

4 − (5m+ 2)

= (n+3)[(n+1)+m(n+5)]−4(5m+2)
4 .

Therefore, CNC(v) =
nm+n−1∑
x∈V d(u,x) =

4(nm+n−1)
(n+3)[(n+1)+m(n+5)]−4(5m+2) . □

4.4 Closeness centrality of corona product graph Pn ⊙ Cm

The graph Pn ⊙ Cm is obtained by the corona product of the path graphs Pn and n copies of the cycle
graph Cm. The graph Pn ⊙ Cm has n + nm nodes. Let the nodes of Pn be u1, u2, ..., un, and that of Cm

corresponding to the node uλ be uλ,1, uλ,2, ..., uλ,m. Figure 5 shows a corona graph Pn ⊙ C4.

u

u u u u

u u

u u

u1 u2 un

u u
u1,1 u1,4

uu u u

u1,2 u1,3
u2,2

u2,1 u2,4 un,1
un,4

un,2
un,3u2,4

Figure 5: Corona graph Pn ⊙ C4

.

Theorem 4.4. The CNC(v) of an arbitrary node v of Pn ⊙ Cm is

=



2(nm+n−1)
(n−λ+2){(n−λ+1)+m(n−λ+3)}+(λ+1){λ+m(λ+2)}−2(4m+5) , if v = uλ,µ ∈ Cm, λ = 1, 2, · · · , n;

µ = 1, 2, · · · ,m

2(nm+n−1)
(n−λ+1)[(n−λ)+m(n−i+2)]+λ[(λ−1)+m(λ+1)]−2m , if v = uλ ∈ Pn, λ = 1, 2, · · · , n.

Proof. Suppose that the node points of Pn are u1, u2, ..., un and that of Cm corresponding to the node uλ
are uλ,1, uλ,2, ..., uλ,m, λ = 1, 2, ..., n. If v = uλ is any vertex of Pn then

∑
x∈V d(uλ, x) =

∑n
l=λ+1 d(uλ, ul) +∑λ−1

l=1 d(uλ, ul) +
∑m

µ=1

∑n
l=λ d(uλ, ul,µ) +

∑m
µ=1

∑λ−1
l=1 d(uλ, ul,µ)
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= [1+2+ · · ·+(n−λ)]+ [1+2+ · · ·+(λ−1)]+ [m+2m+ · · ·+m(n−λ+1)]+ [2m+3m+ · · ·+m(λ−1+1)]

= (n−λ)(n−λ+1)
2 + λ(λ−1)

2 +m (n−λ+1)(n−λ+2)
2 + [m+ 2m+ 3m+ · · ·+ λm]−m

= (n−λ)(n−λ+1)
2 + λ(λ−1)

2 +m (n−λ+1)(n−λ+2)
2 +mλ(λ+1)

2 −m

= (n−λ+1)[(n−λ)+m(n−λ+2)]+λ[(λ−1)+m(λ+1)]−2m
2 .

Therefore, the normalized closeness centrality of v is

CNC(v) =
nm+n−1∑
x∈V d(u,x) =

2(nm+n−1)
(n−λ+1)[(n−λ)+m(n−λ+2)]+λ[(λ−1)+m(λ+1)]−2m .

If v = uλ,µ is any vertex of λth Cm, where λ = 1, 2, · · · , n; µ = 1, 2, · · · ,m then∑
x∈V d(uλ,µ, x) =

∑n
l=λ d(uλ,µ, ul) +

∑λ−1
l=1 d(uλ,µ, ul) +

∑m
k=1

∑n
l=λ d(uλ,µ, ul,k) +

∑m
k=1

∑λ−1
l=1 d(uλ,µ, ul,k).

Now,
∑

x∈V d(uλ,µ, x) = [1 + 2+ · · ·+ {(n− λ) + 1}] + [2 + 3+ · · ·+ {(λ− 1) + 1}] + [{1 + 1++2(m− 3)}+
3m+ 4m+ · · ·+m{(n− λ) + 2}] + [3m+ 4m+ · · ·+ {(λ− 1) + 2}]
= (n−λ+1)(n−λ+2)

2 + [1 + 2 + 3 + · · ·+ λ]− 1 + [m+ 2m+ 3m+ 4m+ · · ·+m(n− λ+ 2)]
+ [m+ 2m+ 3m+ 4m+ · · ·+m(λ+ 1)]−m− 3m− 4

= (n−λ+1)(n−λ+2)
2 + λ(λ+1)

2 +m (n−λ+2)(n−λ+3)
2 +m (λ+1)(λ+2)

2 − (4m+ 5)

= (n−λ+2)[(n−λ+1)+m(n−λ+3)]+(λ+1)[λ+m(λ+2)]
2 − (4m+ 5)

= (n−λ+2){(n−λ+1)+m(n−λ+3)}+(λ+1){λ+m(λ+2)}−2(4m+5)
2 .

Hence, the normalized closeness centrality of v is

CNC(v) =
nm+n−1∑
x∈V d(u,x) =

2(nm+n−1)
(n−λ+2){(n−λ+1)+m(n−λ+3)}+(λ+1){λ+m(λ+2)}−2(4m+5) .

□

4.5 Closeness centrality of Cn ⊙ Cm

The corona graph Cn⊙Cm is made using the corona product of cycle graphs Cn and Cm. It has n+nm nodes.
Let the nodes of Cn be u1, u2, ..., un, and that of Cm corresponding to the node uλ be uλ,1, uλ,2, ..., uλ,m. A
corona graph C3 ⊙ C3 is shown in Figure 6.

u

u u
u

u u

u
u

u

u u
u

u1 u2 u3

u1,2 u1,3 u2,2 u2,3

u2,1

u3,2

u3,1u1,1

u3,3

Figure 6: Corona graph C3 ⊙ C3

.

Theorem 4.5. The CNC(v) of an arbitrary node v of the corona product graph Cn ⊙ Cm is
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CNC(v) =



4(nm+n−1)
n2+m(n+2)2−4m

, if v = uλ ∈ Cn, λ = 1, 2, · · · , n and n is even

4(nm+n−1)
m(n2+4n−1)+n2−1

, if v = uλ ∈ Cn, λ = 1, 2, · · · , n and n is odd

4(nm+n−1)
m(n+4)2+(n+2)2−4(4m+5)

, if v = uλ,µ ∈ Cm, λ = 1, 2, · · · , n; n is even;

µ = 1, 2, · · · ,m

4(nm+n−1)
(n+3)[(n+1)+m(n+5)]−4(4m+5) , if v = uλ,µ ∈ Cm, λ = 1, 2, · · · , n; n is odd;

µ = 1, 2, · · · ,m

Proof. Suppose that the node points of Cn are u1, u2, ..., un and that of Cm corresponding to the node
uλ are uλ,1, uλ,2, ..., uλ,m, λ = 1, 2, ..., n. If v = u1 is a vertex of Cn and n is even then

∑
x∈V d(u1, x) =∑n

λ=1 d(u1, uλ) +
∑m

µ=1 d(u1, u1,µ) + 2[
∑n

2
l=2

∑m
µ=1 d(u1, ul,µ)] +

∑m
µ=1 d(u1, un

2
+1,µ).

We know from Theorem 3.1,
∑n

λ=1 d(u1, uλ) =
n2

4 .

Therefore,
∑

x∈V d(u1, x) =
n2

4 +m+ 2[m+ 2m+ 3m+ · · ·+m · n
2 ] +m(n2 + 1)

= n2

4 + 2[m+ 2m+ 3m+ · · ·+ nm
2 ] +m(n2 + 1)−m

= n2

4 + 2m[
n
2
(n
2
+1)

2 ] + m(n+2)
2 −m

= n2

4 + mn(n+2)
4 + m(n+2)

2 −m

= n2+mn2+2mn+2mn+4m−4m
4

= n2+mn(n+4)
4 .

This result is true for all uλ, λ = 1, 2, · · · , n.
Therefore, the normalized closeness centrality of uλ is CNC(uλ) =

nm+n−1∑
x∈V d(uλ,x)

= 4(nm+n−1)
n2+mn(n+4)

.

Again, if v = u1, u1 ∈ Cn and n is odd, then
∑

x∈V d(u1, x) =
∑n

λ=1 d(u1, uλ) +
∑m

µ=1 d(u1, u1,µ) +

2[
∑n+1

2
l=2

∑m
µ=1 d(u1, ul,µ)].

We know from Theorem 3.1,
∑n

λ=1 d(u1, uλ) =
(n−1)(n+1)

4 .

Therefore,
∑

x∈V d(u1, x) =
(n−1)(n+1)

4 +m+ 2[2m+ 3m+ · · ·+m(n+1
2 )]

= (n−1)(n+1)
4 + 2[m+ 2m+ 3m+ · · ·+m(n+1

2 )]−m

= (n−1)(n+1)
4 + 2m

n+1
2

(n+1
2

+1)

2 −m

= (n−1)(n+1)
4 + m(n+1)

2 (n+1
2 + 1)−m

= (n−1)(n+1)
4 +m{ (n+1)2

4 + (n+1)
2 − 1}

= (n−1)(n+1)
4 + m(n2+4n−1)

4

= m(n2+4n−1)+n2−1
4 .

This result is true for all uλ, λ = 1, 2, · · · , n.
Therefore, the normalized closeness centrality of uλ is CNC(uλ) =

nm+n−1∑
x∈V d(uλ,x)

= 4(nm+n−1)
m(n2+4n−1)+n2−1

.

If v = uλ,µ is any vertex of λth Cm, where λ = 1, 2, · · · , n; µ = 1, 2, · · · ,m and n is even then∑
x∈V d(uλ,µ, x) =

∑n
λ=1 d(uλ,µ, uµ) +

∑m
k=1 d(uλ,µ, uλ,k) +

∑n
l=1,λ̸=l

∑m
k=1 d(uλ,µ, ul,k).

From uλ,µ, uλ is situated at a distance 1, 2 vertices of Cn are situated at a distance 2, another two vertices
of Cn are situated at a distance 3 · · · , another two vertices of Cn are situated at a distance n

2 and 1 vertices
of Cn are situated at a distance n

2 + 1.
Also from uλ,µ, 2 sets of m vertices of Cm are situated at a distance 3, another 2 sets of m vertices of Cm
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are situated at a distance 4, · · · , another 2 sets of m vertices of Cm are situated at a distance n
2 + 1 and m

vertices of Cm are at a distance n
2 + 2.

Now,
∑

x∈V d(uλ,µ, x) = [1 + 2 + 2 + 3 + 3 · · ·+ n
2 + n

2 + (n2 + 1)] + [2 + 2(m− 3)] + [3m+ 3m+ 4m+ 4m+
· · ·+m(n2 + 1) +m(n2 + 1) +m(n2 + 2)]
= [1 + 2 + 3 + · · ·+ n

2 + (n2 + 1)] + [2 + 3 + · · ·+ n
2 ] + (2m− 4) + [3m+ 4m+ · · ·+m{n

2 + 1}+m{n
2 + 2}] +

[3m+ 4m+ · · ·+m{n
2 + 1}]

= 2m− 4+ [1+ 2+ · · ·+ (n2 +1)] + [1+ 2+ 3+ · · ·+ n
2 ]− 1+ [m+2m+3m+4m+ · · ·+m{n

2 +1}+m{n
2 +

2}]− 3m+ [m+ 2m+ 3m+ 4m+ · · ·+m{n
2 + 1}]− 3m

= 2m− 4 +
(n
2
+1)(n

2
+2)

2 +
n
2
(n
2
+1)

2 − 1 +m
(n
2
+2)(n

2
+3)

2 +m
(n
2
+1)(n

2
+2)

2 − 6m

= (n+2)(n+4)
8 + n(n+2)

8 + m(n+4)(n+6)
8 + m(n+2)(n+4)

8 − 6m− 1 + 2m− 4

= (n+2)(n+4+n)
8 + m(n+4)(n+6+n+2)

8 − (4m+ 5)

= m(n+4)2+(n+2)2

4 − (4m+ 5)

= m(n+4)2+(n+2)2−4(4m+5)
4 .

Hence, the normalized closeness centrality of v is CNC(v) =
nm+n−1∑
x∈V d(u,x) =

4(nm+n−1)
m(n+4)2+(n+2)2−4(4m+5)

.

If v = uλ,µ is any vertex of λth Cm, where λ = 1, 2, · · · , n; µ = 1, 2, · · · ,m; n is odd, then
∑

x∈V d(uλ,µ, x) =∑n
λ=1 d(uλ,µ, uλ) +

∑m
k=1 d(uλ,µ, uλ,k) +

∑n
l=1,λ ̸=l

∑m
k=1 d(uλ,µ, ul,k).

= [1+2+2+3+3 · · ·+ n+1
2 + n+1

2 ] + [2+2(m− 3)]+ [3m+3m+4m+4m+ · · ·+m(n+1
2 +1)+m(n+1

2 +1)]
= 2[1 + 2 + 3 + · · ·+ n+1

2 ]− 1 + 2m− 4 + 2m[1 + 2 + 3 + 4 + · · ·+ {n+1
2 + 1}]− 6m

= 2m− 4 + 2 ·
n+1
2

(n+1
2

+1)

2 + 2m · (n+1
2

+1)(n+1
2

+1+1)

2 − 6m− 1

= (n+1)(n+3)
4 + m(n+3)(n+5)

4 − (6m+ 1) + 2m− 4

= (n+3)[(n+1)+m(n+5)]−4(4m+5)
4 .

Hence, the normalized closeness centrality of v is CNC(v) =
nm+n−1∑
x∈V d(u,x) =

4(nm+n−1)
(n+3)[(n+1)+m(n+5)]−4(4m+5) . □

4.6 Closeness centrality of Cn ⊙ Pm

The corona graph Cn⊙Pm is made using the corona product of cycle graph Cn and the path graph Pm. The
graph Cn ⊙Pm has n+nm nodes. Let the nodes of Cn be u1, u2, ..., un, and that of Pm corresponding to the
node uλ be uλ,1, uλ,2, ..., uλ,m. A corona graph C3 ⊙ P4 is shown in Figure 7.

Theorem 4.6. The CNC(v) of an arbitrary node v of the corona product Cn ⊙Pm of two graphs Cn and Pm

is
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Figure 7: Corona graph C3 ⊙ P4

.

=



4(nm+n−1)
n2+mn(n+4)

, if v = uλ ∈ Cn, λ = 1, 2, · · · , n and n is even

4(nm+n−1)
m(n2+4n−1)+n2−1

, if v = uλ ∈ Cn, λ = 1, 2, · · · , n, n is odd

4
m(n+4)2+(n+2)2−4(4m+4)

, if v = uλ,µ ∈ Pm, λ = 1, 2, · · · , n; n is even and µ = 1,m

4
m(n+4)2+(n+2)2−4(4m+5)

, if v = uλ,µ ∈ Pm, λ = 1, 2, · · · , n; n is even

and µ = 2, 3, · · · ,m− 1

4(nm+n−1)
(n+3)[(n+1)+m(n+5)]−4(4m+4) , if v = uλ,µ ∈ Pm, λ = 1, 2, · · · , n; n is odd and µ = 1,m

4(nm+n−1)
(n+3)[(n+1)+m(n+5)]−4(4m+5) , if v = uλ,µ ∈ Pm, λ = 1, 2, · · · , n; n is odd

and µ = 2, 3, · · · ,m− 1.

Proof. Suppose that the nodes of Cn are u1, u2, ..., un and that of Pm corresponding to the node uλ are
uλ,1, uλ,2, ..., uλ,m, λ = 1, 2, ..., n. If v = u1, u1 ∈ V (Cn) and n is even, then∑

x∈V d(u1, x) =
∑n

λ=1 d(u1, uλ) +
∑m

µ=1 d(u1, u1,µ) + 2[
∑m

µ=1

∑n
2
l=2 d(u1, ul,µ)] +

∑m
µ=1 d(u1, un

2
+1,µ).

We know from Theorem 3.2,
∑n

λ=1 d(u1, uλ) =
n2

4 .

Therefore,
∑

x∈V d(u1, x) =
n2

4 +m+ 2[m+ 2m+ 3m+ · · ·+m · n
2 ] +m(n2 + 1)

= n2

4 + 2[m+ 2m+ 3m+ · · ·+ nm
2 ] +m(n2 + 1)−m

= n2

4 + 2m[
n
2
(n
2
+1)

2 ] + m(n+2)
2 −m

= n2

4 + mn(n+2)
4 + m(n+2)

2 −m

= n2+mn2+2mn+2mn+4m−4m
4
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= n2+mn(n+4)
4 .

This result is true for all uλ, λ = 1, 2, · · · , n.

Therefore, CNC(v) =
nm+n−1∑
x∈V d(u,x) =

4(nm+n−1)
n2+mn(n+4)

, v ∈ V (Cn) and n is even.

If v = u1, u1 ∈ V (Cn) and n is odd, then∑
x∈V d(u1, x) =

∑n
λ=1 d(u1, uλ) +

∑m
µ=1 d(u1, u1,µ) + 2[

∑m
µ=1

∑n+1
2

l=2 d(u1, ul,µ)].

We know from Theorem 3.2,
∑n

λ=1 d(u1, uλ) =
(n−1)(n+1)

4 .

Therefore,
∑

x∈V d(u1, x) =
(n−1)(n+1)

4 +m+ 2[2m+ 3m+ · · ·+m(n+1
2 )]

= (n−1)(n+1)
4 + 2[m+ 2m+ 3m+ · · ·+m(n+1

2 )]−m

= (n−1)(n+1)
4 + 2m

n+1
2

(n+1
2

+1)

2 −m

= (n−1)(n+1)
4 + m(n+1)

2 (n+1
2 + 1)−m

= (n−1)(n+1)
4 +m{ (n+1)2

4 + (n+1)
2 − 1}

= (n−1)(n+1)
4 + m(n2+4n−1)

4

= m(n2+4n−1)+n2−1
4 .

This result is true for all uλ, λ = 1, 2, · · · , n.

Therefore, CNC(v) =
nm+n−1∑
x∈V d(u,x) =

4(nm+n−1)
m(n2+4n−1)+n2−1

, v ∈ V (Cn) and n is odd.

If v = uλ,µ is any vertex of λth Pm, where λ = 1, 2, · · · , n; µ = 1,m and n is even then∑
x∈V d(uλ,µ, x) =

∑n
λ=1 d(uλ,µ, uλ)+

∑m
k=1 d(uλ,µ, uλ,k)+

∑n
l=1,λ̸=l

∑m
k=1 d(uλ,µ, ul,k). As n is even, so, there

are two sets of m vertices of Pm are at a distance 3, another two sets of m vertices of Pm are at a distance
4, · · · , two sets of m vertices of Pm are at a distance n

2 +1 and m vertices of Pm are at a distance n
2 +2 from

uλ,µ.
Now,

∑
x∈V d(uλ,µ, x) = [1 + 2 + 2 + 3 + 3 · · ·+ n

2 + n
2 + (n2 + 1)] + [1 + 2(m− 2)] + [3m+ 3m+ 4m+ 4m+

· · ·+m(n2 + 1) +m(n2 + 1) +m(n2 + 2)]
= [1 + 2 + 3 + · · ·+ n

2 + (n2 + 1)] + [2 + 3 + · · ·+ n
2 ] + (2m− 3) + [3m+ 4m+ · · ·+m{n

2 + 1}+m{n
2 + 2}] +

[3m+ 4m+ · · ·+m{n
2 + 1}]

= (2m − 3) + [1 + 2 + · · · + (n2 + 1)] + [1 + 2 + 3 + · · · + n
2 ] − 1 + [m + 2m + 3m + 4m + · · · +m{n

2 + 1} +
m{n

2 + 2}]− 3m+ [m+ 2m+ 3m+ 4m+ · · ·+m{n
2 + 1}]− 3m

= (2m− 3) +
(n
2
+1)(n

2
+2)

2 +
n
2
(n
2
+1)

2 − 1 +m
(n
2
+2)(n

2
+3)

2 +m
(n
2
+1)(n

2
+2)

2 − 6m

= (n+2)(n+4)
8 + n(n+2)

8 + m(n+4)(n+6)
8 + m(n+2)(n+4)

8 − (4m+ 4)

= (n+2)(n+4+n)
8 + m(n+4)(n+6+n+2)

8 − (4m+ 4)

= m(n+4)2+(n+2)2

4 − (4m+ 4)

= m(n+4)2+(n+2)2−4(4m+4)
4 .

Hence, the normalized closeness centrality of v is CNC(v) =
nm+n−1∑
x∈V d(u,x) =

4(nm+n−1)
m(n+4)2+(n+2)2−4(4m+4)

.

Similarly, if v = uλ,µ is any vertex of λth Pm where λ = 1, 2, · · · , n; µ = 2, 3, · · · ,m−1 and n is even then∑
x∈V d(uλ,µ, x) =

∑n
λ=1 d(uλ,µ, uλ) +

∑m
k=1 d(uλ,µ, uλ,k) +

∑n
l=1,λ̸=l

∑m
k=1 d(uλ,µ, ul,k)

= [1+2+2+3+3 · · ·+ n
2+

n
2+(n2+1)]+[2+2(m−3)]+[3m+3m+4m+4m+· · ·+m(n2+1)+m(n2+1)+m(n2+2)].

From the above result, we get∑
x∈V d(uλ,µ, x) = (2m− 4) + (n+2)(n+4)

8 + n(n+2)
8 + m(n+4)(n+6)

8 + m(n+2)(n+4)
8 − 1− 6m

= m(n+4)2+(n+2)2−4(4m+5)
4 .
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Therefore, the normalized closeness centrality of v is CNC(v) =
nm+n−1∑
x∈V d(u,x) =

4(nm+n−1)
m(n+4)2+(n+2)2−4(4m+5)

.

If v = uλ,µ is any vertex of λth Pm where λ = 1, 2, · · · , n; µ = 1,m and n is odd then∑
x∈V d(uλ,µ, x) =

∑n
λ=1 d(uλ,µ, uλ) +

∑m
k=1 d(uλ,µ, uλ,k) +

∑n
l=1,λ̸=l

∑m
k=1 d(uλ,µ, ul,k).

Since n is odd, there are two sets of m vertices of Pm are at a distance 3, two sets of m vertices of Pm are at
a distance 4, and so on, up to distance n+1

2 + 1.
Now,

∑
x∈V d(uλ,µ, x) = [1 + 2 + 2 + 3 + 3 · · ·+ n+1

2 + n+1
2 ] + [1 + 2(m− 2)] + [3m+ 3m+ 4m+ 4m+ · · ·+

m(n+1
2 + 1) +m(n+1

2 + 1)]
= (2m− 3) + 2{1 + 2 + · · ·+ n+1

2 } − 1 + 2{m+ 2m+ 3m+ 4m+ · · ·+m(n+1
2 + 1)} − 6m

= 2 ·
n+1
2

(n+1
2

+1)

2 + 2m · (n+1
2

+1)(n+1
2

+2)

2 + 2m− 3− 6m− 1
= n+1

2 (n+1
2 + 1) +m(n+1

2 + 1)(n+1
2 + 2)− (4m+ 4)

= (n+1)(n+3)
4 +m (n+3)(n+5)

4 − (4m+ 4)

= (n+3)[(n+1)+m(n+5)]−4(4m+4)
4 .

Therefore, the normalized closeness centrality of v is CNC(v) =
nm+n−1∑
x∈V d(u,x) =

4(nm+n−1)
(n+3)[(n+1)+m(n+5)]−4(4m+4) .

Similarly, if v = uλ,µ is any vertex of λth Pm where λ = 1, 2, · · · , n; µ = 2, 3, · · · ,m− 1 and n is odd then∑
x∈V d(uλ,µ, x) =

∑n
λ=1 d(uλ,µ, uλ) +

∑m
k=1 d(uλ,µ, uλ,k) +

∑n
l=1,λ̸=l

∑m
k=1 d(uλ,µ, ul,k).

= [1+2+2+3+3 · · ·+ n+1
2 + n+1

2 ] + [2+2(m− 3)]+ [3m+3m+4m+4m+ · · ·+m(n+1
2 +1)+m(n+1

2 +1)]
From the above result, we get,∑

x∈V d(uλ,µ, x) = 2 ·
n+1
2

(n+1
2

+1)

2 + 2m · (n+1
2

+1)(n+1
2

+2)

2 + 2m− 4− 6m− 1

= (n+1)(n+3)
4 +m (n+3)(n+5)

4 − (4m+ 5)

= (n+3)[(n+1)+m(n+5)]−4(4m+5)
4 .

Therefore, the normalized closeness centrality of v is CNC(v) = nm+n−1∑
x∈V d(u,x) = 4(nm+n−1)

(n+3)[(n+1)+m(n+5)]−4(4m+5) .

□

4.7 Closeness centrality of Pn ⊙ Sm

The corona graph Pn ⊙ Sm is made using the corona product of path graphs Pn and the star graph Sm. It
has n + nm nodes. Let the nodes of Pn be u1, u2, ..., un, and that of Sm corresponding to the node uλ be
uλ,1, uλ,2, ..., uλ,m, where uλ,1 is the central vertex of Sm. Figure 8 shows a corona graph P4 ⊙ S4.
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Figure 8: Corona graph P4 ⊙ S4

.
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Theorem 4.7. The CNC(v) of an arbitrary node v of Pn ⊙ Sm is

=



2(nm+n−1)
(n−λ+1)[(n−λ)+m(n−λ+2)]+λ[(λ−1)+m(λ+1)]−2m , if v = uλ ∈ Pn, λ = 1, 2, · · · , n

2(nm+n−1)
(n−λ+2)[(n−λ+1)+m(n−λ+3)]+(λ+1)[λ+m(λ+2)]−2(5m+2) , if v = uλ,µ is the central vertex of the

star graph Sm, λ = 1, 2, · · · , n; µ = 1

2(nm+n−1)
(n−λ+2)[(n−λ+1)+m(n−λ+3)]+(λ+1)[λ+m(λ+2)]−2(4m+4) , if v = uλ,µ is the non-central vertex

of the star graph Sm, λ = 1, 2, · · · , n; µ = 2, 3, · · · ,m.

Proof. Suppose that the node points of Pn are u1, u2, ..., un and that of Sm corresponding to the node uλ
are uλ,1, uλ,2, ..., uλ,m, where uλ,1 is the central vertex of Sm and λ = 1, 2, ..., n. If v = uλ is any vertex of Pn

then
∑

x∈V d(uλ, x) =
∑n

l=λ+1 d(uλ, ul) +
∑λ−1

l=1 d(uλ, ul) +
∑m

µ=1

∑n
l=λ d(uλ, ul,µ) +

∑m
µ=1

∑λ−1
l=1 d(uλ, ul,µ)

= [1+2+ · · ·+(n−λ)]+ [1+2+ · · ·+(λ−1)]+ [m+2m+ · · ·+m(n−λ+1)]+ [2m+3m+ · · ·+m(λ−1+1)]

= (n−λ)(n−λ+1)
2 + λ(λ−1)

2 +m (n−λ+1)(n−λ+2)
2 + [m+ 2m+ 3m+ · · ·+ λm]−m

= (n−λ)(n−λ+1)
2 + λ(λ−1)

2 +m (n−λ+1)(n−λ+2)
2 +mλ(λ+1)

2 −m

= (n−λ+1)[(n−λ)+m(n−λ+2)]+λ[(λ−1)+m(λ+1)]−2m
2 .

Therefore, CNC(v) =
nm+n−1∑
x∈V d(u,x) =

2(nm+n−1)
(n−λ+1)[(n−λ)+m(n−λ+2)]+λ[(λ−1)+m(λ+1)]−2m .

If v = uλ,µ is the central vertex of λth Sm where λ = 1, 2, · · · , n; µ = 1 then
∑

x∈V d(uλ,µ, x) =∑m
k=1,k ̸=µ d(uλ,µ, uλ,k) +

∑n
l=λ d(uλ,µ, ul) +

∑λ−1
l=1 d(uλ,µ, ul) +

∑m
k=1

∑n
l=λ+1 d(uλ,µ, ul,k)

+
∑m

k=1

∑λ−1
l=1 d(uλ,µ, ul,k)

= (m− 1) + [1 + 2 + · · ·+ {(n− λ) + 1}] + [2 + 3 + · · ·+ {(λ− 1) + 1}] + [3m+ 4m+ · · ·
+m{(n− λ) + 2}] + [3m+ 4m+ · · ·+ {(λ− 1) + 2}]
= (m− 1) + (n−λ+1)(n−λ+2)

2 + [1 + 2 + 3 + · · ·+ λ]− 1 + [m+ 2m+ 3m+ 4m+ · · ·+m(n− λ+ 2)]
+ [m+ 2m+ 3m+ 4m+ · · ·+m(λ+ 1)]− 3m− 3m

= (m− 1) + (n−λ+1)(n−λ+2)
2 + λ(λ+1)

2 +m (n−λ+2)(n−λ+3)
2 +m (λ+1)(λ+2)

2 − 6m− 1

= (n−λ+2)[(n−λ+1)+m(n−λ+3)]+(λ+1)[λ+m(λ+2)]
2 +m− 1− 6m− 1

= (n−λ+2)[(n−λ+1)+m(n−λ+3)]+(λ+1)[λ+m(λ+2)]−2(5m+2)
2 .

Hence, CNC(v) =
nm+n−1∑
x∈V d(u,x) =

2(nm+n−1)
(n−λ+2)[(n−λ+1)+m(n−λ+3)]+(λ+1)[λ+m(λ+2)]−2(5m+2) .

If v = uλ,µ is the non-central vertex of Sm where λ = 1, 2, · · · , n; µ = 2, · · · ,m then
∑

x∈V d(uλ,µ, x) =∑m
k=1,k ̸=µ d(uλ,µ, uλ,k) +

∑n
l=λ d(uλ,µ, ul) +

∑λ−1
l=1 d(uλ,µ, ul)

+
∑m

k=1

∑n
l=λ+1 d(uλ,µ, ul,k) +

∑m
k=1

∑λ−1
l=1 d(uλ,µ, ul,k)

= [1 + 2(m− 2)] + (n−λ+1)(n−λ+2)
2 + λ(λ+1)

2 +m (n−λ+2)(n−λ+3)
2 +m (λ+1)(λ+2)

2 − 6m− 1
[Using the result of the previous paragraph]

= (n−λ+2)[(n−λ+1)+m(n−λ+3)]+(λ+1)[λ+m(λ+2)]
2 + 2m− 3− 6m− 1

= (n−λ+2)[(n−λ+1)+m(n−λ+3)]+(λ+1)[λ+m(λ+2)]−2(4m+4)
2 .

Hence, CNC(v) =
nm+n−1∑
x∈V d(u,x) =

2(nm+n−1)
(n−λ+2)[(n−λ+1)+m(n−λ+3)]+(λ+1)[λ+m(λ+2)]−2(4m+4) . □
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4.8 Closeness centrality of corona product Sn ⊙Km of two graphs Sn and Km

The corona graph Sn ⊙Km is made using the corona product of star graphs Sn and the complete graph Km.
It has n+ nm nodes. Let the nodes of Sn be u1, u2, ..., un, and that of Km corresponding to the node uλ be
uλ,1, uλ,2, ..., uλ,m. A corona graph S3 ⊙K4 is shown in Figure 9.
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Figure 9: Corona graph S4 ⊙K4

.

Theorem 4.8. The normalized closeness centrality CNC(u) of arbitrary node u of Sn ⊙Km is

=



nm+n−1
2mn+n−m−1 , if u is central vertex of Sn

nm+n−1
3mn+2n−3m−3 , if u is non-central vertex of Sn

nm+n−1
4mn+3n−4m−4 , if u = uλ,µ ∈ Km, λ = 2, 3, · · · , n; µ = 1, 2, · · · ,m

nm+n−1
3mn−2m+2n−2 , if u = uλ,µ ∈ Km, λ = 1; µ = 1, 2, · · · ,m.

Proof. Suppose that the nodes of Sn are u1, u2, ..., un and that of Km corresponding to the node uλ are
uλ,1, uλ,2, ..., uλ,m, λ = 1, 2, ..., n. If u = u1 then

∑
x∈V d(u1, x) =

∑n
λ=1 d(u1, uλ) + [

∑m
µ=1 d(u1, u1,µ) +∑m

µ=1 d(u1, u2,µ) + · · ·+
∑m

µ=1 d(u1, un,µ)].

= (n− 1) +m+ [2m+ 2m+ · · ·+ upto (n− 1)th term]
= (n− 1) +m+ (n− 1) · 2m
= n− 1 +m(1 + 2n− 2)
= 2mn+ n−m− 1
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Therefore, the normalized closeness centrality of u is CNC(u) =
nm+n−1∑
x∈V d(u,x) =

nm+n−1
2mn+n−m−1 .

If u = uλ is a non-central node of Sn then
∑

x∈V d(uλ, x) =
∑n

k=1 d(uλ, uk) + [
∑m

µ=1

∑n
l=λ d(uλ, ul,µ) +∑m

µ=1

∑λ−1
l=2 d(uλ, ul,µ)] +

∑m
µ=1 d(uλ, u1,µ).

= [1 + 2(n− 2)] +m+ [3m+ 3m+ · · ·+ upto (n− 2)th term] + 2m
= 2n− 3 + 3m(n− 2) + 3m
= 3mn− 3m+ 2n− 3
Therefore, the normalized closeness centrality of u is CNC(u) =

nm+n−1∑
x∈V d(uλ,x)

= nm+n−1
3mn−3m+2n−3 .

If u = uλ,µ where λ = 2, · · · , n; µ = 1, 2, · · · ,m then
∑

x∈V d(uλ,µ, x) =
∑m

k=1,k ̸=µ d(uλ,µ, uλ,k) +∑n
k=1 d(uλ,µ, uk) +

∑m
k=1 d(uλ,µ, u1,k) + [

∑m
k=1

∑n
l=λ+1 d(uλ,µ, ul,k) +

∑m
k=1

∑λ−1
l=2 d(uλ,µ, ul,k)]

= (m− 1) + [1 + 3(n− 2) + 2] + 3m+ [4m(n− 2)]
= m+ 3n− 4 +m(4n− 8 + 3)
= 4mn− 4m+ 3n− 4.

Hence, the normalized closeness centrality of u is CC(u) =
nm+n−1∑
x∈V d(u,x) =

nm+n−1
4mn−4m+3n−4 .

If u = u1,µ where µ = 1, 2, · · · ,m then
∑

x∈V d(u1,µ, x) =
∑m

k=1,k ̸=µ d(u1,µ, u1,k) +
∑n

p=1 d(u1,µ, up) +∑m
k=1

∑n
l=2 d(u1,µ, ul,k)

= (m− 1) + [1 + 2(n− 1)] + [3m(n− 1)]
= m+ 2n− 2 + 3mn− 3m
= 3mn− 2m+ 2n− 2.

Hence, the normalized closeness centrality of u is CNC(u) =
nm+n−1∑
x∈V d(u,x) =

nm+n−1
3mn−2m+2n−2 . □

4.9 Closeness centrality of Kn ⊙ Pm

The corona graph Kn ⊙Pm is made using the corona product of the complete graphs Sn and the path graph
Pm. It has n + nm nodes. Let the nodes of Kn be u1, u2, ..., un, and that of Pm corresponding to the node
uλ be uλ,1, uλ,2, ..., uλ,m. Figure 10 displays a corona graph K3 ⊙ P4.

u u uu u u u u u u u u
u1,2 u1,3 u1,4 u2,1 u2,2 u2,3 u2,4 u3,2 u3,3 u3,4u1,1 u3,1

u
u uu1

u2

u3

Figure 10: Corona graph K3 ⊙ P4

.

Theorem 4.9. The CNC(v) of an arbitrary node v of Kn ⊙ Pm is given by
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CNC(u) =



nm+n−1
2mn+n−m−1 , if v = uλ ∈ Kn and λ = 1, 2, · · · , n

nm+n−1
3mn−m+2n−4 , if v = uλ,µ ∈ Pm, λ = 1, 2, · · · , n and µ = 1,m

nm+n−1
3mn−m+2n−5 , if v = uλ,µ ∈ Pm, λ = 1, 2, · · · , n and µ = 2, 3, · · · ,m− 1.

.

Proof. Suppose that the nodes of Kn are u1, u2, ..., un, and that of Pm corresponding to the node uλ are
uλ,1, uλ,2, ..., uλ,m, λ = 1, 2, ..., n. If v = uλ then

∑
x∈V d(uλ, x) =

∑n
k=1 d(uλ, uk) +

∑m
µ=1 d(uλ, uλ,µ) +

[
∑m

µ=1

∑n
l=λ+1 d(uλ, ul,µ) +

∑m
µ=1

∑λ−1
l=1 d(uλ, ul,µ)]

= (n− 1) +m+ [2m+ 2m+ · · ·+ upto (n− 1)th term]
= (n− 1) +m+ 2m(n− 1)
= n− 1 +m(1 + 2n− 2)
= 2mn+ n−m− 1

Therefore, the normalized closeness centrality of v is CNC(v) =
nm+n−1∑
x∈V d(ui,x)

= nm+n−1
2mn+n−m−1 .

If v = uλ,µ, where λ = 1, 2, · · · , n; µ = 1,m then
∑

x∈V d(uλ,µ, x) =
∑m

k=1 d(uλ,µ, uλ,k)+

[
∑m

k=1

∑n
l=λ+1 d(uλ,µ, ul,k) +

∑m
k=1

∑λ−1
l=1 d(uλ,µ, ul,k)] + [

∑n
l=λ d(uλ,µ, ul) +

∑λ−1
l=1 d(uλ,µ, ul)]

= [1 + 2(m− 2)] + 3m(n− 1) + [1 + 2(n− 1)]
= 3mn−m+ 2n− 4.

Hence, the normalized closeness centrality of v is CNC(v) =
nm+n−1∑
x∈V d(u,x) =

nm+n−1
3mn−m+2n−4 .

If v = uλ,µ, µ = 2, 3, · · · ,m− 1, λ = 1, 2, · · · , n, then∑
x∈V d(uλ,µ, x)

=
∑m

k=1 d(uλ,µ, uλ,k) + [
∑m

k=1

∑n
l=λ+1 d(uλ,µ, ul,k) +

∑m
k=1

∑λ−1
l=1 d(uλ,µ, ul,k)] + [

∑n
l=λ d(uλ,µ, ul)+∑λ−1

l=1 d(uλ,µ, ul)]
= [2 + 2(m− 3)] + 3m(n− 1) + [1 + 2(n− 1)]
= 3mn−m+ 2n− 5.

Hence, CNC(v) =
nm+n−1∑
x∈V d(u,x) =

nm+n−1
3mn−m+2n−5 . □

4.10 Closeness centrality of corona product graph Kn ⊙Km

The graph Kn ⊙Km is made by the corona product of the complete graph Kn and n copies of the complete
graph Km. The graph Kn ⊙Km has n + nm nodes. Let the nodes of Kn be u1, u2, ..., un, and that of Km

corresponding to the node ui be ui,1, ui,2, ..., ui,m. A Corona graph K3 ⊙K3 is shown in Figure 11.

Theorem 4.10. The normalized closeness centrality of any vertex u of the corona graph Kn ⊙Km is given
by

CNC(u) =


nm+n−1

2mn−m+n−1 , if u = ui ∈ Kn, i = 1, 2, ..., n

nm+n−1
3mn−2m+2n−2 , if u = ui,j ∈ Km, i = 1, 2, ..., n and j = 1, 2, 3, ...,m.

Proof. Consider that the nodes of Kn are u1, u2, ..., un and that of Km corresponding to the node ui are
ui,1, ui,2, ..., ui,m, i = 1, 2, ..., n. If u = ui is any vertex of Kn then

∑
x∈V d(ui, x) = [d(ui, u1) + d(ui, u2) +

· · ·+ d(ui, ui−1) + d(ui, ui+1) + · · ·+ d(ui, un)] + [
∑m

j=1 d(ui, ui,j) +
∑m

j=1

∑n
i̸=k,k=1 d(ui, uk,j)]
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Figure 11: Corona graph K3 ⊙K3

.

= n− 1 + [m+ 2m(n− 1)]
= 2mn− 2m+m+ n− 1
= 2mn−m+ n− 1.

Therefore, the normalized closeness centrality of u is CNC(u) =
nm+n−1∑
x∈V d(u,x) =

(nm+n−1)
2mn−m+n−1 .

If u = ui,j is a vertex of Km, where i = 1, 2, · · · , n; j = 1, 2, · · · ,m then∑
x∈V d(ui,j , x) = [d(ui,j , ui) +

∑n
i̸=l,l=1 d(ui,j , ul)] + [

∑m
k=1 d(ui,j , ui,k) +

∑m
k=1

∑n
l ̸=i,l=1 d(ui,j , ul,k)]

= [1 + 2(n− 1)] + [m− 1 + 3m(n− 1)]
= 2n− 1 + 3mn− 3m+m− 1
= 3mn− 2m+ 2n− 2.
Hence, the normalized closeness centrality of u is CNC(u) =

nm+n−1∑
x∈V d(u,x) =

nm+n−1
3mn−2m+2n−2 . □

5 Real applications

In this section, we present two real applications of our studied results.

5.1 Application in small-world network

Consider a small-world network: a type of network, where nodes are not typically directly connected but
can still be reached from any other node through a short chain of intermediate nodes. These networks have
high clustering, meaning nodes form tight-knit groups, while also maintaining short average path lengths
between them. Small-world networks are common in social networks, the internet, and neural networks, and
are essential for understanding connectivity patterns and information flow in complex systems. In 2015, Lv et
al. [34] introduced recursive corona product graphs as a novel model for small-world networks. They denoted
a gth generation of recursive corona graph by Cq(g + 1), where Cq(g + 1) = Cq(g) ⊙Kq, g ≥ 0, k ≥ 2, with
the initial condition Cq(0) = Kq. They examined various characteristics of their proposed corona product
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graph model, including order and size, degree distribution, average path length, and clustering coefficient.
Additionally, they established results for all quantities in the recursive corona graphs that align with those
found in real-world networks. Now, if we define a gth generation of the recursive corona graph Cq(g + 1),
where Cq(g+1) = Kq ⊙Cq(g), and keep all other conditions the same, then it also represents a graph model
of a small-world network. Obviously, in the above two recursive corona graphs, if we take a complete graph,
a path graph, a cycle graph, or a star graph as Cq(g) (arbitrary graph), then we can readily identify the
influential nodes in this type of small-world network up to the 2nd generation, using the results presented in
this paper.

5.2 Application in transportation network

We can also apply our results for corona product graphs in real-life problems like selecting an emergency
hub in a transportation network by transferring closeness centrality into fuzzy membership [35, 36], and
integrating it with other fuzzy factors (that are criteria or variables that cannot be defined or measured
precisely with crisp) such as cost, reliability, etc. through fuzzy reasoning operators (fuzzy AND, fuzzy OR,
etc.). This produces a decision process that is both graph-theoretically informed and uncertainty-aware. We
consider a transportation network which is similar to a corona product graph Cn⊙Pm, where cycle represents
a main ring road, and paths represent feeder roads. We explain it through the following steps with the help
of a small example.

Step 0: Setup (graph and notation) Graph: Consider a corona product C5 ⊙ P3 (see Figure 12) as a
model of a transportation network. Node types (by symmetry): Let cycle vertices be v1, v2, . . . , v5, middle
node and end nodes of the ith attached path be, respectively, ai,2 and {ai,1, ai,3}. So, the total nodes in
C5 ⊙ P3 is 20.

x
y

xx
w

w v v
u
w
u

vuuxv
v

v
w

v v1

v2

v3
v4

v5

a1,1
a1,2 a1,3

a2,1

a2,2

a2,3

a3,1

a3,2

a3,3a4,1

a4,2

a4,3

a5,1

a5,2

a5,3

Figure 12: Corona graph C5 ⊙ P3

.

Step 1: Computation of crisp closeness centrality. We can easily compute CNC with the help of the
formula mentioned in subsection 4.6. For this graph (Figure 12), we will obtain exact values: Hare n =
5,m = 3. For cycle vertex: CNC(vi) = 19/39 ≈ 0.4871794872, i = 1, 2, ..., 5.
For the attached middle vertex of the path P3: CNC(ai,2) = 19/55 ≈ 0.3454545455, i = 1, 2, ..., 5.
For the attached end vertex of the path P3: CNC(ai,j) = 1956 ≈ 0.3392857143, i = 1, 2, ..., 5; j = 1, 3
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Step 2: Conversion of centrality to fuzzy membership (accessibility degree). We normalize CNC linearly
to [0, 1] using the following formula.

µcentrality(x) =
CNC(x)− Cmin

Cmax − Cmin
, where Cmax and Cmin are, respectively, the maximum and minimum value

of CNC for all v ∈ C5 ⊙ P3. Here, Cmax =
19

39
and Cmin =

19

56
. Also, µcentrality(for cycle node vi) = 1.000000,

µcentrality(mid node ai,2 of the attached path) ≈ 0.041711 and µcentrality(end nodes of the attached path) =
0.000000.

Interpretation: cycle nodes are maximally accessible; attached mid nodes are weakly accessible; at-
tached end nodes are effectively not accessible on this normalized scale.

Step 3: Creation of fuzzy cost membership (low-cost degree). To choose or measure the setup cost for
each node (lower cost higher membership), we use linear invertible mapping from µlowcost(x) : V → [0, 1]

such that µlowcost(x) =
CMaxcost−cost(x)
CMaxcost−CMincost

so that the cheapest node has membership 1 and the most expensive
0, where CMaxcost and CMincost are, respectively, the maximum and minimum costs among all costs of nodes.
For instance, let costs of nodes be– cycle node cost is 60 (units), attached middle node’s cost of path is 30, and
attached end nodes’ cost of path is 25. So, CMincost = 25, and CMaxcost = 60. So, CMaxcost −CMincost = 35.
So, µlowcost(cycle node) = (60 − 60)/35 = 0.000000, µlowcost(mid node of attached path) = (60 − 30)/35 =
30/35 = 0.8571428571 and µlowcost(end nodes of attached path) = (60− 25)/35 = 35/35 = 1.000000.

Step 4: We combine fuzzy criteria to produce a good-hub degree in the following two cases.
Option A : Consider a strict fuzzy AND (min operator, conservative rule) Rule: good hub = central

AND low-cost, i.e,, µgood(x) = min{µcentrality(x), µlowcost(x)}.
So, for the cycle nodes: µgood(x) = min{1.0000, 0.0000} = 0.0000.,
for the middle node of the attached path: µgood(x) = min{0.041711, 0.857143} = 0.041711, and
for the end nodes of the attached path: µgood(x) = min{0.0000, 1.0000} = 0.0000.

Interpretation (min): the small centrality of non-cycle nodes kills their chance; only nodes with both
reasonable centrality and low cost get non-zero membership. Here, middle nodes get a small nonzero score;
cycle and end nodes score zero under strict AND.

Option B: Weighted aggregation (trade-off approach).
Many planners prefer a soft trade-off instead of a hard AND. Here, we consider a simple weighted score:

S(x) = wc ·µcentrality(x)+wcost ·µlowcost(x), wc+wcost = 1, where wcw and wcost are weights that represent the
relative importance (or preference strength) assigned to the centrality criterion, and the low cost criterion,
respectively, in the combined score S(x).

For instances, let weights wc = 0.7 (centrality more important), and wcost = 0.3. Therefore, the value of
S(x) will be as follows.

S(for each cycle node) = 0.7 · 1.0000 + 0.3 · 0.0000 = 0.7000,
S(middle nodes of the attached path) = 0.7·0.041711+0.3·0.857142857 ≈ 0.0291977+0.2571429 = 0.2863406,
and S(end nodes of the attached path) = 0.7 · 0.0000 + 0.3 · 1.0000 = 0.3000.

Interpretation (weighted): ranking by score: cycle nodes (0.7000) >end nodes (0.3000) > mid nodes
(0.2863). Thus, the cycle node is recommended as an emergency hub when centrality is emphasized; cheap
ends are second-best; cost-friendly middle nodes are close to ends depending on weight.

Step 5: Final decision and recommendation

• If our decision rule is conservative (must be both central and cheap), use fuzzy AND (min). That tends
to eliminate nodes with very low centrality (which may be undesirable for emergency hubs). In our
example, the middle nodes only had tiny membership; cycle nodes and end nodes got zero because they
were expensive in this toy cost assignment.

• If we want a trade-off (realistic planning), use a weighted aggregation. Choose weights to reflect policy
(e.g., emergency response may weight accessibility higher, so, pick wc ≥ 0.6). With wc = 0.7, we
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selected a cycle node as the best hub.

Limitations: Although the corona product graph model is useful for studying complex networks, it has
some limitations in solving real-life problems.

1. The structure of corona graphs is often too idealized and regular, which may not accurately represent
the irregular and dynamic nature of real-world networks.

2. It does not easily capture weighted or directed relationships that are common in practical systems such
as transportation, communication, or biological networks.

3. The model assumes static connections, while many real-life networks evolve over time, making the
corona product less suitable for dynamic network analysis.

4. The proposed model is based on hypothetical examples. We did not use practical data.

6 Conclusion

Closeness centrality is one of the important variants of centrality measurement that is used to recognize the
characteristic of a vertex in a network. It is possible to find the significant or influential vertex in biological
networks, social networks, transportation networks, etc. In our paper, we correct the result presented by
Eballe et al. for finding the vertex closeness centrality of the cycle graph Cn. We also present some new
theoretical results for finding the normalized closeness centrality of some corona product graphs. We also
present the applications of our studied results in small-world and transportation networks. In the future, we
shall try to formulate the closeness centrality of more complex graphs as well as the corona product of general
graphs with the help of the results presented in this paper. We also try to apply our studied results to solve
different types of real-life problems such as the small-world network, the transportation problem based on the
corona product graph model. Our proposed model has some limitations such as static connections, simple
structure, undirected relations and hypothetical data. In addition, we have a plan to include a case study
using real-world data in our future research to strengthen the practical applicability of the proposed model.
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