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Abstract. Centrality measurement is a useful way to find the most important points (vertices) and connections
(edges) in a network. Over time, many researchers have created different types of centrality measures to study
and understand how networks work. Closeness centrality, in particular, is crucial for examining biological, social,
and transportation networks. The closeness centrality of a node u of a graph is the multiplicative inverse of the
sum of the distances from u to each other vertex. We define normalized closeness centrality Cnc(u) of a vertex u
as Cnc(u) = #al(u@), where n = |V|. This centrality measurement is more receivable than degree centrality

because it counts direct as well as indirect connections. In this paper, we present some new theoretical results for
finding normalized closeness centrality of some corona product graphs like P, ® Py, P, © K, Cp, © Ky P, © Chs,s
CrnOCm, Co® Py Pho®Sm, Sn® Km, Kn® Py, and K, ® K,,. We also correct the result established by Eballe et al.
for finding the vertex closeness centrality of the cycle graph C,,. The corona graph has many applications, including
in signed networks, biotechnology, chemistry, and small-world networks. We demonstrate a practical application
of our proposed results for identifying influential nodes in small-world networks based on our results and using the
corona product graph model. We also present the applications of our studied results in a transportation network
by transferring our crisp result to fuzzy membership degree and using the corona product graph model.
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1 Introduction

The closeness centrality measurement is well-known to us for finding the important vertex in a complex
network. The high centrality of a vertex gives it a positive influence on the network. It is widely used to
study different types of networks [1, 2, 3, 4, 5, (] such as social, biological, and transportation networks,
and it is also applied to identify potential leads in customer data and in bibliometric analysis. The closeness
centrality finds the suitable location in the facility location problem and the influence of a brain region in the
brain network on other brain regions. Closeness centrality measures the connection between a street and all
other neighbouring streets in the road network and also measures their accessibility. Details about centrality
measurement are found in [7, 8, 9].

For a graph G(V, E), the closeness centrality of a node point/vertex u, denoted by Cc¢(u), is the multi-
plicative inverse of the sum of the distances from u to all other nodes of G. The mathematical expression of
Cc(u) is defined by Ce(u) = m, where d(u, z) is the distance between the two vertices u and x. To
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compare the closeness centrality of the vertices of various graphs with several orders, we define normalized

closeness centrality. The normalized closeness centrality Cnc(u) of u is Cyc(u) = % where n = |V].
TE )

It is more receivable than degree centrality because it counts direct as well as indirect connections. Its aim

is to recognize suitable vertices in a network that can reach other vertices more quickly.

1.1 Review of related works

Different centrality measurements were introduced and developed by lots of researchers to find the important
nodes or edges in graphs. Closeness centrality is one of them. In 1948, Bavelas [10] first introduced the concept
of closeness centrality, and Sabidussi [11] first gave the definition of closeness centrality in 1966. Freeman
[12] in 1978, delivered the mathematical expression of closeness centrality. After a few years, Newman
[13] generalized the closeness centrality for weighted graphs using Dijkstras shortest paths algorithm. In
2001, Brandes presented a faster algorithm that takes O(mn) time to measure the closeness centrality of
any vertex in a network [14]. Okamoto et al. [15] formulated an algorithm to find the top-k vertices in a
network according to the highest closeness centrality. Furthermore, Ni et al. [5] studied degree, closeness and
betweenness centrality and found application of group centrality measurements to explore macro-disciplinary
evolution diachronically. Park et al. [16] have developed an algorithm for calculating the closeness centrality
of a workflow-supported social network. In 2013, Yen et al. [17] presented an efficient approach for updating
closeness centrality in dynamic networks. In the same year, Kas et al. [18] introduced incremental closeness
centrality for dynamically changing social networks. After that Cohen et al. [19] computed classic closeness
centrality, at scale. Crescenzi et al. [20] proposed a greedy algorithm for calculating the increment of closeness
centrality by adding new edges to it and applied it to real-world networks and synthetic graphs. Also, in
2018, Phuong-Hanh et al. [21] developed an efficient parallel algorithm for computing the closeness centrality
in social networks. In 2019, Jin et al. [22] studied parallel computation of hierarchical closeness centrality
and applications. Also, Hu et al. [23] presented closeness centrality measures in fuzzy enterprise technology
innovation cooperation networks. Again, Shukla et al. [24] designed an efficient parallel algorithm to find
closeness centrality in dynamic graphs. In 2021, Skibski [25] studied the closeness centrality via the condorcet
principle. In 2021, Eballe et al. investigated the formulation of closeness centrality for certain classes of graphs
and in 2023, extended this study to graph products [26, 27]. Nandi [23] determined the closeness centrality of
the complete graph, wheel graph, and fan graph in 2022. In the same year, Evans and Chen [29] showed by
the shortest path tree approximation method, the inverse of closeness centrality and the logarithm of degree
centrality are linearly dependent. After that, Lpez-Rourich and Rodrguez-Prez [30] presented an efficient
data transfer by evaluating closeness centrality for dynamic social complex network-inspired routing. In
2023, Liu et al. [31] explored closeness centrality on uncertain graphs. In 2024, a new concept of centrality
measurement in fuzzy social networks and a centrality measure using Linguistic Z-graphs were introduced,
followed by an exploration of centrality measures in Quantum graphs in 2025 [32, 33].

1.2 Motivation and objective

In many real-life networks such as social, communication, biological, and transportation systems, it is im-
portant to know which nodes play the most important roles. To find such nodes, researchers use different
centrality measures. One of the most useful measures is closeness centrality, which shows how quickly a node
can reach all other nodes in a network. A node with high closeness centrality can spread information faster
or connect to others more easily.

Graphs are often used to represent such networks. To study large and complex networks, mathematicians
use graph products, which combine two simple graphs to form a bigger one. Two important examples are
cycle graphs and corona product graphs. Cycle graphs are used to represent circular connections, such as
ring networks or closed routes in transportation. Corona product graphs are useful to model networks that
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have a main core connected to several smaller sub-networks, such as a central server connected to many local
computers.

Although graph products have been widely investigated, only limited attention has been paid to the
computation of closeness centrality for cycle graphs and corona product graphs. In particular, Eballe et al.
proposed an incorrect formula for the closeness centrality of cycle graphs and later presented a formula for
determining the closeness centrality of the corona product of two graphs G and H as follows.

Theorem 1.1. [27] Let G and H be graphs of orders m and n, respectively, with G connected. Then the
closeness centralities of the vertices u € G and (u,h) of the attached copies H are given by the following

expressions: :
_ mn+n—1
CG@H(U) - ((n+1)1g(uw)+mn

Caon(u) = (i) dey iz Where 6(u) = Cyeq d(u,v),

In the above formula, Eballe et al. did not provide the formula to find the value of 7 (u) for the general
graph G. They only proposed the formula of 7¢(u) for the path graph G = P,,. For this reason, they
proposed the formula to find the closeness centrality of P, ® K in their studied paper. To the best of our
knowledge, there is no single, specific formula for finding the sum of distances from a particular vertex to
other vertices in general graphs. So, the problem of finding the closeness centrality of the corona product of
different graphs is still open.

Also, understanding closeness centrality in these graphs can help improve the design of communication
systems, make transportation routes more efficient, and study how information or influence spreads in different
types of networks.

Therefore, this work aims to find and analyze the closeness centrality of cycle and corona product graphs,
and to show how these results can be used in real-world applications.

1.3 Result

At first, we correct the result of Eballe et al. for finding the vertex closeness centrality of the cycle graph C),.
After that, we present some theoretical results of the normalized closeness centrality of some corona product
graphs. We explore the applications of our studied results in small-world and transportation networks.

1.4 Organization of the paper

Some useful symbols are presented in the next section. We correct the result for finding the vertex closeness
centrality of the cycle graph C,, in Section 3. We provide some new theoretical results of normalized vertex
closeness centrality of some corona product graphs in Section 4. In Section 5, we present the applications of
our studied results in small-world and transportation networks. Section 6 presents the conclusion and future
scope of our paper.

2  Symbols
Ceo(u) :  vertex closeness centrality of the node point u
Cnc(u) : normalized vertex closeness centrality of the node u
o(u,z) : shortest distance between the nodes u and z

P, path graph with n node points

Cr :  cycle graph with n node points

Sn : star graph having n node points
K, : complete graph with n node points
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3 Rectification of the vertex closeness centrality formula for cycle graphs

Let C), be a cycle graph and {uy : A =1,2,--- ,n} be its set of nodes. The cycle graphs Cy and C5 are shown
in Figure 1. In this section, we correct the result presented by Eballe et al. relating to the vertex closeness
centrality of the cycle graph C),. The term ’closeness centrality’ in the paper by Eballe et al. is the same as
the term 'normalized closeness centrality’ in our paper.

U1 u2 us U2
uq
Uy u3 Ug us
(a) (b)
Figure 1: Cycle graph Cy and Cj
We first recall the following result.
Theorem 3.1. [26] The normalized closeness centrality of any node u of Cy, is given by
%, when n is even
Cnco(u) =
wo(w) %H, when n is odd.

We have found that this result is not true for even values of n. For example, according to the above result,

Cno(u) = 5 = % = § Yue Cu.

But the actual value of Cy¢(u) is 3 for all u € Cy.

We correct this result below.

Theorem 3.2. The normalized closeness centrality of any node u of the cycle graph C,, is

4(:2;1), if n is even
Cnc(u) = o
ne(w) ni-i-l’ if n is odd.

Proof. We prove the above result for even values of n only because the result for odd values of n is already
proven in the paper by Eballe et al. To prove this result for the even case, we first label any arbitrary vertex
of C), by u, and then label the other nodes of C,, as ui,us, - JUD 1, UD,UR L, U] in the clockwise

direction from the node up,. Now, if u = uy, then 3 o ) d(u1, ) = 2[2%220(211,7@\)] +0(ur, un i)
=2 +24-+ (B 1)+ 2

2250 4 2

=5l(g —1) +1]
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n.n
22
TL2
I.
Therefore, Cyc(u1) = zzez_a%m,@ = 4(7;;1)
This result is true for all nodes of C),, when n is even. Therefore, Cnc(u) = ‘“”7;1), if n is even. O

4 Closeness centrality of some corona product graphs

Several binary graph operations are present in the field of graph theory. These operations always build a
new graph. One of them is a corona product. G; ® G2 represents the corona product of two graphs G; and
Go. It is created by drawing one copy of G1 having n; nodes and n; copies of G5 having ns nodes, and
connecting the \** node of the first graph by an edge to each node of the corresponding copy of the second
graph, A =1,2,--- ,n;. This newly formed graph is known as the corona graph of G; and Gs2. G; ® G2 has
ni + ning nodes and my + nymg + ning edges, where |E(G1)| = mp and |E(G2)| = ma.

4.1 Closeness centrality of corona product graph P, ® P,

The corona product graph P,, ® P,, is made using the corona product of the path graphs P, and P,,. The
graph P, ® P, has n + nm nodes. Let the nodes of P, be ui,us, ..., uy, and that of P, corresponding to the
node u; be uy 1,uy2,...,uxm. Figure 2 displays a corona graph P, ©® Pj.

U2 US u?’b

a1

*
ul U2 U3 Ul4 o U2yl wugo U23 u2q U311 U3z wugz U344 Unl Un2 Ung3 Un4

Figure 2: Corona graph P, ® Py

Theorem 4.1. The normalized closeness centrality of any node point v of P, ® Py, is given by

( 2(nm+n—1)
(n=2A41)[(n=A)+m(n—A+2)]+A[(A—1)+m(A+1)]—2m>

when v = uy € P, and
A=1,2,...,n

2(nm+n—1) _ —
AT [ D Fm(n—A+3)+ DA+ m(A+2)—2(dm+5) * when v = uy ;€ Pm, A =1,
Cno(v) = 2,...,nand p=1m
2(nm+n—1)

ifv=uy, € Pp,A=1,2,...n
and p=2,3,....m— 1.

(n=A+2)[(n—=A+1)+m(n—A+3)]+(A+1)[A+m(A+2)]—-2(4m+5)

\

Proof. Consider that the node points of P, are uq,uo, ..., u,, and that of P,, corresponding to the node wu)
are Uy 1, Un 2, -, Urm, A = 1,2,...,n. If v = uy be any vertex of P, then > v, 0(ux,x) = > 1L, 0(ux, u) +
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Zl)\:_f D(U)u UZ) + E,T:1 Eln:,\ D(U)u Ul,u) + E;T:l El)\:_f D(U’)\a Ul,u)
=142+ --+n=-N]+[1+2+ -+ A=D1+ [m+2m+---+mn—A+1)|+2m+3m+---+m(A—1+1)]
A)(n—A+1) + A(A—1) + m(nf)\+1)2(nf)\+2) + [m oM+ 3mt -+ )\m} .

_ (n=
(n— )(721—)\—0—1) + +m(n—A+1)2(n—)\+2) +m)\(>\+1) .
_

n=XA+1)[(n=X)+m(n—=A+2)|[+A[(A-1)+m(A+1)] -2
2

A(A—1)
2

T herefore,

Cye(v) = nm+n—1 2(nm+n—1)
N TS v owa)  m=A+ D[ =N +mn—A+2)]+A[A—1) +mA+1)] —2m’

If v = uy, is a vertex of P, where X = 1,2,--- ,n; p = 1,m then Y, 0(ur,x) = D1y (un s w) +
SR O ) + YRy Yopa Ot k) + oy S0 (s )
=142+ +{n—-N)+1}+2+3+ - +{(A-D)+1}+[{1+2(m—-2)} +3m+4m+---
+m{(n—=A)+2}+Bm+4m+---+m{(A—1) + 2}]

= (2m —3) + OO 9 34 N — L [t 2m 4 3m A dm -+ m(n— A+ 2)]

+[m+2m+3m+4m+--- +m(A+1)] —3m —3m

o ) + (nf)\+1)2(nf)\+2) + )\()\+1) + m(nf)\+2)2(nf)\+3) + m()\+1)2()\+2) —6m—1

= (
(TL )\+2)[( _ )\+ 1) +m(n — +3)] ()\+1)[/\—;m()\+2)] _ (4m +4)
_(

n— §\+2)[(n A1) +m(n—A+3)]+(A+1) [ A+m(A+2)]—2(4m+4)
5 .

Hence,

Cne(v) = nm+n—1 2(nm+n—1)
N T S o(wa) — (n— A+ 2)[(n— A+ D)+ mln—A+3)]+ A+ DA+ mA+2)] - 2(4m + 4)’

If v = uyy, is any vertex of P, where A\ = 1,2,--- ,n; p = 2,3,---,m — 1 then Y, 0(uru,z) =
S D (wae ) + 00y D g w) + Sy 3D (uxmulkz)Jer 121 10U s k)
=[1+2+---+n—-AN+1]+2+3+- - +A-1+1]+[{1+14+2(m—-3)}+3m+4m+---
+m{(n—=A)+2}+Bm+4m+---+m{(A—1) + 2}]

(2m — 4) + @AEVOZAED) |9 43 N — L+ [m+ 2m 4 3m A dm -+ m(n— A+ 2)]

+m+2m+3m+4m+---+mA+1)] —3m —3m

om ) + (nf)\+1)2(n7/\+2) + )\()\2+1) + m(nf)\+2)(nf)\+3) + m()\+1)2()\+2) C6m—1

= ( 5
(n— M2)[( — A+ 1)+ m(n— A+ 3)] + QEMEMOAEI] (4 4 5
_ (0=242)[(n=A4+D+m(n=A+3)]+ A+ D [Am(A+2)] - 2(4m+5)

) .

Hence,

_ _nm4n—1 __ 2(nm+n—1)
Cno(v) = Seev 0wa) — (n=A+2)[(n—A+1)+m(n—A+3)[+(A+D)[A+m(A+2)]—2(dm+5) -

g

4.2 Closeness centrality of P, ©® K,,

The corona graph P, ® K, is made using the corona product of path graphs P, and the complete graph K,,.
The graph P, ® K,,, has n + nm nodes. Let the nodes of P, be uy,us, ..., u,, and that of K,, corresponding
to the node uy be uy 1,uy2, ..., uxm. Figure 3 displays a corona graph P, ® Kjy.



Closeness centrality of cycle and corona product graphs: Application in fuzzy transportation network. Trans. Fuzzy
Sets Syst. 2026; 5(1) 161

U1l

U U1 4

Uu2,1 Uga  Unpl

Figure 3: Corona graph P, ® K4

Theorem 4.2. The Cyc(v) of any node point v of P, ® K,, is

2(nm+n—1)
A2 [(n— A D) Fm (= 3) [+ 0+ D) rm(A+2)|—2(5m+2) ?

ifv=uy, € Kn,A=1,2,
cnand p=1,2,---,m

Ce (v) N 2(nm+n—1)
(n=A+1)[(n—A)+m(n—A+2)]+A[(A-1)+m(A+1)]-2m>

ifv=uy € P,,A=1,2,--- n.

Proof. Consider that the node points of P,, are ui,us, ..., u, and that of K,, corresponding to the node wu)
are Uy, Un 2, -, Urm, A = 1,2,...,n. If v = uy be any vertex of P, then > v 0(ux,x) = > 1L\, 0(ux, uw) +
22\2—11 O(wn, ug) + 32y Dopma ua, ) + 35y Zl)\:_ll 0(ux, i)

=142+ -+n=AN]+[1+2+ -+ A=D]+m+2m+---+mn—-A+1)]+2m+3m+---+mA—1+1)]
= (N0 | AOZY g TN 4 [y 42 4 3mA - 4 Am] —m

_ NG | MOSY L (oA (nAg2) m)\()\g-i-l) o

_ (=2 [(n=N)+m(n=A+2) |+ [(A-1)+m(A+1)]—2m

- 5 .

Therefore,

_ nm4n—1 __ 2(nm+n—1)
Cno(v) = zz; Wuz) (nf)\Jrl)[(nf)\)+m(nf/\712)]+)\[()\71)+m()\+1)}f2m

If v =y, is any vertex of Ky, where A = 1,2,--- ,n; = 1,2,--- ,m, then >y, 0wy, ) = D05 0(un pu wg)+
PRI (BWRT D S SN (WIS EED S Sk (TSN TTRY

=142+ +{n-N+1}+2+3+- - +{A-D+ 1} +[(m—-1)+3m+4m+ -
+m{(n—A)+2}]+[Bm+4m+---+{(A—1) +2}]

= (m—1)+ E=AENO=XED o3 A = 1 [m 2m 4 3m+Am At mn — A+ 2)]
+[m+2m+3m+4dm+---+mA+1)] —3m —3m

1) @IDOmA) | A | (M)

[(n— A+ 1)+ m(n— A+ 3)]  QHREmOED]
(n=2A4+2)[(n=A+1)+m(n—A+3)]+ A+ 1) [A+m(A+2)]—2(5m+2)
) .

—(m )\+1)2()\+2) —6m—1
(n—X+2)
2

5m + 2)

Hence,

_ nm4n—1 __ 2(nm+n—1)
CNC(U) - er‘jb(u,z) T (n=22)[(n—A+1)+m(n—A+3)|+(A+1)[A+m(A+2)]-2(5m+2)
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4.3 Closeness centrality C,, ® K,,

The graph C,, ® K,, is obtained by the corona product of the cycle graph C,, and the complete graph K,,.
It has n + nm nodes. Let the nodes of C, be uq,us, ..., u,, and that of K,, corresponding to the node u) be
UN1, UN 2,5 -5 UNm- A corona graph C3 ® Ky is shown in Figure 4.

Figure 4: Corona graph Cs ® K4

Theorem 4.3. The Cnyc(v) of any node point v of C, © K,y is given by

4(nm+n—1) . . . o
m(n+4)2+(n+2)2—4(5m+2)’ va = Uxpu € K’m7 A= 17 27 LNy p= 1) 2) cee, M,

and n is even

4(nm+n—1) . _ _ Cy =
(n+3)[(n+1)+m(n+5)]—4(bm+2)’ if v= Unp € Kp,A=1,2,--- n;u=12,---,m,
Cno(v) = and n s odd
A(nmtn—1) ifv=uy€CpA=1,2,--- ,n and n is even

n24+mn(n+4)’

m(nﬁfﬂf’ffﬁLl, ifv=uy€Cy,\=1,2,--- ,n and n is odd.

Proof. Suppose that the node points of C, are ui,us, ..., u,, and that of K,, corresponding to the node
W) AT€ UX 1, U2,y -y UNm, A = 1,2,...,n. If v = uy is any vertex of (), and n is even then ), 0(uy,z) =
22:1,1@&)\ O (un, uk) + D kg Z,T=1 (U Uk,p)-
We kmov;z1 frommTheorem 3.1, Z;L:}?ikiA O(uy, ug) = %m -
Now, 3 k1 >0 m1 0(tn, ) = 32,01 0(tn, tnp) + D250 O(un, u%,u) + 203201 0(un, w1 )
+ Z;T:l (un, Ugp) + o+ Zzbzl o(un, U%—l,,u)]
=m+m(5+1)+2@2m+3m+---+ 5 -m)
=204+ 2m[1+2+3+ -+ 5]

E(£+1)
= T 4 2m[ 25— ]
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+2
— mn(l 4 n+2)
o mn(n+4)
= =,
Therefore, 333y > 2701 d(un, uk,) = m”(2+4).
This result is true for all uy, A=1,2,--- ,n

Therefore, > _, Zanl (u/\,uk L) = mn(Zqu).
Hence, Z:BEV (U)\,x) — 4 + mn(n+4) _n +mZ(n+4).

Therefore, the normalized closeness centrality of v is Cyc(v) =

nm4n—1  _ A4(nmtn—1)
> zev 0(ux,@) n2+mn(n+4)"

If v = uy is an arbitrary node of C,, and n is odd, then

erv d(uy, ) = Z;L:l,k;;é,\ o(uy, ug) + 2221 Z,Tﬂ o(uy, Uk,u)-

Again, we know from Theorem 3.1, >7\_; ;3 0(ux, ug) = WILM.

n—1
Again, } p Z,T:l (s U ) = Z;T:l O(un, unu) + 20322 E/T:l 0 (un; ug,p)]
=m+22m+3m+---+ 2L .m)
=2m[l+2+3+ -+ 2] —m
n+l,/n+1
— Zm[M] _

_ m(n+1)(n+3) .

4
— m(n?+4n+3)—4m

4
_ m(n?+4n—1)

- 4
This result is true for all uy, A=1,2,--- ,n.
24 g
Therefore, Y3y 701 9(ux, ugy) = W.
Hence, Zmev (UA,I‘) _ (n—ll(n—i—l) + m(n2—z4n—1) _ m(n2+4n—1)+n2—1.

= 1
Therefore, the normalized closeness centrality of v is Cy¢o(v) = an+n_1

_ 4(nm+n—1)
cv O(un,z) — m(n2+4n—1)4n2-1"

If v = uy , is any vertex of K,, adjacent to uy where A =1,2,--- ,n; u=1,2,--- ,m and n is even then
D wey O @) = D00 0w s wr) + Dopty (s un ) + D00y asg D opey O(Un s uik)- As s even, so from
Uy, 2m vertices of Ky, are at a distance 3, 2m vertices of K,,, are at a distance 4, -- -, 2m vertices of K, are

at a distance 5 + 1 and m vertices of K, are at a distance § + 2 and m — 1 vertices of K, are at a distance
1.

Now, > oy 0(ur s ) = [14+2424343 - -+ 545 +(%+1)]+( —1)+[2m-3+2m-4+- - -+2m- (5 +1)+m(5+2)]
:[1+2+3+---+%+(%+1)]+[2+3+ + 5]+ (m—=1)+Bm+4m+---+m{g + 1} + m{g +2}] +
[Bm +4m + -+ m{5 + 1}]

=m-D+[1+24+ -+ (5+D]+[1+2+3+- -+ F]=1+[m+2m+3m+dm+---+m{g +1} +m{5 +
2} =3m+[m+2m+3m+4m + - +m{5 +1}] — 3m

=(m—1)+ GG+ | 56 +1) 1 ERE)  GIDGE) e
= 2 2 ?

= (n+2l(n+4) + n(n4+2) + m("+?(”+6) + m(n+24)(n+4) — (6m+1—m+1)

— s2lbtin) | nOEDGISD (5, 4 3)

_ m(n+4)24+(n+2)2 — (5m +2)

— m(n+4)2+(n+2)%2—4(5m+2)
= 7 .

. . . 4 -
Hence, the normalized closeness centrality of v is Cy¢o(v) = erg‘j—n(ulx) Y 4)25:1(7:127;294(57” s
If v = u, , is any vertex of K, where A\=1,2,--- ,n; p=1,2,--- ,m and n is odd then

2wy O(tn s @) = 3210y D(un s ) + D25 Dty uak) + 20 az 2oke1 O(Urps k). As mis odd, so from
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Uy uy 2m vertices of K, are at a distance 3, 2m vertices of K, are at a distance 4, --- ,2m vertices of K,
are at a distance "‘53 and m — 1 vertices of K,,, are at a distance 1.

Now, > ey 0(unp, @) = 142424343+ 2 + 24 (m — 1)+ 2m-3+2m -4+ +2m- (2 +1)]
=(m-1)+2{1+2+ -+ —1+2{m+2m+3m+4m+--- +m(“EL + 1)} — 6m

n+1l,/n+41 n+1 n+1
_2 +( +1)+2 w.i_ —1—6m-—1
_ (n+1 + 1) Jr,rn(n+1 +1)(n+1 +2) (5m+2)
_(n +1)(n+3) +m(n+3£(n+5) (5m—|—2)
( )[(n+1)+m(n+5)] 4(5m+2)

. _nmin—1 __ 4(nm+n—1)
Therefore, Cyc(v) = Zz; w) - md)[(nt D) +m(nt5)—4Gm+2) " O

4.4 Closeness centrality of corona product graph P, ® C,,

The graph P, ® C), is obtained by the corona product of the path graphs P, and n copies of the cycle
graph C,,. The graph P, ® C,, has n + nm nodes. Let the nodes of P, be ui,us,...,u,, and that of Cp,
corresponding to the node uy be uy 1,ux 2, ..., ux m. Figure 5 shows a corona graph P, ® Cj.

Uy uz Unp,

Un,2
Uu2,2 U4 Un,3
Uil U14 U1 Uy  Un, Un,4
Figure 5: Corona graph P, ® Cy
Theorem 4.4. The Cyc(v) of an arbitrary node v of P, ® Cy, is
2(nm+n—1)
AT A D Imm A3 T O D P mO D)) 2@mT5) ’fU = Uy € Cm,)\ =12
=1,2,-
2(nm+n—1) . _ —
A+ D [(n—NFm(n—it2) [ AN =D Fm(F 1) —2m’ fv=ux€PyA=1,2---,n

Proof. Suppose that the node points of P, are uy,us,...,u, and that of C,, corresponding to the node wu)
are U1, UN 2, - UAm, A = 1,2,...,n. If v = uy is any vertex of P, then Y i 0(ux, ) = 3Ly 0(un, ug) +

A—1 A-1
2oimn Ouayue) + 2000 2 (s ) + 300 2y 0, ur)
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=[14+24+-4+n=A)]+[1+2+--+A=D]+[m+2m+---+mn—-A+1)]+2m+3m+---+mA—1+1)]

_ (n—=A)(n—A+1) + A(A—1) + m(n—/\+1)2(n—/\+2) + [m oM+ 3mt e+ )\m} —m
_ (n—)\)(;z—/\—H) n /\()\2—1) n m(n—/\+1)2(n—/\+2) . mA(A;—l) -
_ (=24 [(n=N)+m(n=2A+2)|[ A [(A-D)+m(A+1)]—2m
= 3 .
Therefore, the normalized closeness centrality of v is
_ _nmtn—1 __ 2(nm+n—1)
CNC(U) T Y eev Oux) T (n=A+D)[(n=A)+m(n—A+2)[+A[(A-1)+m(A+1)]-2m "

If v = uy , is any vertex of MNP C,, where A=1,2,--- ,n; u=1,2,--- ,m then

ORI BV D SHER(BWRTIELD S JOBWRT) D SIS BB PV IS ED DD ey (P WY B
Now, > pev d(urp, @) =142+ +{(n =)+ 1}/ +2+3+ - +{(A -1+ ]+ {1 +1++2(m —3)} +
3m+4m+---+m{(n —X)+ 2} +Bm+4m+ -+ {(A—1) + 2}]

= 2N 2434+ A~ L+ [ 2m A 3m e dm - m(n— A+ 2)]
+[m+2m+3m+4m+ - +mA+1)] —m —3m —4

_ (n=A41)(n—A+2) + A(A2+1) +m(n—A+2)2(n—A+3) +m(A+1)2(>\+2) . (4m + 5)

— (=2 (A D mn ML DPAMOTD] (g, 4 )

o (n—)\+2){(n—)\+1)+m(n3)\+3)}+(/\+1){/\+m(/\+2)}—2(4m+5)
= 5 .

Hence, the normalized closeness centrality of v is

_ nm4n—1 __ 2(nm+n—1)
Cno(v) = er: 3u,z) - (A {(n—AF D) Fm(n—A+3) I+ A+ D{Am(A+2) ] —2(dm+5) *

g

4.5 Closeness centrality of C),, ® C,,

The corona graph C,, ®C}, is made using the corona product of cycle graphs C,, and C,,. It has n+mnm nodes.
Let the nodes of C,, be ui,us, ..., uy, and that of C,, corresponding to the node uy be uy 1,ux2,...,uxm.- A
corona graph Cs ® Cj is shown in Figure 6.

ulmg
LN, LN LN

U3z 2 Uus,3

u12 U1,3 U292 U2 3

Figure 6: Corona graph C3 ® Cs

Theorem 4.5. The Cnc(v) of an arbitrary node v of the corona product graph C, ® Cy, is
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( %, ifv=uy€Cp,A=1,2,--- n andn is even

m(né(fj::?)‘j)ﬁ_l, ifv=uye€Cp, A\=1,2,--- ,n and n is odd

4(nm+n—1) . _ _ . : .

Cneo(v) = T (112 2= A(AmTE) ifv=uy, € Cpn,A=1,2,--- ,n;n is even;
w = ]-a 27 e, M

4(nm+n—1) . - _ . : .

T D) Tms) —Aa@mTs) YV = uap € Cmy A= 1,2, ,n; nis odd;
= L2 , M

Proof. Suppose that the node points of C,, are uy,us,...,u, and that of C,, corresponding to the node

Uy ATC UX1,UN2, - UNm, A = 1,2,...,n. If v = uy is a vertex of €}, and n is even then ) i 0(u1,z) =

D=1 O, un) + D00 O, ) + 20307, D Oun, )]+ D0 O, un gy ).

We know from Theorem 3.1, > -3_; 0(u,uy) = %2.

Thezrefore, Y opev O(ur,x) = "72 +m+2m+2m+3m+---+m- G+ m(5+1)

= 1 +2[m+2m+3m+---+%]+m(g+1)—

_ 4 +2 ([ (§+1)] m(n2+2) —m
mn(n+2

_ 42+Jrrrm +2mn2—2_7tln+4m—4; B

m(n+2)
2

_ n?+mn(n+4)

= 1
This result is true for all uy, A=1,2,--- ,n

. . . 4 —1
Therefore, the normalized closeness centrality of uy is Cno(uy) = an/—g(lu;, 5 = n;zz:& T 2)

Again if v =u, up € Cp and n is odd, then 37 0(u1,x) = 3°3_; 0(ur,un) + Do d(ur, ury) +
[Zz 2 Zu 10(u1, w ).
We know from Theorem 3.1, Z;‘ 1 0(u,uy) = w
Therefore, ", ¢y d(u1, x) = P o 4 2]2m + 3 + (L))

_ w+2[m+2m+3m+ A m(S)] —m
_ (n— l)(n+l) L om nil(ntl )
_ (n— 1¥n+1) m(T;+1)(n+1 + 1) - m
_ (n— 1)(n+1) +m{ n+1 4 (ngl) -1}
_ (n= Hint1) 4 mn? sin-1)
4 4

_ m(n?+4n— 1)+n271

4
This result is true for all uy, A=1,2,---,n
nm+n—1

Therefore, the normalized closeness centrality of uy is Cnc(uy) = S ) dnmtn—1)
TE ’

m(n2+4n—1)4n2—-1"

If v = uy, is any vertex of X C where A = 1,2,--- ,n; = 1,2,---,m and n is even then
D aev QU ) = D051 q ¥uas ) + D05y ¥(uas tak) + D212y sy 2oker (U s ULk)-
From wy ,, uy is situated at a distance 1,2 vertices of (), are situated at a distance 2, another two vertices
of C), are situated at a distance 3---, another two vertices of C,, are situated at a distance % and 1 vertices
of €, are situated at a distance 5 + 1.
Also from uy ,, 2 sets of m vertices of C,, are situated at a distance 3, another 2 sets of m vertices of C,,
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are situated at a distance 4, ---, another 2 sets of m vertices of C,, are situated at a distance § + 1 and m
vertices of Cy, are at a distance 5 + 2.

Now, > cy 0(ur ) =[1+2+2+3+3---+ 5+ 5+ (5 +1)]+[2+2(m—3)] + [3m + 3m +4m + 4m +
codm(y + 1) +Fm(5 +1) +m(§ +2)]

=042+3+- - +5+G+FD]+2+3+ -+ 5]+ Cm—4)+Bm+4m+ - +m{5 + 1} +m{§ +2}] +
[Bm +4m + -+ m{5 + 1}]

=2m—4+[1+2+- -+ (5+D]+[1+24+3+ -+ F] =1+ m+2m+3m+4m+---+m{5 +1} + m{5 +
2} =3m+[m+2m+3m+4m+ -+ m{5 +1}] — 3m

=om— 44 &G | 56D gy, GG |, GRUGE) g,
= (n+2)8(n+4) + ”(n8+2) + m(nJrAé)(nJrG) + m(n+%)(n+4) —6m =1+ 2m =4
— wllastin | nosioin g, 45

o m(n+4)24+(n+2)2 _ (4m n 5)

_ m(n+4)24+(n+2)2—4(4m+5)
= 1 .

Hence, the normalized closeness centrality of v is Cnc(v) = Z"erg@lx) = it 4)211”(2112’;211( pr
zeV ’

If v = uy , is any vertex of XM C,, where A\ =1,2,--- ,n; p=1,2,--- ,m; nis odd, then Yopev Our ) =
Do 0w s ) A+ Dop g O(un s un k) + D20 azg Dy O(Un gy ULk
=[1+2+42+343- -+ 2 + 2L 24 2(m = 3)]+ [Bm +3m+4m +4dm—+- -+ m(ZE + 1) + m(HE +1)]
=21 4+243+--+2H] —14+2m—4+2ml+2+3+4+ -+ {2 + 1} —6m

ntl ntl ntl n+tl
:Qm_4+2.M+2m,( 3 +1)(22 +1+1)_6m_1

— (et )nt8) | mOEHOE) _ (6 4 1) + 2m — 4
(n+3)[(n+1)+m(n+5)]—4(4m+5)
i« :

nm4n—1 _ 4(nm+n—1) 0
S ey @) = GEIT D +m(n - A@m 5"

Hence, the normalized closeness centrality of v is Cyc(v) =

4.6 Closeness centrality of C,, ® P,

The corona graph C,, ® P,, is made using the corona product of cycle graph C,, and the path graph P,,. The
graph C,, ® P,, has n+nm nodes. Let the nodes of C}, be uy,us, ..., u,, and that of P, corresponding to the
node wuy be uy 1,uy2,...,uxm. A corona graph C3 ® P, is shown in Figure 7.

Theorem 4.6. The Cnc(v) of an arbitrary node v of the corona product C,, © Py, of two graphs Cy, and Py,
18
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ul o U12 urz  ULd o ugn wp, U3 uzg U1 ugp ugz  U34

Figure 7: Corona graph Cs ® Py

( 4(nm+n—1)

P mn(ndd)? ifv=uy€Cp,A=1,2,--- ,n and n is even

m(n‘éfgﬁ)ﬁg_l, ifv=uyeCpy, A=1,2,--+ 'n, n is odd

m(n+4)2+(nf2)2_4(4m+4), ifv=uy, € Pp,A=1,2,--- ,n;n is even and p=1,m
= m(n+4)2+(nfz)2—4(4m+5)7 ifv=ux, € Pp,A=1,2,--- ,n;n is even

and p=2,3,--- ,m—1

4(nm+n—1)

n+3)[(n+1)+m(n+5)—4(dm+4) ifv=uxy € PnyA=1,2,---,n;nis odd and p = 1,m
4(nm+n—1) . _ _ . ;
) (D) Fm(n5) =A@ TE) ifv=1uy, € Pp,A=1,2,--- ,n;n is odd

and p=2,3,--- ., m—1.

Proof. Suppose that the nodes of C,, are ui,uo,...,u, and that of P, corresponding to the node u) are

UN TS UN2, s UNmy, A= 1,2, ..,n. If v =wuy, uy € V(C,) and n is even, then

Dwev Out, @) = DN d(ur, un) + D00 dur, un ) + 203000 02 O, w)] + 300 O, un g ).

We know from Theorem 3.2, > Y_; d(u1,uy) = %2.

Therefore, i 0(u1,x) = 721—2 +m4+2m+2m+3m+---+m- gl +m(5 +1)
=2 4 2Am+2m+3m+ -+ 2] 4 m( -
=1 2
= %2 + 2m[§(§2+1)] + m(gH) —-m
_n? + mn(n+2) + m('r;+2) .

=7 1 m

_ n?’4+mn?+2mn+2mn+4m—4m
- 4




Closeness centrality of cycle and corona product graphs: Application in fuzzy transportation network. Trans. Fuzzy

Sets Syst. 2026; 5(1) 169
_ n?+mn(n+4)
= e,
This result is true for all uy, A=1,2,--- ,n.
Therefore, Cyc(v) = ergjg(; ’1:6) = 32(17;;:&;12), v € V(C,) and n is even.

If v=uy, u; € V(Cy) and n is odd, then
ntl
dowey Our, @) = 37N d(ur, un) + D00 dua, un ) + 203000 30 % (ua, )]

We know from Theorem 3.2, Y%, d(u,uy) = (71_:[)4&.

Therefore, oy 0(us, ) = E=0H) | on 4 90m 4 3m + -+ + m(2EL)]
:%_{_Q[m—{—Qm—{—?)m—F""{'m(Lﬂ)]_m

2
I L e T el G s SR

= () g O (g 1) —
_ (nfll(’nri»].) + m{ (nzl) + (TL<2|>1) _ 1}

n—1)(n+1 m(n?+4n—1
_ (olntl) | min®dno)

m(n?+4n—1)+n’—1

4
This result is true for all uy, A=1,2,--- ,n.
Therefore, Cyc(v) = ZZ’:J;‘(;Z) = m(ng(ﬁﬁﬂl;}#_l, v € V(C,) and n is odd.

If v =y, is any vertex of XP P where A =1,2,--- ,n; p=1,m and n is even then
D we (U ) = 305y 0w un) + 2051 (W o ta k) + 2011 sy Dok O(Un s i k). As mis even, so, there
are two sets of m vertices of P,, are at a distance 3, another two sets of m vertices of P, are at a distance
4,---, two sets of m vertices of P, are at a distance § + 1 and m vertices of P, are at a distance 4 + 2 from
Up -
Now, > ey (urz) =14+24+24+343---+ 5+ 5+ (5 +1)]+[14+2(m—2)]+ [3m+3m+4m+4m +
codm(5 4+ 1) +Fm(5 + 1) +m(5 +2)]
=142+3+--+ 5+ G+ +2+3+ -+ 5]+ Cm—=3)+[Bm+4dm+---+m{5 + 1} + m{§ +2}] +
[Bm +4m + -+ m{g + 1}]
=2m=-3)+[1+2+- -+ G+ +[1+2+34+--+5] =1+ [Mm+2m+3m+4m+---+m{5 + 1} +
m{5 + 2} =3m+[m+2m+3m+4m+---+m{§ +1}] —3m
= (2m —3) + (5+1)2(§+2) I 5(52“) 1 +m(§+2)2(5+3) +m(§+1)2(§+2) _6m
— <n+2)8(n+4) + n(n8+2) + m(n+48)(n+6) + m(n+28)(n+4) — (4m +4)
(n+2)(g+4+n) n m(n+4)(ﬁg—‘r6+n+2) . (4m + 4)

_ m(n+4)24+(n+2)2 o (4m +4:)

— m(n+4)2+(n+2)%—4(4m+4)
= 1 .

. . . — 4 —1
Hence, the normalized closeness centrality of v is Cyc(v) = ergjg(u,lx) = T 4)2227;:;;271( e
Similarly, if v = u) , is any vertex of XP P, where A\=1,2,--- ,n; p=2,3,--- ,m—1 and n is even then

D wev U ) = 305 ¥un s tn) + D05y d(un s tak) + D010 aa Dot d(Ua s Uik)
= [14+2424343 - - -+ 5+ 5+ (5 +1)]+[2+2(m—3) ]+ [3m+3m+4dm+dm+- - -+m(5+1)+m(5+1)+m(5+2)].
o | 2 T27T\3 2 2 2
From the above result, we get
E Evo(U)\u x) _ (2m o 4) + (n+2)8(n+4) + n(n8+2) + m(n+4§)(n+6) + m(n+28)(n+4) 1 6m
x K
_ m(n+4)%+(n+2)2—4(4m+5)
= ; .
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4(nm+n—1)
m(n+4)2+(n+2)2—4(4m+5) "

Therefore, the normalized closeness centrality of v is Cyc(v) = Z"””g(; 133) =
zeV

If v = uy , is any vertex of XP P, where A\ =1,2,--- ,n; p = 1,m and n is odd then
2wy 0w @) = 32811 0w un) + 32501 D(wa e ua k) + D000 a2t (U, Uik)-
Since n is odd, there are two sets of m vertices of P, are at a distance 3, two sets of m vertices of P, are at
a distance 4, and so on, up to distance ”T‘H + 1.
Now, Y ey d(urps @) = [1+2424+3 43+ 2L 4+ 2B 4 [1 4 2(m — 2)] + Bm + 3m +4dm +dm + -+ +
m("5t +1) + m("5E + 1))

=@2m-3)+2{1+2+--- %}—1+2{m+2m+3m+4m+-~+m(”TH+1)}—6m
nil (1) (241 (2 +2)
=2. . + 2m f+2m—3—6m—1
=252+ 1) +m( + 1)(M +2) — (4m +4)
En L(n+3) +m (n+3)(n+5) ( )

+3)[(n+1)+m(n+5)]— 4(4m+4)
1 .

Therefore, the normalized closeness centrality of v is Cnco(v) = an‘jg(llx) = o, ;11)(1””1?:;51))]7 prer=— g
EAS

Similarly, if v = uy , is any vertex of XP P owhere A=1,2,--- ,n; u=2,3,--- ,m—1 and n is odd then
D wev U @) = SN un s tn) + D051 dun s Uak) + D000 aa Dot (U, Uik)-
=[14+24+24+3+3- -+ 22 2 L2 4 2(m —3)] + [3m +3m+dm+dm+ - +m(2EL + 1) +m(2EE + 1))
From the above result, we get,
n+1 (n+1 +1)
erva(u)\7ua ) =2 + 2m
_ (n+1£(n+3) + m(n+3z4(n+5) . (4m + 5)
(n+3)[(n+1)+m(n+5)]—4(4m+5)
2 .

ntl ntl
'M—FQm—ZL—Gm—l

Therefore, the normalized closeness centrality of v is Cnc(v) = an;_g(ula:) = (n+3)[(n+f)(i”7;?:;5l))]i TmTs)
EaS

O

4.7 Closeness centrality of P, ©® S,

The corona graph P, ® S,, is made using the corona product of path graphs P, and the star graph S,,. It
has n + nm nodes. Let the nodes of P, be ui,us,...,uy,, and that of S, corresponding to the node uy be
UN,1, U 2, -5 UN,m, Where uy 1 is the central vertex of S,,. Figure 8 shows a corona graph P, © Sj.

U9 u3 Uy

u1

U2 1 U2.4 U3 1 U34 Ug1 Ug 4

u2,3 us,s3 U4,3

Figure 8: Corona graph Py ® Sy
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Theorem 4.7. The Cnc(v) of an arbitrary node v of P, ® Sy, is

2(nm+n—1 .
(n—/\-l-l)[(n—)\)+m(n(—)\+2)}+/\%()\—1)+m()\+1)]—2m’ if v=ux€ Py, A=1,2,---,n

2(nm+n—1
(=) (S ey Ewwy oy w:y (}\J)rl)[)\er()\Jrz)] SEmE2) if v =y, is the central vertex of the
_ star graph Spy, A = conypu=1
2(nm+n—1) f th tral "
A A DT A B O D mOF D —2@msa) 4 U= Uau 18 the non-central vertex

of the star graph Spm, A\=1,2,--- n; u=2,3,--

Proof. Suppose that the node points of P, are uy,us, ..., u, and that of S, corresponding to the node wu)
are uy 1, Ux 2, ..., Uxm, Where uy 1 is the central vertex of S, and A =1,2,...,n. If v = u, is any vertex of P,

then Y2, oy 0(ux, @) = g O(wa, ) + 3000y D, wp) + 320y Sy d(ua, ury) + Sy S0 O, )
=[1+2+- 4+ n=N]+[1+24+--+A=1)]+m+2m+---+m(n—A+1)]+[2m+3m+---+mA—1+1)]

_ (n— )(1217)\+1) + A(A-1) + m(nf/\+1)2(nf/\+2) + [m oM+ 3mt e+ )\m} _
_ (n— )(721,7)\+1) + )\()\271) + m(nf)\+1)2(nf)\+2) + m)\(/\;rl) _m
_ (=2 [(n=N)+m(n—=A+2)|+A[(A-1)+m(A+1)]—2m
- 2
_ _nmin—1 __ 2(nm+n—1)
Therefore, Cnc/(v) = T ey 3wa) (A [(n=N)Fm(n—A+2)[FAO—D)Fm(A+1)]—2m "

If v = uy, is the central vertex of AP S, where A\ = 1,2,---,n; u = 1 then Yowev Our ) =
DHETUIR(WIRTNS B S BRI B DAu (B WRTI) RS B/ D S BWEE I WRIEY.
3y S (s )
=(m—1)+[1+2+ -+ {n-N+1]+2+3+ - +{A-1)+1}] +[3m+4m+---

(m—1)+[1+2 {(n=N+1}]+[2+3 {A=1)+1}]+[Bm+4
+m{(n— )+ 2} +Bm+4m+ -+ {(A - 1)+ 2}]
(m—1) 4 @AM g 934 A — T+ [m+2m+3m 4 dm+ - +m(n— A+ 2)]
m+2m+om+dm+---+mA+ 1) —om—35sm
[m + 2m + 3m + 4 A+1)]—3m—3
( )+ (n=2A+1)(n—A+2) + )\()\2+1) +m (nf)\+2)2(nf/\+3) +m
= (MDA OLOMAmOD] 4 ' ) Gy
(

n—A+2)[(n—A+1)+m(n— A+3)]+(/\+1)[/\+m(/\+2)} (5m+2)'

+

ODO4D) g g

_ nmin—1 __ 2(nm+n—1)
Hence, Cnc(v) = Zzejb(u,z) = AT (D Fmm—A 13+ O+ D Fm O+ 2)]—2(5m+2) -

If v = uy , is the non-central vertex of S, where A =1,2,--- ., n; u=2,--- ,m then 0(uy , ) =
s M JJEV e
SR (Ui U ) Sy Dty )+ S0 Dty 1)

+ D ey 21 0w s ur k) + D0 St O (U, UL k)
C [t 2(m—2) + = )\+1)(n M2) | (/\+1) N m(n—)\+2)2(n—>\+3) n m(/\+1)2(/\+2) —6m—1

[Using the result of the previous paragraph]

+2m—-3—-6m—1
(n—A+2)[(n—A+1)+m(n— >\+3)]+(/\+1)[A+m(/\+2)} (4m+4).

(n=2+2)[(n=A+1)+m(n— >\+3)]+(,\+1)[>\+m(,\+2)}

_ _nm4n—1 __ 2(nm+n—1)
Hence, Cnc(v) = S ey 0wa) — (A2 (A D) Fm(n—A+3)[+ Ot DAFm(+2)|—2(dm+4) - 0
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4.8 Closeness centrality of corona product S, ® K, of two graphs 5,, and K,,

The corona graph S,, ® K, is made using the corona product of star graphs S,, and the complete graph K,,.
It has n + nm nodes. Let the nodes of S,, be uy,uo, ..., u,, and that of K,, corresponding to the node u) be
U1, UN2s -5 U m- A corona graph S3 ® Ky is shown in Figure 9.

U429 U4,3
U3 u1,2

U2.4 Uu2,3

Figure 9: Corona graph S5 © Ky

Theorem 4.8. The normalized closeness centrality Cnc(u) of arbitrary node u of S, ® Ky, is

( nm+n—1

T if w is central vertex of S,

nm+n—1

Tmnton—am—3» U u is non-central vertex of Sy

+n—1 ; _ — -
4m7?_cénﬁ4m_4a Zf ’UJ—U,\#GKm, )‘—2737"' y 15 M_laQa"' , T

+n—1 . _ _ 1. _
T U u=uau € K, A=1p=12--- m.

Proof. Suppose that the nodes of S, are ui,uo,...,u, and that of K,, corresponding to the node u) are
UNT,UN2, s Urmy A = 1,2, on. If w = up then Y o d(up,x) = DN 0(ur,up) + [Z,T:1D(“lvul,u) +
Do O, ugy) + e 300 O (s un ).

=(n—1)+m+[2m+2m+ - +upto (n — 1) term]

=n—-1)+m+(n—-1)-2m

=n—14+m(l+2n—2)

=2mn+n—m-—1
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nm4n—1 __ _ nm4n—1
Y zey 0(ux) T 2mntn—m—1°

Therefore, the normalized closeness centrality of u is Cyc(u) =

If u = uy is a non-central node of Sy, then > i d(ux,z) = > 0y ¥(ux, ur) + [P0 iy d(un, ury) +

221:1 21)221 o(uy, Ul,u)] + Z,T:l o(ux, Ul,u)'
=[1+2(n—-2)]+m+[3m+3m+ - +upto (n—2)" term] + 2m
=2n—-34+3m(n—2)+3m

=3mn—3m+2n—-3

Therefore, the normalized closeness centrality of u is Cne(u) = Z"er"*l = —nmin_l

eey 0(un,z) — 3mn—3m+2n-3°

If w = uyy, where X = 2,--- ,n; p = 1,2,--- ,m then > _ i 0(uy,,z) = Z?Zl’k#ub(u,\,#,u,\,k) +
A—1
D1 O ) D5y D s k) + Doy Do O(as k) + D05ty 215 (U, tik)]
=(m—1)+[1+3(n—2)+2]+ 3m+ [4m(n — 2)]
=m+3n—4+m(4n —8+3)
=4mn — 4m + 3n — 4.

Hence, the normalized closeness centrality of u is Co(u) = «pmdn=l_— —__nmin_l

Y owey 0(ux) — dmn—4Am+3n—4-

If u =y, where p = 1,2,--- ,m then 37 0(u1p, @) = Y3l jp, Ot ur k) + D0 g (U, up) +
Z’;;'Ll Z?:z a(ul,,uvul,k)
=m—-1)+[14+2(n—1]+ [3m(n —1)]
=m+2n—2+3mn —3m
=3mn —2m + 2n — 2.

Hence, the normalized closeness centrality of u is Cnc(u) amin-l  _ __nmin_l g

= Y osev o(u,z) T 3mn—2m+2n-—2"

4.9 Closeness centrality of K, ® P,

The corona graph K, ® P,, is made using the corona product of the complete graphs S,, and the path graph
P,,. It has n + nm nodes. Let the nodes of K, be uy,us, ..., un, and that of P, corresponding to the node
uy be uy1,uy 2, ..., uxm. Figure 10 displays a corona graph K3z ©® FPj.

u2

\
\
\
\
!
\
\
\
\
\
*

‘_.-'

Uil U2 urz  ULdugy gy, U3 Uzg U1 ugp uzz U4

Figure 10: Corona graph K3 ® P

Theorem 4.9. The Cnc(v) of an arbitrary node v of K, ® Py, is given by
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Miﬁ;zl—l’ if v=uy€ K, andA=1,2,---,n

nm+n—1 . o _ B
CNC(U): 3mn—m+2n—4> Zf 'U—U)\’Hepm,)\—]_?Q’...’n and,u,_Lm
%7 Zf ’UZU)HMGPm,)\:172’...7nand,u:2737“.7m_1‘

Proof. Suppose that the nodes of K,, are uq,uo, ..., u,, and that of P,, corresponding to the node u) are
UNT,UN2, o Urmy A = 1,2, n. If v = uy then >, 0(un,x) = D7 0(un, ug) + ZTZI o(un, ury) +

[Zﬁ:l Dl 0(un, wrp) + Z;Tzl ZI)\:_ll 0(un, )]
=(n—1)+m+[2m+2m+---+upto (n— 1) term]
=n-1)+m+2m(n—-1)

=n—14+m(l+2n—2)

=2mn+n—-m-—1

Therefore, the normalized closeness centrality of v is Oyc(v) = ndn=l - — _nmin_1

> sev 0(ui,x) T 2mntn—-m—1°

If v =wuy,, where A =1,2,--- n; ),\u 1: L,m then Y 0(unp, ) =D 5ty 0/\(1L1>\7M,u,\,k)+
Dk 2oiat 2w wie) + 223y D005 (s )] + D07y 0w w) + 32757 9wy, w)]
=[14+2m—-2)]+3mn—1)+[1+2(n—1)]
=3mn —m+2n — 4.

Hence, the normalized closeness centrality of v is Cyc(v) = <wodn=l . — _nmincl

Y sev d(ux) T 3mn—m+42n—4°

fovo=wuyup=23--,m—-1,A=12,---,n, then
erVo(u)vl“x)
= S O (ua e k) [y St O(ua e k) + ey S0y Ot s )] 4 [0y (s )+
El)\z_ll a(u)\,;u Ul)]
=[242(m—=3)]+3m(n—1)+[1+2(n—1)]
=3mn—m+ 2n — 5.

_ _nm+4n—1 __ nm+n—1
Hence, CNC(U) T Ysevo(ux) T 3mn—m42n—5" O

4.10 Closeness centrality of corona product graph K, ® K,,

The graph K,, ® K, is made by the corona product of the complete graph K, and n copies of the complete
graph K,,. The graph K,, ® K, has n 4+ nm nodes. Let the nodes of K, be ui,uo,...,uy, and that of K,,
corresponding to the node u; be u;1,u;2, ..., u;m. A Corona graph K3 ©® K3 is shown in Figure 11.

Theorem 4.10. The normalized closeness centrality of any vertex u of the corona graph K, ® K, is given
by

nm+4n—1 . _ .
Smn—mtn—1’ ZfU—U/iEKn,’L—l,2,...,TL

Cne(u) =

T 8 ifu=u;; € Km,i=1,2,...,n and j =1,2,3,...,m.
Proof. Consider that the nodes of K,, are ui,uo,...,u, and that of K,, corresponding to the node u; are
Ui 1, Ui 2y oey Uim, @ = 1,2,...,m. If u = u; is any vertex of K, then )\ d(u;,x) = [d(u;,u1) + d(u;, u) +

o d(ug, wim1) + (g wigr) o+ d(ug )] DT dus wig) + 3070 DS e dui, )]
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u1,3

Uz, 2 &
u3,3

Uus,2 u3,2

Figure 11: Corona graph K35 ® K3

=n—1+4[m+2m(n—1)]
=2mn—-2m+m+n-—1
=2mn—m+n— 1.

Therefore, the normalized closeness centrality of u is Cyo(u) = ZZ’ZJZ(; ?x) = 27532?3:;11
If u = u;; is a vertex of K,,, where i =1,2,--- ,n; j =1,2,--- ,m then

ey Aui g, @) = [duigwg) + 3000 -y duig,w)] + Doy duig, win) + D050 D21 mn d(ui g, k)]
=[14+2(n—-1)]+[m—143m(n—1)]
=2n—-14+3mn—-3m+m-—-1

=3mn —2m + 2n — 2.

Hence, the normalized closeness centrality of u is Cyc(u) =

nm+n—1 __ nm+n—1 O
D owey d(u,x) T 3mn—2m+2n—2°

5 Real applications

In this section, we present two real applications of our studied results.

5.1 Application in small-world network

Consider a small-world network: a type of network, where nodes are not typically directly connected but
can still be reached from any other node through a short chain of intermediate nodes. These networks have
high clustering, meaning nodes form tight-knit groups, while also maintaining short average path lengths
between them. Small-world networks are common in social networks, the internet, and neural networks, and
are essential for understanding connectivity patterns and information flow in complex systems. In 2015, Lv et
al. [34] introduced recursive corona product graphs as a novel model for small-world networks. They denoted
a g'" generation of recursive corona graph by Cy(g + 1), where Cy(g + 1) = Cy(g) ® K4, 9 > 0,k > 2, with
the initial condition Cy(0) = K,. They examined various characteristics of their proposed corona product
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graph model, including order and size, degree distribution, average path length, and clustering coefficient.
Additionally, they established results for all quantities in the recursive corona graphs that align with those
found in real-world networks. Now, if we define a ¢'" generation of the recursive corona graph Cylg+ 1),
where Cy(g+1) = K;® Cy(g), and keep all other conditions the same, then it also represents a graph model
of a small-world network. Obviously, in the above two recursive corona graphs, if we take a complete graph,
a path graph, a cycle graph, or a star graph as Cy(g) (arbitrary graph), then we can readily identify the
influential nodes in this type of small-world network up to the 2nd generation, using the results presented in
this paper.

5.2 Application in transportation network

We can also apply our results for corona product graphs in real-life problems like selecting an emergency
hub in a transportation network by transferring closeness centrality into fuzzy membership [35, 30], and
integrating it with other fuzzy factors (that are criteria or variables that cannot be defined or measured
precisely with crisp) such as cost, reliability, etc. through fuzzy reasoning operators (fuzzy AND, fuzzy OR,
etc.). This produces a decision process that is both graph-theoretically informed and uncertainty-aware. We
consider a transportation network which is similar to a corona product graph C,, ® P,,, where cycle represents
a main ring road, and paths represent feeder roads. We explain it through the following steps with the help
of a small example.

Step 0: Setup (graph and notation) Graph: Consider a corona product C5 ® Ps (see Figure 12) as a
model of a transportation network. Node types (by symmetry): Let cycle vertices be vy, ve,...,vs, middle
node and end nodes of the ith attached path be, respectively, a;2 and {a;1,a;3}. So, the total nodes in
Cs ® P53 is 20.

ail a1,2 ai,3

as,2
Q2,2
as,1
a3
a4,3
as,1

a4,1 as,3

Figure 12: Corona graph C5 ® Ps

Step 1: Computation of crisp closeness centrality. We can easily compute Cyc with the help of the
formula mentioned in subsection 4.6. For this graph (Figure 12), we will obtain exact values: Hare n =
5,m = 3. For cycle vertex: Cyc(v;) = 19/39 ~ 0.4871794872,i = 1,2, ..., 5.

For the attached middle vertex of the path P3: Cnc(ai2) = 19/55 ~ 0.3454545455,i = 1,2, ..., 5.
For the attached end vertex of the path P3: Cnc(a;;) = 1956 ~ 0.3392857143,i =1,2,...,5;5 = 1,3
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Step 2: Conversion of centrality to fuzzy membership (accessibility degree). We normalize Cy¢ linearly

to [0, 1] using the following formula.
- C'NC ($) - C’min

Pheentrality () = o . where Chuax and Cy, are, respectively, the maximum and minimum value
max min

19 19
of Cn¢ for all v € C5 ® P3. Here, Chax = 30 and Chpin = 5 Also, flcentrality (for cycle node v;) = 1.000000,

Peentrality (mid node a; o of the attached path) ~ 0.041711 and ficentrality(end nodes of the attached path) =
0.000000.

Interpretation: cycle nodes are maximally accessible; attached mid nodes are weakly accessible; at-
tached end nodes are effectively not accessible on this normalized scale.

Step 3: Creation of fuzzy cost membership (low-cost degree). To choose or measure the setup cost for

each node (lower cost higher membership), we use linear invertible mapping from powcost(z) : V- — [0, 1]
CMaxcost —cost (1’)

such that fowcost () = O e = 50 that the cheapest node has membership 1 and the most expensive
0, where Cyrazcost and Chasincost are, respectively, the maximum and minimum costs among all costs of nodes.
For instance, let costs of nodes be— cycle node cost is 60 (units), attached middle node’s cost of path is 30, and
attached end nodes’ cost of path is 25. So, Cprincost = 25, and Chsazcost = 60. S0, Chrrazcost — Ciincost = 35.
S0, fowcost (cycle node) = (60 — 60)/35 = 0.000000, foweost (mid node of attached path) = (60 — 30)/35 =
30/35 = 0.8571428571 and piowcost (end nodes of attached path) = (60 — 25)/35 = 35/35 = 1.000000.

Step 4: We combine fuzzy criteria to produce a good-hub degree in the following two cases.

Option A : Consider a strict fuzzy AND (min operator, conservative rule) Rule: good hub = central
AND IOW'COSt7 i'em Mgood(x) = min{ﬂcentrality(x)7 Mlowcost (l‘)}

So, for the cycle nodes: figo04(2) = min{1.0000, 0.0000} = 0.0000.,
for the middle node of the attached path: figooq(2) = min{0.041711, 0.857143} = 0.041711, and
for the end nodes of the attached path: fig004(2) = min{0.0000, 1.0000} = 0.0000.

Interpretation (min): the small centrality of non-cycle nodes kills their chance; only nodes with both
reasonable centrality and low cost get non-zero membership. Here, middle nodes get a small nonzero score;
cycle and end nodes score zero under strict AND.

Option B: Weighted aggregation (trade-off approach).

Many planners prefer a soft trade-off instead of a hard AND. Here, we consider a simple weighted score:
S(x) = We- Peentrality (T) +Weost * Ploweost (T ), We +Weost = 1, where wew and weoss are weights that represent the
relative importance (or preference strength) assigned to the centrality criterion, and the low cost criterion,
respectively, in the combined score S(z).

For instances, let weights w. = 0.7 (centrality more important), and weest = 0.3. Therefore, the value of
S(z) will be as follows.

S(for each cycle node) = 0.7 - 1.0000 + 0.3 - 0.0000 = 0.7000,

S(middle nodes of the attached path) = 0.7-0.04171140.3-0.857142857 ~ 0.0291977+0.2571429 = 0.2863406,
and S(end nodes of the attached path) = 0.7 - 0.0000 + 0.3 - 1.0000 = 0.3000.

Interpretation (weighted): ranking by score: cycle nodes (0.7000) >end nodes (0.3000) > mid nodes
(0.2863). Thus, the cycle node is recommended as an emergency hub when centrality is emphasized; cheap
ends are second-best; cost-friendly middle nodes are close to ends depending on weight.

Step 5: Final decision and recommendation

e If our decision rule is conservative (must be both central and cheap), use fuzzy AND (min). That tends
to eliminate nodes with very low centrality (which may be undesirable for emergency hubs). In our
example, the middle nodes only had tiny membership; cycle nodes and end nodes got zero because they
were expensive in this toy cost assignment.

e If we want a trade-off (realistic planning), use a weighted aggregation. Choose weights to reflect policy
(e.g., emergency response may weight accessibility higher, so, pick w, > 0.6). With w. = 0.7, we
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selected a cycle node as the best hub.

Limitations: Although the corona product graph model is useful for studying complex networks, it has
some limitations in solving real-life problems.

1. The structure of corona graphs is often too idealized and regular, which may not accurately represent
the irregular and dynamic nature of real-world networks.

2. It does not easily capture weighted or directed relationships that are common in practical systems such
as transportation, communication, or biological networks.

3. The model assumes static connections, while many real-life networks evolve over time, making the
corona product less suitable for dynamic network analysis.

4. The proposed model is based on hypothetical examples. We did not use practical data.

6 Conclusion

Closeness centrality is one of the important variants of centrality measurement that is used to recognize the
characteristic of a vertex in a network. It is possible to find the significant or influential vertex in biological
networks, social networks, transportation networks, etc. In our paper, we correct the result presented by
Eballe et al. for finding the vertex closeness centrality of the cycle graph C,. We also present some new
theoretical results for finding the normalized closeness centrality of some corona product graphs. We also
present the applications of our studied results in small-world and transportation networks. In the future, we
shall try to formulate the closeness centrality of more complex graphs as well as the corona product of general
graphs with the help of the results presented in this paper. We also try to apply our studied results to solve
different types of real-life problems such as the small-world network, the transportation problem based on the
corona product graph model. Our proposed model has some limitations such as static connections, simple
structure, undirected relations and hypothetical data. In addition, we have a plan to include a case study
using real-world data in our future research to strengthen the practical applicability of the proposed model.
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