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! Conflict situation
2 Monopoly

® Oligopoly

* Duopoly
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! Matrix game

2 Bimatrix games

8 Game with Continuous Strategy Sets
4 Nash equilibrium
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! Optimal control
2 Differential games

¥ Dynamic programming
* Evolutionary Stable Strategy
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Introduction

In today’s highly competitive and complex business environment, strategic decision-making by
firms depends not only on internal factors but also on the actions of competitors, the
characteristics of the market structure, and dynamic environmental changes over time. This
dependency becomes especially critical in markets characterized by duopoly structures, where
two dominant firms compete, and each firm's decisions directly influence the profits and losses
of the other. Under such conditions, the strategic interactions are highly interdependent, making
optimal decision-making a complex challenge. This paper aims to develop a comprehensive and
innovative analytical framework for firms to make optimal decisions in dynamic and
adversarial environments by integrating two powerful theoretical approaches: discrete optimal
control and game theory.

The study begins by introducing the theoretical framework of discrete optimal control, which
facilitates the modeling of systems where decision-making occurs over multiple discrete time
periods. In such systems, each decision not only affects immediate outcomes but also has
consequences for future states, linking past, present, and future periods in a dynamic process. A
key contribution of this research is the explicit treatment of time as an independent and
influential parameter in the decision-making process, contrasting with traditional models that
often ignore or treat time indirectly. By incorporating time explicitly, the model gains a greater
capacity to capture the evolving nature of strategic interactions and the temporal dependencies
inherent in competitive markets.

Methodology

To examine the problem in a realistic context, the study focuses on the duopolistic market
structure, a common and significant form of market competition where two firms produce
similar or substitutable products. Each firm seeks to determine its production and supply
strategy over a finite number of time periods, considering production capacity limitations and
the dynamic behavior of the rival. The objective is to maximize cumulative profits over these
periods while taking into account the competitor's potential responses. Recognizing the
strategic interdependence, the proposed model integrates concepts from both Nash equilibrium,
which assumes simultaneous decision-making, and Stackelberg equilibrium, which models
sequential moves and leadership dynamics in competitive settings.

To solve the resulting complex dynamic optimization problem, the paper develops an algorithm
that combines dynamic programming techniques with game-theoretical analysis. This approach
allows for sequential optimization where, at each discrete time step, firms assess the current
market conditions and forecast competitors’ strategies to determine their own optimal supply
decisions. The novelty of this approach lies in treating time as an external parameter that
influences the system dynamics but is not directly controlled by the players. This treatment
enhances the realism and applicability of the model to practical business situations, where time

S pulSCisl 5 5 315 51 03liusl b udaBgd ,Lasuil SUolSis £ S o 93 Al J S Jobo Ky daawd -



(ziw sl (oMl oI5l 0l8uiily) (simivo (glb i 1> (63 paly Co yydo doliliad

constraints and external temporal factors often affect firm behavior.

The practical relevance of the model is demonstrated through two numerical examples in which
firms must decide on the quantity of product to supply in each period. These examples validate
the proposed framework by showing that the combined use of game theory and optimal control
leads to more accurate and strategically sound decisions compared to approaches relying solely
on either theory. This integration reflects the complexity of competitive decision-making in real
markets and provides firms with a more sophisticated tool for planning and adapting their
strategies over time.

In addition to the model development and numerical validation, the paper provides a
comprehensive review of the theoretical literature related to game theory and optimal control. It
highlights a notable gap in prior research: while the role of time in strategic games has been
acknowledged, few studies have treated time as an independent and influential external
parameter affecting game outcomes directly. Many existing models treat time as a controlled
variable within players’ strategies or as part of the decision process itself. By contrast, this
research models time as an exogenous factor, external to the players' control but critical in
shaping decision outcomes, offering a fresh perspective on temporal dynamics in competitive
interactions.

Results Discussion

Beyond the conceptual innovation, this paper outlines several promising avenues for future
research. These include extending the model to multiplayer games involving more than two
firms, incorporating both price and quantity decision variables for a richer strategic space, and
investigating games with incomplete information and asymmetric knowledge among
competitors. Furthermore, the possibility of applying alternative equilibrium concepts, such as
trigger strategies or cooperation-oriented equilibria, is discussed as a way to capture a wider
range of strategic behaviors and market conditions. There is also the potential for the model to
be developed and applied to real industries such as the OPEC oil market, the automotive
industry, and other industries with high market concentration and strategic dependencies
between a limited number of companies.

In summary, this study proposes a robust and flexible modeling framework that allows firms to
navigate the complexities of dynamic, competitive decision-making in duopolistic markets. By
unifying game-theoretic reasoning with optimal control principles, the model provides both
theoretical richness and practical value. It offers a comprehensive tool for academics, managers,
and policymakers interested in modeling, analyzing, and optimizing strategic interactions in
dynamic industrial environments.

Through analytical modeling and numerical simulations, the study yielded several key findings.
The proposed integrated framework demonstrates a dynamic strategic balance, capturing how
firms continuously adapt their production in response to competitors' actions and market feedback,
resulting in evolving rather than static strategies. This approach leads to improved long-term
profitability compared to static models, as it leverages strategic anticipation and foresight.
Furthermore, it enables efficient resource allocation, guiding firms to avoid overproduction and
ensure sustainable operations throughout the planning horizon. The model also provides a
mechanism for strategic market share management, allowing firms to make calculated trade-offs
between short-term gains and long-term market positioning. A central comparative advantage of
this framework is its integration of control and game theory, unlike studies that treat them in
isolation. Optimal control ensures temporal consistency in decision-making across the planning
horizon, while game theory rigorously accounts for strategic interactions. This synthesis allows for
more robust and realistic modeling of competitive dynamics over time.
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