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Abstract

The primary purpose of studying the behavior of sand is to calculate its deformation at loading. The granular structure of the sand causes
the transfer of forces through multiple contacts of the particles. Its deformation results from the combination of slip and roll of the particles.
Accordingly, changes in the sand modulus matrix are observed and considered in this research. The studies show that by assuming different
spring behavior in each loading increment for the set of sand particles, a numerical linear-nonlinear behavior can be defined according to
the drained experimental results. Therefore, proportional numerical functions are defined based on the trend of changes in the modulus of
elasticity and changes in the Poisson ratio of sand during monotonic loading. The coefficients are obtained from the related experimental
results. The computational effects of these functions in the analytical method are used to convert the experimental behavior of sand into a
numerical behavior. The validity of this numerical method is based on calibration and comparison with valid experimental results. In
addition to hardening behavior, this numerical analysis can define softening behavior.
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1. Introduction

Sand is obtained from the deposition of equilibrium
particles of quartz, feldspar, and other minerals, with a
size of about 0.06 to 2 mm. The intergranular forces are
transmitted through contact and interaction. For this
reason, sands show complex behavior in different
environmental conditions and loads.

When shear stress is applied to sand, the deformation
created is accompanied by a change in volume, resulting
from a combination of two competitive states of
accumulated displacement of its particles, namely slipping
and rolling. Sliding displacement of particles through the
accumulation of sand particles indicates a tendency to
reduce the volume to reach a more stable state. However,
the rolling mechanism, characteristic of dense sand
behavior, tends to increase in volume. When slipping
occurs, the particles fill the pore space between them as
much as possible but do not move much in the direction
of the cutting path. Therefore, sliding displacement can
quickly occur without developing a large amount of shear
strain. This is why the reduction in volume on loose sand
is seen with a large reduction in relative density in the
early stages of loading.

On the other hand, creating a larger displacement requires
adjacent rolling particles on top of each other. This is why
an increase in volume or dilation occurs in the later stages
of shear stress, in which the sand is significantly
deformed. These two mechanisms usually work together
and are seen in the stress-strain behavior of laboratory
specimens. In this way, sands in different environmental
conditions and loads have complex behavior that can
attract researchers' attention [1-2].
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Many analytical models have been proposed to define and
predict the behavior of sand. However, some of them
cannot express all the properties and characteristics of
behavior, and others are so difficult that their use in
practical cases is costly and eliminated. Studies show that
recent models can be divided into continuous and
discontinuous groups. In continuous models, it is assumed
that the material operates seamlessly and there is no
discontinuity, including cracking, slipping, separation or
failure. In discontinuous models, the material is thought
of as a set of particles that can affect each other's motion.
Continuous models into two subgroups: macro, based on
theories of paste or damage or a combination of both [3-
9], and are divided into mesoscopic, such as micro-plane
or multi-laminate models [10-13]. Discontinuous models
also lead to a subset called micro models, such as discrete
particle models [14-16].

In macro models, material behavior is defined based on
the direct relationship between stress and strain tensors
[17-24]. However, in mesoscopic models, the material's
behavior is clearly defined by the relationship between
stress and strain vectors on planes, known as micro-plane
or multi-laminate planes [25-31]. In discontinuous
models, the material's behavior is simulated based on the
definition of interparticle forces due to their motion on
each other and their use in the equation of motion and
numerical solution. In discontinuous models, the
material's behavior is simulated by numerical solution
based on the definition of interparticle forces due to their
motion relative to each other and the use of motion
equation [32-33].

In this comparison, discontinuous models define the
behavior of materials better than other models due to the
precise and close-to-reality type of payment. However,
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using them can be difficult, complicated, and costly for
engineering purposes. On the other hand, macro models
based on stress or strain invariants cannot simulate the
behavioral properties of direction-dependent materials.
These models make it impossible to store information
dependent on different directions. Therefore, mesoscopic
models are a logical and intermediate solution between
the two groups. For these reasons, in the present research,
a method based on damage theory has been developed
that can be used in multi-laminate models for numerical
analysis of drained sands behavior at monotonic loading
[34].

2. Numerical analysis of drained sand behavior based
on modulus matrix changes

The main purpose of studying soils under different
environmental conditions and loads is to calculate their
deformation. In this connection, the particle structure of
the sands causes the forces to be transmitted through
multiple contacts of the particles, and their deformation
results from the effects of slipping and rolling of the
particles. Accordingly, changes in the modulus matrix of
the drained sands in different void ratios and relative
densities are observed at monotonic loading. A suitable
numerical analysis method can be presented to define the
nonlinear behavior of saturated sands in these conditions.
The calibration of the latter method is obtained from
related experimental results such as triaxial compression
testing.

2.1. Module matrix changes

In this method, based on the principal stress space in
monotonic loading tests, in each load increase increment,
the behavior of saturated sand can be considered
homogeneous, isotropic, linear elasticity, and, of course,
different from the previous and next load increment. In
other words, the perspective of hypo-elastic behavior was
considered a criterion. Depending on the type of
experiment, the general form of damage and change
functions in numerical analysis was proposed. To begin
with, in each loading incrementi, the relationship
between the stress and strain vectors in the principal stress
space can be represented as Equation (1).

Oyi E 1-vi v Vi &1i
c,t=—— 1| y -Vi Vv Eyi 1

2i (1+Vi)(1—21/i) i i i 2i ()
O3 Vi vi 1-v||é&

For a cylindrical sample in a triaxial compression test,
Equation (1) is rewritten as (2) at the deviator stress
increment stage.

ozt o3 Ao o3
O3i =403 + 0 =403 +
O3 O3 0 O3
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From the expansion of Equation (2), Equations (3) and (4)
are obtained.

Oy =04 +m [(1=v)ey +2vie5] (3)
Ei
O3 =03 +m'("i5u +&5) 4)
In which:
vi=-t ®)
&y

In these equations and each loading increment i:
o= Minor principal stress in every increment
o= Middle principal stress in every increment
o= Major principal stress in every increment
£3= Minor principal strain in every increment
£5= Middle principal strain in every increment
&;= Major principal strain in every increment
o= Minor principal stress
Ei= Modulus of elasticity in every increment
vi= Poisson ratio in every increment

Equation (5) in Equation (4) will lead to the reality of

Equation (6).

E.

+——————— (—&i+&)=03+0=0
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In the following, parameters such as mean and shear
stresses and volumetric strain in each loading increment
are defined as Equations (7) to (9).
oy, +205 Oy +20,

P = 3 =73 (M
O = 0y — 0y = 0y —03 = 4Ao; (8)
&i =&y +265 =(1-2v;) g )
In which:

gi= Deviatoric stress in every increment

pi= Mean stress in every increment

&i= Volumetric strain in every increment
From the placement of Equation (3) in Equations (7) and
(8) and the use of Equations (9) and (5) in them, we can
conclude Equations (10) and (11).

_ G

pi —€+O'3 (10)
E
qi:1+v_ (en—€5)=E; & (11)

Thus, the changes in the modulus of elasticity and the

Poisson's ratio of sand during the static triaxial

compression test are determined from Equations (12) and

(5).

E, = 01 —03 _ Ui
€1 €1

(12)

To observe the damage in the modulus of elasticity and
the change in the Poisson ratio during the behavior of
drained sand at monotonic loading, we can initially use
the experimental results of different samples of Toyoura
sand at confining pressures similar to the characteristics
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of Figure 1 [9]. In this Figure, eq is the initial void ratio
and p'y to the initial mean effective stress, o3.
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Fig. 1. Behavioral curves in drained triaxial compression tests on
Toyoura sand samples [9]

For Toyoura sand samples, damages in the modulus of
elasticity can be calculated using Equation (12) and
plotted against axial strain, as shown in Figure 2.
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Fig. 2. The trend of modulus of elasticity damages with
increasing axial strain in drained triaxial compression tests on
Toyoyra sand samples

The graphical results of Figure 2 for the sand samples
show that the modulus of elasticity is damaged and
decreases during loading with increasing axial strain.

For Toyoura sand samples, changes in the Poisson's ratio
can be calculated using Equation (5) and plotted against
axial strain, as shown in Figure 3.

Thus, damages in the modulus of elasticity and changes in
the Poisson ratio during the experiment caused nonlinear
sand behavior, which is the criterion for numerical
analysis of this research.
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Fig. 3. The trend of changes in the Poisson ratio with increasing
axial strain in drained triaxial compression tests on Toyoura
sand samples

2.2. Defining numerical relationships of damage and
changes

Based on the study conducted in this research, defining

the N parameter according to Equation (13) can be used.

N=log(d)=log(E) for & >0 (13)
&

This initiative makes it possible to define the resulting
experimental curve with a three-coefficient mathematical
function according to Equation (14) by calculating and
plotting the N versus &, variations for the experimental
samples.

f(gl):A'(gl)B+C (14)
In this regard, f is a function that can express the effect of
axial strain on damage in the modulus of elasticity.
Numerical coefficients A, B, and C are also obtained
based on the numerical function f on the experimental
variations N.

Using Equation 14 in Equation 13, we can conclude
Equations 15 and 16.

N =log(L)=log(E)= f(s,) =
&

q=¢ -10" (15)

E=10' (16)
Numerical Equation (16) defines the trend of changes in
the modulus of elasticity E in each loading increment i in
terms of the principal strain ¢;.

Following the studies conducted in this research, it is
better to start the Poisson's ratio changes during the
experiment by defining the M parameter according to
Equation (17).

M =log(2-¢;) (17)
By calculating and plotting the changes of M versus &; for
the experimental samples, the resulting experimental
curve can be defined by a four-coefficient mathematical
function according to Equation (18).

g(&)=a-exp(b-& )+c-exp(d-&,) (18)
In this regard, g is a function that can represent the effect
of axial strain on the Poisson ratio. Numerical coefficients
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a, b, ¢, and d are also obtained based on the mathematical
function g on the experimental variations M.

Thus, using Equation (5) in Equation (17) and applying
Equation (18), we can conclude Equation (19).

M =log(2+v-&)=0(g) =

1
v=—-:(109-2) (19)
&1
Numerical Equation (19) defines the rate of change of the
Poisson ratio in each loading increment i in terms of
principal strain.

2.3. Numerical analysis process

In summary, the numerical analysis process considered in
this research can be expressed as follows:

- Based on the experimental results of monotonic
loading on the sand sample, N and M parameters
are calculated according to Equations (13) and
(17). Their variations against axial strain &; are
plotted.

- From Equation (14) on the plotting curve
obtained from Equation (13), the numerical
coefficients A, B, and C are calculated, and the
function f is defined.

- From Equation (18) on the plotting curve
obtained from Equation (17), the numerical
coefficients a, b, ¢, and d are calculated, and the
function g is defined.

- By defining the numerical functions f and g, the
modulus of elasticity E and the Poisson's ratio v
in each loading increment i are determined from
Equations (16) and (19).

- Lateral strain &; and volumetric strain g in
loading increment i are calculated from equations
(5) and (9).

- The mean and shear stress p and q are
determined from equations (10) and (11).

The recent analytical process algorithm is shown in the
flowchart of Figure 4.

3. Examining the results of numerical analysis

In this section, the validity of the proposed numerical
analysis is examined. For this purpose, calibration and
comparison with related experimental results are used.

3.1. Calibration and comparison of numerical analysis
results with a drained triaxial compression test on
Toyoura sand

Initially, the drained triaxial compression test results of
Toyoura sand samples at confining pressure of 100 kPa
are used [9]. The experimental behavior of the recent
samples is converted to numerical behavior and compared
with each other, based on the proposed algorithm of
Figure 4, as follows.

Parameter N is calculated from experimental results, and
according to Equation (13), its changes against the axial
strain &, are plotted. Then, according to Figure 5, from the
fit of the numerical relation 14 on the resulting curves, the
numerical coefficients A, B and C are determined and are
inserted in Table 1 to define the numerical function f.
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and calculate the numerical
coefficients &, b, ¢, and d
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Fig. 4. Flowchart of numerical analysis
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Fig. 5. Plotting the changes of parameter N against axial strain &;
and fitting the function f on it in the drained triaxial compression
test on Toyoura sand samples (p',=100 kPa)

Table 1
The values of the coefficients of the function f for Toyoura sand
samples (p',=100 kPa)

O o(kPa) e A B C
100 0831 | -2.047 | 0.1557 | 4.319
100 0971 | -2.255 | 01294 | 4.351
100 0996 | -6.978 | 03845 | 8.852

- The M parameter is determined from the
experimental results according to Equation (17),
and its changes against the &; axial strain are
plotted. Then, according to Figure 6, from the fit
of the numerical relation 18 on the resulting
curves, the numerical coefficients a, b, ¢, and d
are calculated and inserted in Table 2 to define
the numerical function g.
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Fig. 6. Plotting the changes of parameter M against axial strain

g, and fitting function g on it in the drained triaxial compression
test on Toyoura sand samples (p's=100 kPa)

Table 2
The values of the coefficients of the function g for Toyoura sand
samples (p',=100 kPa

o;(kPa) | eo a b c d

100 | 0.831 | 0.7595 | 0.01575 | -0.4498 | -0.1965
100 | 0.971 | 0.7552 | 0.01946 | -0.4390 | -0.2570
100 | 0.996 | 0.8650 | 0.01438 | -0.5564 | -0.2282

- The modulus of elasticity E is determined from
Equation (16), and its changes against the axial
strain &; are plotted and compared with the
experimental results as shown in Figure 7.
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Fig. 7. Diagram of changes E—¢; for Toyoura sand samples
(p'o=100 kPa) and comparison of numerical analysis results with
the drained triaxial compression test

- The Poisson ratio v is determined from Equation
(19), and its variations against the axial strain &;
are plotted and compared with the experimental
results as shown in Figure 8.
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Fig. 8. Diagram of v—¢, changes for Toyoura sand samples
(p'0=100 kPa) and comparison of numerical analysis results with
the drained triaxial compression test

- Lateral strain &; and volumetric strain &, are
calculated from equations (5) and (9). The
changes in volumetric strain &, versus axial strain
g; are plotted and, as shown in Figure 9, offer a
good agreement with the experimental results.

11
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Fig. 9. Diagram of changes &,—¢, for Toyoura sand samples
(p'o=100 kPa) and comparison of numerical analysis results with
the drained triaxial compression test

- The mean and shear stress p and g are
determined from equations (10) and (11). The
shear stress changes q against the axial strain &,
are plotted and, according to Figure 10, show a
good agreement with the experimental results.
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Fig. 10. Diagram of changes q—¢, for Toyoura sand samples
(p'0=100 kPa) and comparison of numerical analysis results with
the drained triaxial compression test

In another review, the drained triaxial compression test
results of Toyoura sand samples at confining pressure of
500 kPa are used [9]. For this purpose, the numerical
analysis parameters for these samples are determined
similar to the previous case, and the obtained results are
compared with the experimental results. The coefficients
obtained in Tables 3 and 4 and the comparative plotting
results are presented in Figures 11 to 16.

12

4 T T
4.3 Parameter N, eO=810‘
o Function f, e0=0.810
Z ol 4
1 L . .
0 5 10 15 20 25
4 ; - =
-3 Parameter N | e0=886’
o Function f , e0=0.886
Z ol g
1 L \ .
0 5 10 15 20 25
4 : T T
— 3! # Parameter N , e0=996
= [ Function f , €0=0.996
2 ki
e ‘
0 5 10 15 20 25

el (%)

Fig. 11. Plotting the changes of parameter N against axial strain
&, and fitting the function f on it in the drained triaxial
compression test on Toyoura sand samples (p',=500 kPa)

Table 3
The values of the coefficients of the function f for Toyoura sand

samples (p',=500 kPa)

o; (kPa) e A B c
500 0.810 | -0.8457 | 0.2696 | 3.3648
500 0.886 | -1.2180 | 01969 | 3.9210
500 0.960 | -1.2860 | 0.1527 | 3.7420
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Fig. 12. Plotting the changes of parameter M against axial strain
g, and fitting function g on it in the drained triaxial compression
test on Toyoura sand samples (p',=500 kPa)

Table 4
The values of the coefficients of the function g for Toyoura sand

samples (p',=500 kPa

o; (kPa) €o a b c d
500 0.810 | 0.7488 | 0.01736 | -0.4366 | -0.2406
500 0.886 | 0.8210 | 0.01553 | -0.5022 | -0.2385
500 0.960 | 0.9726 | 0.01249 | -0.6655 | -0.2705
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Fig. 13. Diagram of changes E—¢; for Toyoura sand samples
(p'0=500 kPa) and comparison of numerical analysis results with
the drained triaxial compression test
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Fig. 14. Diagram of v—¢, changes for Toyoura sand samples
(p'o=500 kPa) and comparison of numerical analysis results with
the drained triaxial compression test
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Fig. 15. Diagram of changes &,—¢, for Toyoura sand samples
(p'0=500 kPa) and comparison of numerical analysis results with
the drained triaxial compression test
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Fig. 16. Diagram of changes q—¢, for Toyoura sand samples
(p'o=500 kPa) and comparison of numerical analysis results with
the drained triaxial compression test

According to the comparison of recent results, the
conversion of the experimental behavior of Toyoura sand
samples into numerical behavior can be considered
appropriate and acceptable.

3.2. Calibration and comparison of numerical analysis
results with a drained triaxial compression test on
Nevada sand

Initially, the drained triaxial compression test results of
Nevada sand samples at a relative density of 40% are used
[35]. According to the available experimental
information, the coefficients obtained in Tables 5 6 and
the calibration and graphic comparison results are
presented in Figures 17 to 22.

Table 5
The values of the coefficients of the function f for Nevada sand
samples (D,=40%)

o; (kPa) D(%) A B C
40 40 -5.358 0.07074 7.064
80 40 -3.240 011140 5.191
160 40 -3.453 0.10640 5.744
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Fig. 17. Plotting the changes of parameter N against axial strain
&, and fitting the function f on it in the drained triaxial
compression test on Nevada sand samples (D,=40%)
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Fig. 18. Plotting the changes of parameter M against axial strain
g, and fitting function g on it in the drained triaxial compression
test on Nevada sand samples (D,=40%)
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Fig. 19. Diagram of changes E—¢; for Nevada sand samples
(D,=40%) and comparison of numerical analysis results with the
drained triaxial compression test

Table 6
The values of the coefficients of the function g for Nevada sand
samples (D,=40%)

o; (kPa) | Di(%) a b c d
40 40 0.8617 | 0.01446 | -0.559 | -0.1914
80 40 0.8571 | 0.01472 | -0.554 | -0.1907
160 40 0.8625 | 0.01460 | -0.564 | -0.1990
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Fig. 20. Diagram of v—¢; changes for Nevada sand samples
(D,=40%) and comparison of numerical analysis results with the
drained triaxial compression test
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Fig. 21. Diagram of changes &,—¢; for Nvada sand samples
(Dy=40%) and comparison of numerical analysis results with the
drained triaxial compression test
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Fig. 22. Diagram of changes q—¢, for Nevada sand samples
(Dy=40%) and comparison of numerical analysis results with the
drained triaxial compression test
In another review, the drained triaxial compression test
results of Nevada sand samples at a relative density of
60% are used [35]. For this purpose, the characteristics of
numerical analysis for these samples are determined
similar to the previous case, and the obtained results are
compared with the experimental results. The coefficients
obtained in Tables 7 and 8 and the comparative graphic

results are presented in Figures 23 to 28.
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Fig. 23. Plotting the changes of parameter N against axial strain
¢, and fitting the function f on it in the drained triaxial
compression test on Nevada sand samples (D,=60%)
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Table 7
The values of the coefficients of the function f for Nevada sand
samples (D,=60%)

o; (kPa) D:(%) A B C
40 60 -3.357 0.1117 5.132
80 60 -3.580 0.1058 5.632
160 60 -2.381 0.1474 4,732
2
2
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Fig. 24. Plotting the changes of parameter M against axial strain
g, and fitting function g on it in the drained triaxial compression
test on Nevada sand samples (D,=60%)
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Fig. 25. Diagram of changes E—¢, for Nevada sand samples
(D,=60%) and comparison of numerical analysis results with the
drained triaxial compression test

Table 8
The values of the coefficients of the function g for Nevada sand
samples (D,=60%)

o; (kPa) | Dr(%) a b c d
40 60 0.8915 | 0.01425 | -0.5908 | -0.2405
80 60 0.8922 | 0.01417 | -0.5898 | -0.2284

160 60 0.8984 | 0.01368 | -0.6033 | -0.2314
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Fig. 26. Diagram of v—¢; changes for Nevada sand samples
(D,=60%) and comparison of numerical analysis results with the
drained triaxial compression test
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Fig. 27. Diagram of changes &,—¢, for Nvada sand samples
(Dy=60%) and comparison of numerical analysis results with the
drained triaxial compression test
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Fig. 28. Diagram of changes q—¢; for Nevada sand samples
(D,=60%) and comparison of numerical analysis results with the
drained triaxial compression test
According to the comparison of recent results, the
conversion of the experimental behavior of Nevada sand
samples into numerical behavior can be considered

appropriate and acceptable.
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3.3. Calibration and comparison of numerical analysis
results with a drained triaxial compression test on
Houston sand

This section uses the drained triaxial compression test
results of Houston sand samples [20]. Similar to the
previous cases, the coefficients obtained in Tables 9 and
10 and the calibration and graphical comparison are
presented in Figures 29 to 34.
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Fig. 29. Plotting the changes of parameter N against axial strain
&, and fitting the function f on it in the drained triaxial
compression test on Houston sand samples
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Fig. 30. Plotting the changes of parameter M against axial strain
&, and fitting function g on it in the drained triaxial compression

test on Houston sand samples
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Fig. 31. Diagram of changes E—¢; for Houston sand samples and
comparison of numerical analysis results with the drained
triaxial compression test

Table 9
The values of the coefficients of the function f for Houston sand
samples

| oskpa) | & | A | B

| ¢ |

50 0.800 -0.8472 0.2117 3.114
300 0.822 -1.0030 0.2128 3.479
600 0.945 -0.6210 0.3175 3.330

0.9 T T
® Experimental : p'0=50 , e0=0.800
08 * | i

Numerical : p'0=50 , e0=0.800
> O
0.7 _‘\.\‘_‘
0.6 g :

0 5 10 15 20
0.8 T -
= Experimental : p'0=300 , e0=0.822
0.7 Numerical : p'0=300 , €0=0.822

06+ ._—k'\'\'*-\...\_—__

0.5 - ‘ 7
0 5 10 15 20
0.8 T ! ;
4 Experimental : p'0=600 , €0=0.945
0.7 Numerical : p'0=600 , €0=0.945 |’

>
0.6+ 1

0.5

0 5 10 15 20
£1(%)
Fig.32. Diagram of v—¢, changes for Houston sand samples and
comparison of numerical analysis results with the drained
triaxial compression test
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Fig.33. Diagram of changes &,—¢, for Houston sand samples and
comparison of numerical analysis results with the drained
triaxial compression test
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Fig.34. Diagram of changes q—e¢; for Houston sand samples and
comparison of numerical analysis results with the drained
triaxial compression test

Table 10

The values of the coefficients of the function g for Houston sand
samples
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Uy(kPa) €o a b c d
50 0.800 | 0.8088 | 0.01829 [ -0.5044 | -0.2778
300 0.822 | 0.7779 | 0.01773 | -0.4751 | -0.2461
600 0.945 | 0.8229 | 0.01597 | -0.5202 | -0.2243

The conversion of the experimental behavior of Houston
sand samples to numerical behavior is also considered
very appropriate.

4, Conclusion

This paper investigated the experimental behavior of
different sand samples in monotonic loading and drained
conditions, and hypo-elastic was assumed. Based on the
observation of damages in the modulus of elasticity and
changes in the Poisson ratio during loading, a numerical
and straightforward analytical method was presented to
define the linear-nonlinear behavior of sand. The
calibration of this method was evaluated using the related
experimental results on different sand samples. The
results of studies, calculations, and comparisons in this
research show that designing and achieving this numerical
method is valuable. Because it has neither the
complexities of micro behavioral models nor the problems
of macro behavioral models, it is presented as a simple
numerical behavioral analysis. In a general summary, the
salient features of this method can be expressed as
follows:

1. This numerical method saves time and money
with convenient and straightforward
computational logic.

2. The function f has three coefficients to calculate
the damages in the modulus of elasticity, and its
calibration is simple with the changes of the
experimental parameter N.

3. The mathematical relation g has four coefficients
to calculate the changes in the Poisson ratio, and
its calibration with the changes of the
experimental parameter M requires accuracy.

4. The proposed numerical analysis can present the
softening behavior of sand types. This is not seen
in many models or at a high computational cost.

5. Simple numerical analysis process this method is
admirable compared to dough models.

6. The proposed numerical method can define the
non-isotropic behavior of sand in pressure,
tension and shear and provide more value in
multi-laminate models.

It is noteworthy that this numerical method is being
completed for other loading conditions and modes and
placed in multi-laminate models.
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