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Abstract. In this article, we introduce and discuss the definitions of fuzzy (m,n)-sub near rings, anti-fuzzy (m,n)-
sub near rings, fuzzy ideals, and anti-fuzzy ideals in (m,n)-near rings. We establish several fundamental properties
and prove key theorems related to these fuzzy structures. Additionally, illustrative examples are provided to enhance
understanding and demonstrate the applicability of the concepts.
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1 Introduction

A function ϑ : R −→ [0, 1] in a set R is called a fuzzy set [1]. Fuzzy subgroups of a group are studied by
Rosenfeld in [2], also see [3]. Davvaz and Dudek investigated fuzzy subgroups of an m-ary group. Suppose
that Im(ϑ) denote the image set of ϑ and ϑ is a fuzzy set in a set R. Set ϑ≥

α = {x ∈ R | ϑ(x) ≥ α}
(ϑ≤

α = {x ∈ R | ϑ(x) ≤ α}) where α ∈ [0, 1] is named a upper ( lower ) level subset of ϑ.
Abou-Zaid [4] introduced the concept of a fuzzy sub-near ring and studied the fuzzy ideals of a near ring.

This concept has been studied by many researchers, see for example [5, 6, 7, 8].

Definition 1.1. [9] A fuzzy set ϑ of an m-ary group (R, f) is named a fuzzy subgroup of R if

(1) for all q1, q2, ..., qm ∈ R, ϑ
(
f(q1, q2, ..., qm)

)
≥ min{ϑ(q1), ϑ(q2), ..., ϑ(qm)},

(2) for every om1 , b ∈ R and 1 ≤ i ≤ n there is ui ∈ R so that f(oi−1
1 , ui, o

m
i+1) = b and ϑ(ui) ≥

min{ϑ(o1), ϑ(o2), ..., ϑ(oi−1), ϑ(oi+1), ..., ϑ(on), ϑ(b)}.

Biswas introduced the notion of an anti-fuzzy subgroup of a group [10]. Then, in [9], Davvaz and Dudek
extended this concept to m-ary groups.

Definition 1.2. [9] A fuzzy set ϑ of an m-ary group (R, f) is named an anti-fuzzy subgroup of R if

(1) for every o1, o2, ..., om ∈ R, ϑ
(
f(o1, o2, ..., om)

)
≤ max{ϑ(o1), ϑ(o2), ..., ϑ(om)},

(2) for every om1 , b ∈ R and 1 ≤ i ≤ n there is ui ∈ R so that f(oi−1
1 , ui, o

m
i+1) = b and ϑ(ui) ≤

max{ϑ(o1), ϑ(o2), ..., ϑ(oi−1), ϑ(oi+1), ..., ϑ(on), ϑ(b)}.
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In [11], Mohammadi and Davvaz characterized a new class of n-ary algebras that we call (m,n)-near rings.
They investigated the notions of i-R-groups, i-(m,n)-near field, prime ideals, primary ideals, and subtractive
ideals of (m,n)-near rings. Then, in [12], they studied fuzzy ideal. See [11] for the definitions of i-(m,n)-near
ring and (m,n)-sub near ring.

In this article, we denote i-(m,n)-near ring by (m,n)-near ring.

Definition 1.3. [12] Suppose that (R, f, g) is an (m,n)-near ring and ϑ is a fuzzy set of R. In this case, ϑ
is named a fuzzy (m,n)-sub near ring of R, if

(1) for all o1, o2, ..., om ∈ R,

ϑ
(
f(o1, o2, ..., om)

)
≥ min{ϑ(o1), ϑ(o2), ..., ϑ(om)},

(2) for all om1 , b ∈ R and 1 ≤ i ≤ n there is li ∈ R so that

f(oi−1
1 , li, o

m
i+1) = b, ϑ(li) ≥ min{ϑ(o1), ϑ(o2), ..., ϑ(oi−1), ϑ(oi+1), ..., ϑ(om), ϑ(b)},

(3) for all q1, q2, ..., qn ∈ R,

ϑ
(
g(q1, q2, ..., qn)

)
≥ min{ϑ(q1), ϑ(q2), ..., ϑ(qn)}.

2 Anti-fuzzy (m,n)-sub near rings and ideals

In this section, we define the concept of anti-fuzzy (m,n)-sub near rings and ideals of a (m,n)-near ring, and
prove a few theorems concerning this concept. We also obtain a necessary and sufficient condition for a fuzzy
subset of a (m,n)-near ring to be an anti-fuzzy (m,n)-sub near ring. We also obtain a relation between fuzzy
(m,n)-sub near rings and anti-fuzzy (m,n)-sub near rings

Definition 2.1. Suppose that (R, f, g) is an (m,n)-near ring and ϑ is a fuzzy set of R. Then ϑ is named
the anti-fuzzy (m,n)-sub near ring of R, if

(1) for all o1, o2, ..., om ∈ R,

ϑ
(
f(o1, o2, ..., om)

)
≤ max{ϑ(o1), ϑ(o2), ..., ϑ(om)},

(2) for all om1 , b ∈ R and 1 ≤ i ≤ n there is qi ∈ R so that

f(oi−1
1 , qi, o

m
i+1) = b, ϑ(qi) ≤ max{ϑ(o1), ϑ(o2), ..., ϑ(oi−1), ϑ(oi+1), ..., ϑ(om), ϑ(b)},

(3) for all q1, q2, ..., qn ∈ R,

ϑ
(
g(q1, q2, ..., qn)

)
≤ max{ϑ(q1), ϑ(q2), ..., ϑ(qn)}.

Theorem 2.2. Suppose that (R, f, g) is an (m,n)-near ring and ϑ is a fuzzy subset of R, then ϑc is a fuzzy
sub near ring of R if and only if ϑ is an anti-fuzzy sub near ring of R.

Proof. Suppose that ϑ is an anti-fuzzy sub near ring of R. In this case, for all om1 , vn1 ∈ R,

ϑc
(
f(o1, o2, ..., om)

)
= 1− ϑ

(
f(o1, o2, ..., om)

)
≥ 1−max{ϑ(o1), ϑ(o2), ..., ϑ(om)}
= min{1− ϑ(o1), 1− ϑ(o2), ..., 1− ϑ(om)}
= min{ϑc(o1), ϑ

c(o2), ..., ϑ
c(om)}.

for all om1 , b ∈ R and 1 ≤ i ≤ n there is li ∈ R so that
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f(oi−1
1 , li, o

m
i+1) = b, ϑ(li) ≤ max{ϑ(o1), ϑ(o2), ..., ϑ(oi−1), ϑ(oi+1), ..., ϑ(om), ϑ(b)},

so
ϑc(li) = 1− ϑ(li)

≥ 1−max{ϑ(o1), ϑ(o2), ..., ϑ(oi−1), ϑ(oi+1), ..., ϑ(om), ϑ(b)}
= min{1− ϑ(o1), 1− ϑ(o2), ..., 1− ϑ(oi−1), 1− ϑ(oi+1), ..., 1− ϑ(om), 1− ϑ(b)}
= min{ϑc(o1), ϑ

c(o2), ..., ϑ
c(oi−1), ϑ

c(oi+1), ..., ϑ
c(om), ϑc(b)}.

ϑc
(
g(q1, q2, ..., qn)

)
= 1− ϑ

(
g(q1, q2, ..., qn)

)
≥ 1−max{ϑ(q1), ϑ(q2), ..., ϑ(qn)}
= min{1− ϑ(q1), 1− ϑ(q2), ..., 1− ϑ(qn)}
= min{ϑc(q1), ϑ

c(q2), ..., ϑ
c(qn)}.

Therefore ϑc is a fuzzy sub near ring of (R, f, g).
Conversely, suppose that ϑc is a fuzzy sub near ring of (R, f, g),

ϑ
(
f(o1, o2, ..., om)

)
= 1− ϑc

(
f(o1, o2, ..., om)

)
≤ 1−min{ϑc(o1), ϑ

c(o2), ..., ϑ
c(om)}

= 1−min{1− ϑ(o1), 1− ϑ(o2), ..., 1− ϑ(om)}
= max{ϑ(o1), ϑ(o2), ..., ϑ(om)}.

for all om1 , b ∈ R and 1 ≤ i ≤ n there is li ∈ R so that

f(oi−1
1 , li, o

m
i+1) = b, ϑc(li) ≥ min{ϑc(o1), ϑ

c(o2), ..., ϑ
c(oi−1), ϑ

c(oi+1), ..., ϑ
c(om), ϑc(b)},

so
ϑ(li) = 1− ϑc(li)

≤ 1−min{ϑc(o1), ϑ
c(o2), ..., ϑ

c(oi−1), ϑ
c(oi+1), ..., ϑ

c(om), ϑc(b)}
= 1−min{1− ϑ(o1), ..., 1− ϑ(oi−1), 1− ϑ(oi+1), ..., 1− ϑ(om), 1− ϑ(b)}
= max{ϑ(o1), ϑ(o2), ..., ϑ(oi−1), ϑ(oi+1), ..., ϑ(om), ϑ(b)}.

ϑ
(
g(v1, v2, ..., vn)

)
= 1− ϑc

(
g(v1, v2, ..., vn)

)
≤ 1−min{ϑc(v1), ϑ

c(v2), ..., ϑ
c(vn)}

= 1−min{1− ϑ(v1), 1− ϑ(v2), ..., 1− ϑ(vn)}
= max{ϑ(v1), ϑ(v2), ..., ϑ(vn)}.

□

Example 2.3. Similar to Example 2 in [11], it can be easily proven that (Z, f, g) with f(l1, l2, ..., lm) =
l1 + l2 + ... + lm and g(w1, w2, ..., wn) = w1 is an (m,n)-near ring. Now we show that η defined below is an
anti-fuzzy sub near ring.

η(x) =

{
0.7 if x ∈ mZ
0.8 if x ̸∈ mZ.

Considering Example 5 in [12],

ηc = µ(x) =

{
0.3 if x ∈ mZ
0.2 if x ̸∈ mZ.

µ is a fuzzy (m,n)-sub near ring of (Z, f, g). So using the previous theorem η is an anti-fuzzy (m,n)-sub near
ring of (Z, f, g).
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Theorem 2.4. Assume that ϑ is a fuzzy set in an (m,n)-near ring (R, f, g). In this case, ϑ is an anti-fuzzy
sub near ring of R if and only if the lower level cut ϑ≤

t is an sub near ring of R for each t ∈ [ϑ(0), 1].

Proof. Suppose that ϑ is an anti-fuzzy sub near ring of R and ϑ≤
t ̸= 0 so for all v1, v2, ..., vm ∈ ϑ≤

t ,

ϑ
(
f(v1, v2, ..., vm)

)
≤ max{ϑ(v1), ϑ(v2), ..., ϑ(vm)} ≤ t.

Then ϑ
(
f(v1, v2, ..., vm)

)
≤ t so f(v1, v2, ..., vm) ∈ ϑ≤

t . Hence (ϑ≤
t , f) is a semi group.

For all vi−1
1 , vmi+1, b ∈ ϑ≤

t there is ui ∈ R that f(vi−1
1 , ui, v

m
i+1) = b and

ϑ(ui) ≤ max{ϑ(v1), ϑ(v2), ..., ϑ(vi−1), ϑ(vi+1), ..., ϑ(vm)} ≤ t.

So ui ∈ ϑ≤
t this gives that (ϑ≤

t , f) is an m-group. For all l1, l2, ..., ln ∈ ϑ≤
t have

ϑ
(
g(l1, l2, ..., ln)

)
≤ max{ϑ(l1), ϑ(l2), ..., ϑ(ln)} ≤ t.

Thus ϑ
(
g(l1, l2, ..., ln)

)
≤ t hence g(l1, l2, ..., ln) ∈ ϑ≤

t , therefore (ϑ≤
t , g) is an n-semi group. Then the level

subset ϑ≤
t , t ∈ (0, 1], is a sub near ring of R.

Now, suppose that the level subset ϑ≤
t , t ∈ (0, 1], is a sub near ring of R. For all o1, o2, ..., om ∈ R

let b = max{ϑ(o1), ϑ(o2), ..., ϑ(om)} so for all 1 ≤ i ≤ m, ϑ(oi) ≤ b. As a result o1, o2, ..., om ∈ ϑ≤
b ,

f(o1, o2, ..., om) ∈ ϑ≤
b therefore ϑ

(
f(o1, o2, ..., om)

)
≤ b

ϑ
(
f(o1, o2, ..., om)

)
≤ max{ϑ(o1), ϑ(o2), ..., ϑ(om)}.

For all l1, l2, ..., ln ∈ R let a = max{ϑ(l1), ϑ(l2), ..., ϑ(ln)}, so for all 1 ≤ i ≤ n, ϑ(li) ≤ a. As a result
l1, l2, ..., ln ∈ ϑa so g(l1, l2, ..., ln) ∈ ϑ≤

a this implies that ϑ
(
g(l1, l2, ..., ln)

)
≤ a thus

ϑ
(
g(l1, l2, ..., ln)

)
≤ max{ϑ(l1), ϑ(l2), ..., ϑ(ln)}.

For all vi−1
1 , vmi+1, b ∈ R let d = max{ϑ(v1), ϑ(v2), ..., ϑ(vi−1), ϑ(vi+1), ..., ϑ(vm), ϑ(b)}, so vi−1

1 , vmi+1, b ∈ ϑ≤
d .

Hence there is ui ∈ ϑ≤
d so that b = f(vi−1

1 , ui, v
m
i+1),

ϑ(ui) ≤ d = max{ϑ(v1), ϑ(v2), ..., ϑ(vi−1), ϑ(vi+1), ..., ϑ(vm), ϑ(b)}.

Therefore ϑ is a fuzzy sub near ring. □

Example 2.5. Similar to Example 2 in [11], it can be easily proven that (Z, f, g) with f(l1, l2, ..., lm) =
l1 + l2 + ... + lm and g(w1, w2, ..., wn) = w1 is an (m,n)-near ring. Now we show that η defined below is an
anti-fuzzy sub near ring.

η(x) =

{
0.7 if x ∈ mZ
0.8 if x ̸∈ mZ.

Then, we have η≤0.7 = mZ and η≤0.8 = Z are both (m,n)-sub near rings of (Z, f, g), so according to previous
theorem, η is an anti-fuzzy (m,n)-sub near ring of (Z, f, g).

Definition 2.6. Suppose that (R, f, g) is an i-(m,n)-near ring and ϑ is a fuzzy set of R. In this case, ϑ is
named a fuzzy ideal of R, if

(1) for every o1, o2, ..., om ∈ R,

ϑ
(
f(o1, o2, ..., om)

)
≥ min{ϑ(o1), ϑ(o2), ..., ϑ(om)},



Anti-Fuzzy Ideal in (m,n)-Near Rings. Trans. Fuzzy Sets Syst. 2025; 4(2) 137

(2) for all om1 , b ∈ R and 1 ≤ i ≤ n there is ui ∈ R so that

f(oi−1
1 , ui, o

m
i+1) = b, ϑ(ui) ≥ min{ϑ(o1), ϑ(o2), ..., ϑ(oi−1), ϑ(oi+1), ..., ϑ(om), ϑ(b)},

(3) for all ui−1
1 , umi+1, u ∈ R and 1 ≤ j ≤ m, there is l ∈ R that

f(uj−1
1 , u, umj+1) = f(ui−1

1 , l, umi+1), ϑ(l) ≥ ϑ(u),

(4) for all l1, l2, ..., ln ∈ R,

ϑ
(
g(l1, l2, ..., ln)

)
≥ min{ϑ(l1), ϑ(l2), ..., ϑ(ln)},

(5) for all un1 , u ∈ R and 1 ≤ i ≤ n,

ϑ
(
g(ui−1

1 , u, uni+1)
)
≥ ϑ(u),

(6) for all k ̸= i, 1 ≤ k ≤ m, vi−1
1 , vni+1, o

m
1 ∈ R and ok ∈ R there is lk ∈ R so that

g
(
vi−1
1 , f(o1, o2, ..., om), vni+1

)
= f

(
g(vi−1

1 , o1, v
n
i+1), g(v

i−1
1 , o2, v

n
i+1), ..., g(v

i−1
1 ,

ok−1, v
n
i+1), lk, g(v

i−1
1 , ok+1, v

n
i+1), ..., g(v

i−1
1 , om, vni+1)

)
and ϑ(lk) ≥ ϑ(ok).

Note that ϑ is a fuzzy i-ideal of R if it satisfies 1, 2, 3, 4, 5. ϑ is a fuzzy j-ideal, j ̸= i, of R if it satisfies
1, 2, 3, 4, 6, 1 ≤ i, j ≤ n.

Definition 2.7. Suppose that (R, f, g) is an i-(m,n)-near ring and ϑ is a fuzzy set of R. In this case, ϑ is
named an anti-fuzzy ideal of R, if

(1) for all o1, o2, ..., om ∈ R,

ϑ
(
f(o1, o2, ..., om)

)
≤ max{ϑ(o1), ϑ(o2), ..., ϑ(om)},

(2) for all om1 , b ∈ R and 1 ≤ i ≤ n there is ui ∈ R so that

f(oi−1
1 , ui, o

m
i+1) = b, ϑ(ui) ≤ max{ϑ(o1), ϑ(o2), ..., ϑ(oi−1), ϑ(oi+1), ..., ϑ(om), ϑ(b)},

(3) for all ui−1
1 , umi+1, u ∈ R and 1 ≤ j ≤ m, there is l ∈ R that

f(uj−1
1 , u, umj+1) = f(ui−1

1 , l, umi+1), ϑ(l) ≤ ϑ(u),

(4) for all o1, o2, ..., on ∈ R,

ϑ
(
g(o1, o2, ..., on)

)
≤ max{ϑ(o1), ϑ(o2), ..., ϑ(on)},

(5) for all un1 , u ∈ R and 1 ≤ i ≤ n,

ϑ
(
g(ui−1

1 , u, uni+1)
)
≤ ϑ(u),

(6) for all k ̸= i, 1 ≤ k ≤ m, oi−1
1 , oni+1, v

m
1 ∈ R and vk ∈ R there is lk ∈ R so that

g
(
oi−1
1 , f(v1, v2, ..., vm), oni+1

)
= f

(
g(oi−1

1 , v1, o
n
i+1), g(o

i−1
1 , v2, o

n
i+1), ..., g(o

i−1
1 ,

vk−1, o
n
i+1), lk, g(o

i−1
1 , vk+1, o

n
i+1), ..., g(o

i−1
1 , vm, oni+1)

)
and ϑ(lk) ≤ ϑ(vk).
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Note that ϑ is an anti-fuzzy i-ideal of R if it satisfies 1, 2, 3, 4, 5. ϑ is an anti-fuzzy j-ideal, j ̸= i, of R if
it satisfies 1, 2, 3, 4, 6, 1 ≤ i, j ≤ n.

Theorem 2.8. Suppose that that ϑ is a fuzzy set in an (m,n)-near ring (R, f, g). Then, ϑ is an anti-fuzzy
ideal of R if and only if the lower level cut ϑ≤

t is an ideal of R for every t ∈ [ϑ(0), 1].

Proof. Suppose that the lower level cut subset ϑ≤
t , t ∈ (0, 1], is an ideal of R so ϑ≤

t is a sub near ring of R.
Using the Theorem 2.4 ϑ is an anti-fuzzy sub near ring of R.

(1) Let xi−1
1 , xmi+1 ∈ R, xi ∈ R and t = ϑ(xi). Hence xi ∈ ϑ≤

t and ϑ≤
t is an ideal of R thus for all 1 ≤ j ≤ m

there is aj ∈ ϑ≤
t so that f(xi−1

1 , xi, x
m
i+1) = f(xj−1

1 , aj , x
m
j+1) and ϑ(aj) ≤ t = ϑ(xi), therefore ϑ(aj) ≤ ϑ(xi).

(2) Let un1 , u ∈ R there is b ∈ (0, 1] that ϑ(u) = b. ϑ≤
b is an ideal of R so

g(ui−1
1 , ϑb, u

n
i+1) ⊆ ϑ≤

b , hence g(ui−1
1 , u, uni+1) ∈ ϑ≤

b , thus ϑ
(
g(ui−1

1 , u, uni+1)
)
≤ b = ϑ(x). Therefore for all

u1, u2, ..., un, x ∈ R and 1 ≤ i ≤ n,

ϑ
(
g(ui−1

1 , u, uni+1)
)
≤ ϑ(u).

(3) Let k ̸= i, 1 ≤ k ≤ n, si−1
1 , sni+1, o

m
1 ,∈ R and d ∈ R there is b ∈ (0, 1]

that ϑ(d) = b. ϑ≤
b is an ideal of R so there is l ∈ ϑ≤

b that

g
(
si−1
1 , f(ok−1

1 , d, omk+1), s
n
i+1

)
= f

(
g(si−1

1 , o1, s
n
i+1), ..., g(s

i−1
1 , ok−1, s

n
i+1), l, g(s

i−1
1 , ok+1, s

n
i+1), ..., g(s

i−1
1 , on, s

n
i+1)

)
.

l ∈ ϑ≤
b so ϑ(l) ≤ b = ϑ(d).

All conditions in the Definition 2.7 are met. So ϑ is an anti-fuzzy ideal.

Conversely, assume that ϑ is an anti-fuzzy ideal of R so ϑ is an anti-fuzzy sub near ring of R.

Using the Theorem 2.10, ϑ≤
t is a sub near ring of R.

(1) Let xi−1
1 , xmi+1 ∈ R, xi ∈ ϑ≤

t and ϑ is an ideal of R so for all 1 ≤ j ≤ m, there is

aj ∈ R so that f(xi−1
1 , xi, x

m
i+1) = f(xj−1

1 , aj , x
m
j+1) and ϑ(aj) ≤ ϑ(xi) = t, hence aj ∈ ϑ≤

t .

(2) Let v1, v2, ..., vn ∈ R and x ∈ ϑ≤
t so ϑ

(
g(vi−1

1 , x, vni+1)
)
≤ ϑ(x), thus

ϑ
(
g(vi−1

1 , x, vni+1)
)
≤ t, hence g(vi−1

1 , x, vni+1) ∈ ϑ≤
t so g(vi−1

1 , ϑ≤
t , v

n
i+1) ⊆ ϑ≤

t .

(3) Let k ̸= i, 1 ≤ k ≤ n, vi−1
1 , vni+1, o

m
1 ∈ R, ok ∈ ϑ≤

t there is lk ∈ R so that

g
(
vi−1
1 , f(o1, o2, ..., om), vni+1

)
= f

(
g(vi−1

1 , o1, v
n
i+1), ..., g(v

i−1
1 , ok−1, v

n
i+1), lk, g(v

i−1
1 , ok+1, v

n
i+1), ..., g(v

i−1
1 , om, vni+1)

)
and ϑ(lk) ≤ ϑ(ok) ≤ t, so lk ∈ ϑ≤

t .

Now, all conditions in the definition of ideal hold, so ϑ≤
t is an ideal. □

Example 2.9. In Example 2.5, level subsets η≤0.7 = mZ and η≤0.8 = Z are ideals of (Z, f, g) so according to
previous theorem, η is an anti-fuzzy ideal of (Z, f, g).

Theorem 2.10. Suppose that (R, f, g) is an (m,n)-near ring and ϑ is a fuzzy sub near ring of R. In this
case, the fuzzy subset ϑc, t ∈ (0, 1], is a fuzzy ideal of R if and only if ϑ is an anti-fuzzy ideal.

Proof. Suppose that ϑ is an anti-fuzzy ideal of (R, f, g). Thus ϑc is a fuzzy sub near ring of R and for all
li−1
1 , lmi+1, l ∈ R and 1 ≤ j ≤ m, there is a ∈ R that

f(lj−1
1 , l, lmj+1) = f(li−1

1 , a, lmi+1), ϑ(a) ≤ ϑ(l),

so ϑc(a) = 1− ϑ(a) ≥ 1− ϑ(l) = ϑc(l), for all ln1 , l ∈ R and 1 ≤ i ≤ n,

ϑ
(
g(li−1

1 , l, lni+1)
)
≤ ϑ(l),
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then ϑc
(
g(li−1

1 , l, lni+1)
)
= 1− ϑ

(
g(li−1

1 , l, lni+1)
)
≥ 1− ϑ(l) = ϑc(l)

for all k ̸= i, 1 ≤ k ≤ m, zi−1
1 , zni+1, l

m
1 ∈ R and lk ∈ R there is xk ∈ R so that

g
(
zi−1
1 , f(l1, l2, ..., lm), zni+1

)
= f

(
g(zi−1

1 , l1, z
n
i+1), g(z

i−1
1 , l2, z

n
i+1), ..., g(z

i−1
1 ,

lk−1, z
n
i+1), xk, g(z

i−1
1 , lk+1, z

n
i+1), ..., g(z

i−1
1 , lm, zni+1)

)
and ϑ(xk) ≤ ϑ(lk).

Thus ϑc(xk) = 1− ϑ(xk) ≥ 1− ϑ(lk) = ϑc(lk), therefore ϑc is a fuzzy ideal of (R, f, g)
Conversely, assume that ϑc is a fuzzy ideal of (R, f, g), thus ϑ is an anti-fuzzy sub near ring of R and for

all li−1
1 , lmi+1, l ∈ R and 1 ≤ j ≤ m, there is a ∈ R that

f(lj−1
1 , l, lmj+1) = f(li−1

1 , a, lmi+1), ϑ
c(a) ≥ ϑc(l),

so ϑ(a) = 1− ϑc(a) ≤ 1− ϑc(l) = ϑ(l). For every ln1 , x ∈ R and 1 ≤ i ≤ n,

ϑc
(
g(li−1

1 , l, lni+1)
)
≥ ϑc(l),

hence ϑ
(
g(li−1

1 , l, lni+1)
)
= 1− ϑc

(
g(li−1

1 , l, lni+1)
)
≤ 1− ϑc(l) = ϑ(l),

for all k ̸= i, 1 ≤ k ≤ m, zi−1
1 , zni+1, l

m
1 ∈ R and lk ∈ R there is xk ∈ R so that

g
(
zi−1
1 , f(l1, l2, ..., lm), zni+1

)
= f

(
g(zi−1

1 , l1, z
n
i+1), g(z

i−1
1 , l2, z

n
i+1), ..., g(z

i−1
1 ,

lk−1, z
n
i+1), xk, g(z

i−1
1 , lk+1, z

n
i+1), ..., g(z

i−1
1 , lm, zni+1)

)
and ϑc(xk) ≥ ϑc(lk).

then ϑ(xk) = 1− ϑc(xk) ≤ 1− ϑc(lk) = ϑ(lk).
Therefore ϑ is an anti-fuzzy ideal of R. □

Example 2.11. In Example 2.9, η is an anti-fuzzy ideal of (Z, f, g).

ηc(x) =

{
0.3 if x ∈ mZ
0.2 if x ̸∈ mZ.

So by previous theorem ηc is a fuzzy ideal of (Z, f, g).

If ϑ is a fuzzy set of (m,n)-near ring (R, f, g), then ϑ≤
t = (ϑc)≥1−t for every t ∈ [0, 1].

Theorem 2.12. Suppose that P is an ideal of an (m,n)-near ring (R, h, k). In this case, for each t ∈ [0, 1],
there is an anti-fuzzy ideal ϑ of R such that ϑ≤

t = P .

Proof. Suppose that ϑ : R −→ [0, 1] is a fuzzy set defined by:

ϑ(o) =

{
t if o ∈ I

1 if o ̸∈ I

where t is a fixed number in (0, 1), then clearly ϑ≤
t = I.

(1) Let v1, v2, ..., vm ∈ R, if there is 1 ≤ i ≤ m that vi ̸∈ I then

max{ϑ(v1), ϑ(v2), ..., ϑ(vm)} = 1,
ϑ
(
f(v1, v2, ..., vm)

)
≤ max{ϑ(v1), ϑ(v2), ..., ϑ(vm)}.

Otherwise v1, v2, ..., vm ∈ I and I is an ideal of R, so f(v1, v2, ..., vm) ∈ I hence

ϑ
(
f(v1, v2, ..., vm)

)
= t,

ϑ
(
f(v1, v2, ..., vm)

)
≤ max{ϑ(v1), ϑ(v2), ..., ϑ(vm)}.

(2) Let vm1 , b ∈ R, because R is an (m,n)-near ring so for all 1 ≤ i ≤ m there is xi ∈ R so that
f(vi−1

1 , xi, v
m
i+1) = b. If there is 1 ≤ j ≤ m that ϑj ̸∈ I or b ̸∈ I then
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max{ϑ(v1), ϑ(v2), ..., ϑ(vi−1), ϑ(vi+1), ..., ϑ(vm), ϑ(b)} = 1,
ϑ(xi) ≤ max{ϑ(v1), ϑ(v2), ..., ϑ(vi−1), ϑ(vi+1), ..., ϑ(vm), ϑ(b)}.

Otherwise vm1 , b ∈ I and I is an ideal of R so xi ∈ I hence ϑ(xi) = t,

ϑ(xi) ≤ max{ϑ(v1), ϑ(v2), ..., ϑ(vi−1), ϑ(vi+1), ..., ϑ(vm), ϑ(b)}.

(3) Let li−1
1 , lmi+1 ∈ R, l ∈ R. If l ∈ I, because I is an ideal of R, then for all 1 ≤ j ≤ m there is a ∈ I so

that

f(li−1
1 , l, lmi+1) = f(li−1

1 , a, lmi+1), a ∈ I

so t = ϑ(a) ≤ ϑ(l). If l ̸∈ I, b = f(li−1
1 , l, lmi+1) and l1 = y1, l2 = y2, ..., li−1 = yi−1, li+1 = yi, ..., lm = ym−1

then by definition near ring for ym−1
1 , b ∈ R there is a ∈ R so that b = f(yj−1

1 , a, ym−1
j ), hence

f(li−1
1 , l, lmi+1) = f(yj−1

1 , a, ym−1
j ), ϑ(a) ≤ 1 = ϑ(l).

(4) Let l1, l2, ..., ln ∈ R. If there is 1 ≤ i ≤ n that li ̸∈ I then

max{ϑ(l1), ϑ(l2), ..., ϑ(ln)} = 1,
ϑ
(
g(l1, l2, ..., ln)

)
≤ max{ϑ(l1), ϑ(l2), ..., ϑ(ln)}.

Otherwise l1, l2, ..., ln ∈ I and I is an ideal of R so g(l1, l2, ..., ln) ∈ I hence

ϑ
(
g(l1, l2, ..., ln)

)
= t,

ϑ
(
g(l1, l2, ..., ln)

)
≥ max{ϑ(l1), ϑ(l2), ..., ϑ(ln)}.

(5) Let ln1 , l ∈ R and 1 ≤ i ≤ n,
If l ∈ I then g(li−1

1 , l, lni+1) ∈ I so ϑ(l) = ϑ
(
g(li−1

1 , l, lni+1)
)
= t. If l ̸∈ I then 1 = ϑ(l) ≥ ϑ

(
g(li−1

1 , l, lni+1)
)
.

(6) Let k ̸= i, 1 ≤ k ≤ n, ai−1
1 , ani+1, l

m
1 ∈ R and lk ∈ I there is xk ∈ I so that

g
(
ai−1
1 , f(l1, l2, ..., lm), ani+1

)
= f

(
g(ai−1

1 , l1, a
n
i+1), ..., g(a

i−1
1 , lk−1, a

n
i+1), xk, g(a

i−1
1 , lk+1, a

n
i+1), ..., g(a

i−1
1 , lm, ani+1)

)
. So ϑ(xk) ≤ ϑ(lk).

□

Example 2.13. Similar to Example 2 in [11], it can be easily proven that (Z, f, g) with f(l1, l2, ..., lm) =
l1 + l2 + ... + lm and g(w1, w2, ..., wn) = w1 is an (m,n)-near ring and for all p ∈ Z, pZ is an ideal of Z.
Assume that t is a fixed number in (0, 1). We let

ϑ(o) =

{
t if o ∈ pZ
1 if o ̸∈ pZ

so ϑ≤
t = I and by Theorem 2.8, ϑ is an anti-fuzzy ideal of Z.

Definition 2.14. Assume that Z is a set and W is a subset of Z. In this case, we have

ϑW (z) =

{
0 if z ∈ W

1 if z ̸∈ W

is said to be anti-characteristic function of the set W in Z.

Theorem 2.15. Suppose that I is a non-empty subset of an (m,n)-near ring (R, f, g) and ϑ is a fuzzy set
in R such that ϑ is into {0, 1} and ϑ is the anti-characteristic function of I. In this case, ϑ is an anti-fuzzy
ideal of R if and only if I is an ideal of R.
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Proof. Suppose that ϑ is an anti-fuzzy ideal of R.
(1) Let o1, o2, ..., om ∈ I, then ϑ(o1) = ϑ(o2) = ... = ϑ(om) = 0, thus
ϑ
(
f(o1, o2, ..., om)

)
≤ max{ϑ(o1), ϑ(o2), ..., ϑ(om)} = 0 and so f(o1, o2, ..., om) ∈ I.

(2) Let am1 , b ∈ I there is xi ∈ R, 1 ≤ i ≤ m, so that f(ai−1
1 , xi, a

m
i+1) = b and

ϑ(xi) ≤ max{ϑ(a1), ϑ(a2), ..., ϑ(ai−1), ϑ(ai+1), ..., ϑ(am), ϑ(b)} = 0, so xi ∈ I.
(3) ϑ is a fuzzy ideal of R so for all xi−1

1 , xmi+1 ∈ R, x ∈ I and 1 ≤ j ≤ m, there is a ∈ R so that

f(xj−1
1 , a, xmj+1) = f(xi−1

1 , x, xmi+1) and ϑ(a) ≤ ϑ(x), hence a ∈ I.

Thus for all xi−1
1 , xmi+1 ∈ R and x ∈ I there is a ∈ I so that

f(xj−1
1 , a, xmj+1) = f(xi−1

1 , x, xmi+1) and ϑ(a) ≤ ϑ(x).

(4) Let l1, l2, ..., ln ∈ I, then ϑ(l1) = ϑ(l2) = ... = ϑ(ln) = 0, thus
ϑ
(
g(l1, l2, ..., ln)

)
≤ max{ϑ(l1), ϑ(l2), ..., ϑ(ln)} = 0 and so g(l1, l2, ..., ln) ∈ I.

(5) For every zn1 , z ∈ I and 1 ≤ i ≤ n, 0 = ϑ(z) ≥ ϑ
(
g(zi−1

1 , z, zni+1)
)
, so

g(zi−1
1 , z, zni+1) ∈ I.

(6) For every k ̸= i, 1 ≤ k ≤ m, zi−1
1 , zni+1, l

m
1 ∈ R and lk ∈ I there is xk ∈ R so that

g
(
zi−1
1 , f(l1, l2, ..., lm), zni+1

)
= f

(
g(zi−1

1 , l1, z
n
i+1), ..., g(z

i−1
1 , lk−1, z

n
i+1), xk, g(z

i−1
1 , lk+1, z

n
i+1), ..., g(z

i−1
1 , lm, zni+1)

)
and ϑ(xk) ≤ ϑ(lk), thus xk ∈ I.
Conversely, suppose that I is an ideal of R.
(1) Suppose that q1, q2, ..., qm ∈ R, if there is 1 ≤ i ≤ m that qi ̸∈ I then

max{ϑ(q1), ϑ(q2), ..., ϑ(qm)} = 1, ϑ
(
f(q1, q2, ..., qm)

)
≤ max{ϑ(q1), ϑ(q2), ..., ϑ(qm)}.

Otherwise q1, q2, ..., qm ∈ I and I is an ideal of R so f(q1, q2, ..., qm) ∈ I hence

ϑ
(
f(q1, q2, ..., qm)

)
= 0, ϑ

(
f(q1, q2, ..., qm)

)
≤ max{ϑ(q1), ϑ(q2), ..., ϑ(qm)}.

(2) Let om1 , b ∈ R because R is an (m,n)-near ring so for all 1 ≤ i ≤ n there is xi ∈ R, f(oi−1
1 , xi, o

m
i+1) = b.

If there is 1 ≤ i ≤ m that oi ̸∈ I or b ̸∈ I then

max{ϑ(o1), ϑ(o2), ..., ϑ(oi−1), ϑ(oi+1), ..., ϑ(om), ϑ(b)} = 1,
ϑ(xi) ≤ max{ϑ(o1), ϑ(o2), ..., ϑ(oi−1), ϑ(oi+1), ..., ϑ(om), ϑ(b)}.

Otherwise om1 , b ∈ I and I is an ideal of R so xi ∈ I hence ϑ(xi) = 0 and

ϑ(xi) ≤ max{ϑ(o1), ϑ(o2), ..., ϑ(oi−1), ϑ(oi+1), ..., ϑ(om), ϑ(b)}.

(3) Let oi−1
1 , omi+1, o ∈ R, if o ∈ I, because I is an ideal of R, then for all 1 ≤ j ≤ m there is a ∈ I so that

f(oi−1
1 , o, omi+1) = f(oi−1

1 , a, omi+1), a ∈ I so 0 = ϑ(a) ≤ ϑ(o).

If o ̸∈ I, Let b = f(oi−1
1 , o, omi+1) and o1 = y1, o2 = y2, ..., oi−1 = yi−1, oi+1 = yi, ..., om = ym−1 then By

definition near ring for ym−1
1 , b ∈ R there is a ∈ R so that

b = f(yj−1
1 , a, ym−1

j ), hence

f(oi−1
1 , o, omi+1) = f(yj−1

1 , a, ym−1
j ), ϑ(a) ≤ 1 = ϑ(o).

(4) Let l1, l2, ..., ln ∈ R. If there is 1 ≤ i ≤ n that li ̸∈ I then
max{ϑ(l1), ϑ(l2), ..., ϑ(ln)} = 1 and ϑ

(
g(l1, l2, ..., ln)) ≤ max{ϑ(l1), ϑ(l2), ..., ϑ(ln)}.

Otherwise l1, l2, ..., ln ∈ I and I is an ideal of R so g(l1, l2, ..., ln) ∈ I hence
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ϑ
(
g(l1, l2, ..., ln)

)
= 0, ϑ

(
g(l1, l2, ..., ln)

)
≤ max{ϑ(l1), ϑ(l2), ..., ϑ(ln)}.

(5) Let xn1 , o ∈ R and 1 ≤ i ≤ n, If o ∈ I then g(xi−1
1 , o, xni+1) ∈ I. So, ϑ(o) = ϑ

(
g(xi−1

1 , o, xni+1)
)
= 0. If

o ̸∈ I then 1 = ϑ(o) ≥ ϑ
(
g(xi−1

1 , o, xni+1)
)
.

(6) Let k ̸= i, 1 ≤ k ≤ n, ki−1
1 , kni+1, z

m
1 ∈ R and zk ∈ I there is lk ∈ I so that

g
(
ki−1
1 , f(z1, z2, ..., zm), kni+1

)
=

f
(
g(ki−1

1 , z1, k
n
i+1), ..., g(k

i−1
1 , zk−1, k

n
i+1), lk, g(k

i−1
1 , zk+1, k

n
i+1), ..., g(k

i−1
1 , zm, kni+1)

)
,

ϑ(lk) ≤ ϑ(zk). □

Example 2.16. If we let in Example 2.13, t = 0, then

ϑ(o) =

{
0 if o ∈ I

1 if o ̸∈ I

so ϑ≤
0 = I and by Theorem 2.8, ϑ is an anti-fuzzy ideal of Z.

For a family of fuzzy sets {ϑi| i ∈ δ} in an (m,n)-near ring R, the union
∨
i∈δ

ϑi of {ϑi | i ∈ δ} is defined by

(
∨
i∈δ

ϑi)(x) = sup{ϑi(x) | i ∈ δ}

for all x ∈ R.

Theorem 2.17. If {ϑi | i ∈ δ} is a family of anti-fuzzy ideals of an (m,n)-near ring (R, f, g), then
∨
i∈δ

ϑi is

an anti-fuzzy ideal of R.

Proof. Suppose that {ϑi | i ∈ δ} is a family of anti-fuzzy ideals of an (m,n)-near ring (R, f, g)

(1) for all o1, o2, ..., om ∈ R,∨
i∈δ

ϑi

(
f(o1, o2, ..., om)

)
= sup{ϑi(f(o1, o2, ..., om)

)
| i ∈ δ}

≤ sup{max{ϑi(o1), ϑi(o2), ..., ϑi(om)} | i ∈ δ}
= max{sup{ϑi(o1) | i ∈ δ}, ..., sup{ϑi(om) | i ∈ δ}}
= max{

∨
i∈δ

ϑi(o1),
∨
i∈δ

ϑi(o2), ...,
∨
i∈δ

ϑi(om)}.

(2) for all am1 , b ∈ R and 1 ≤ i ≤ n there is oi ∈ R so that

f(ai−1
1 , oi, a

m
i+1) = b,∨

i∈δ
ϑi(oi) = sup{ϑi(oi) | i ∈ δ}

≤ sup{max{ϑi(a1), ϑi(a2), ..., ϑi(ai−1), ϑi(ai+1), ..., ϑi(am), ϑi(b)} | i ∈ δ}
= max{sup{ϑi(a1) | i ∈ δ}, sup{ϑi(a2) | i ∈ δ}, ..., sup{ϑi(ai−1) | i ∈ δ},
sup{ϑi(ai+1) | i ∈ δ}, ..., sup{ϑi(am) | i ∈ δ}, sup{ϑi(b) | i ∈ δ}}
= max{

∨
i∈δ

ϑi(a1), ...,
∨
i∈δ

ϑi(ai−1),
∨
i∈δ

ϑi(ai+1), ...,
∨
i∈δ

ϑi(am),
∨
i∈δ

ϑi(b), }.

(3) for all xi−1
1 , xmi+1, x ∈ R and 1 ≤ j ≤ m, there is l ∈ R that

f(xj−1
1 , x, xmj+1) = f(xi−1

1 , l, xmi+1),∨
i∈δ

ϑi(l) = sup{ϑi(l) | i ∈ δ} ≤ sup{ϑi(x) | i ∈ δ} =
∨
i∈δ

ϑi(x),
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(4) for all v1, v2, ..., vn ∈ R,∨
i∈δ

ϑi

(
g(v1, v2, ..., vn)

)
= sup{ϑi

(
g(v1, v2, ..., vn)

)
| i ∈ δ}

≤ sup{max{ϑi(v1), ϑi(v2), ..., ϑi(vn) | i ∈ δ}}
= max{sup{ϑi(v1) | i ∈ δ}, ..., sup{ϑi(vn) | i ∈ δ}}
= max{

∨
i∈δ

ϑi(v1),
∨
i∈δ

ϑi(v2), ...,
∨
i∈δ

ϑi(vn)},

(5) for all vn1 , v ∈ R and 1 ≤ i ≤ n,∨
i∈δ

ϑi

(
g(vi−1

1 , v, vni+1)
)

= sup{ϑi

(
g(vi−1

1 , v, vni+1)
)
| i ∈ δ}

≤ sup{ϑi(v) | i ∈ δ}
=

∨
i∈δ

ϑi(v),

(6) for all k ̸= i, 1 ≤ k ≤ m, ji−1
1 , jni+1, l

m
1 ∈ R and lk ∈ R there is xk ∈ R so that

g
(
ji−1
1 , f(l1, l2, ..., lm), jni+1

)
= f

(
g(ji−1

1 , l1, j
n
i+1), g(j

i−1
1 , l2, j

n
i+1), ..., g(j

i−1
1 ,

lk−1, j
n
i+1), xk, g(j

i−1
1 , lk+1, j

n
i+1), ..., g(j

i−1
1 , lm, jni+1)

)
and∨

i∈δ
ϑi(xk) = sup{ϑi(xk) | i ∈ δ} ≤ sup{ϑi(lk) | i ∈ δ} =

∨
i∈δ

ϑi(lk).

□

Example 2.18. In Example 2.13, we let

ϑi(o) =

{
0 if o ∈ iZ
1 if o ̸∈ iZ

in this case, {ϑi | i ∈ Z} is a family of anti-fuzzy ideals of (m,n)-near ring (Z, f, g), so by previous theorem∨
i∈Z

ϑi is an anti-fuzzy ideal of Z.

3 Homomorphisms

See [11] for the definitions of (m,n)-near ring homomorphism and h-invariant.

Definition 3.1. Suppose that h is a mapping from the set R to the set S and ϑ and υ are fuzzy sets in R
and S, respectively. Then, h(ϑ), the image of ϑ under h, is a fuzzy set in S:

h(ϑ)(k) =

 sup
l∈h−1(k)

ϑ(l) if h−1(k) ̸= ϕ

0 otherwise,

for all k ∈ S.

h−1(υ), the preimage of υ under h, is a fuzzy set in R so that for all l ∈ R, h−1(υ)(l) = υ
(
h(l)

)
.

Theorem 3.2. An (m,n)-near ring monomorphism preimage of an anti-fuzzy ideal is an anti-fuzzy ideal.
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Proof. Suppose that δ : R −→ S is an (m,n)-near ring monomorphism, υ is an anti-fuzzy ideal of S and ϑ
the preimage of υ under δ.

(1) For all o1, o2, ..., om ∈ R have

ϑ
(
f(o1, o2, ..., om)

)
= υ

(
δ(f(o1, o2, ..., om))

)
= υf

(
δ(o1), δ(o2), ..., δ(om)

)
≤ max{υ

(
δ(o1)

)
, υ

(
δ(o2)

)
, ..., υ

(
δ(om)

)
}

= max{ϑ(o1), ϑ(o2), ..., ϑ(om)}.

So

ϑ
(
f(o1, o2, ..., om)

)
≤ max{ϑ(o1), ϑ(o2), ..., ϑ(om)}.

(2) For all li−1
1 , lmi+1, b ∈ R have

δ(l1), δ(l2), ..., δ(li−1), δ(li+1), ..., δ(lm), δ(b) ∈ δ(R) so there is δ(mi) ∈ δ(R) that

f
(
δ(l1), δ(l2), ..., δ(li−1), δ(mi), δ(li+1), ..., δ(lm)

)
= δ(b) and

υ
(
δ(mi)

)
≤ max{υ

(
δ(l1)

)
, υ

(
δ(l2)

)
, ..., υ

(
δ(li−1)

)
, υ

(
δ(li+1)

)
, ..., υ

(
δ(lm)

)
}. So

δ
(
f(li−1

1 ,mi, l
m
i+1)

)
= δ(b) hence

f(li−1
1 ,mi, l

m
i+1) = b,

ϑ(mi) ≤ max{ϑ(l1), ϑ(l2), ..., ϑ(li−1), ϑ(li+1), ..., ϑ(lm)}.

(3) For all li−1
1 , lmi+1, v ∈ R have δ(l1), δ(l2), ..., δ(li−1), δ(li+1), ..., δ(lm), δ(v) ∈ δ(R) so there is δ(a) ∈ δ(R)

that

f
(
δ(l1), δ(l2), ..., δ(li−1), δ(a), δ(li+1), ..., δ(vm)

)
= f

(
δ(l1), δ(l2), ..., δ(li−1), δ(v),

δ(li+1), ..., δ(lm)
)
. So

δ
(
f(li−1

1 , a, lmi+1)
)
= δ

(
f(li−1

1 , v, lmi+1)
)
, hence

f(li−1
1 , a, lmi+1) = f(li−1

1 , v, lmi+1),

ϑ(a) = υ
(
δ(a)

)
≤ υ

(
δ(v)

)
= ϑ(v).

(4) For all o1, o2, ..., on ∈ R have

ϑ
(
g(o1, o2, ..., on)

)
= υ

(
δ(g(o1, o2, ..., on))

)
= υ

(
g(δ(o1), δ(o2), ..., δ(on))

)
≤ max{υ

(
δ(o1)), υ(δ(o2)), ..., υ(δ(on)

)
}

= {ϑ(o1), ϑ(o2), ..., ϑ(on)}.

So

ϑ
(
g(o1, o2, ..., on)

)
≤ {ϑ(o1), ϑ(o2), ..., ϑ(on)}.

(5) For all li−1
1 , lni+1, v ∈ R have

ϑ
(
g(li−1

1 , v, lni+1)
)

= υ
(
δ(g(li−1

1 , v, lni+1))
)

= υ
(
g(δ(l1), δ(l2), ..., δ(li−1), δ(v), δ(li+1), ..., δ(ln))

)
≤ υ

(
δ(v)

)
= ϑ(v).

Therefore

ϑ
(
g(li−1

1 , v, lni+1)
)
≤ ϑ(v).
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(6) For j ̸= i and 1 ≤ j ≤ n and oi−1
1 , oni+1, l

m
1 ∈ R have δ(o1), δ(o2), ..., δ(oi−1),

δ(oi+1), ..., δ(on), δ(l1), δ(l2), ..., δ(lm) ∈ S. So there is δ(sj) ∈ δ(R) that

δ
(
g(oi−1

1 , f(l1, l2, ..., lm), oni+1)
)

= g
(
δ(o1), δ(o2), ..., δ(oi−1), f(δ(l1), δ(l2), ..., δ(lm)), δ(oi+1), ..., δ(on)

)
= f

(
g(δ(o1), δ(o2), ..., δ(oi−1), δ(l1), δ(oi+1), ..., δ(on)), g(δ(o1), δ(o2), ..., δ(oi−1),

δ(l2), δ(oi+1), ..., δ(on)), ..., g(δ(o1), δ(o2), ..., δ(oi−1), δ(lj−1), δ(oi+1), ..., δ(on)),

δ(sk), g(δ(o1), δ(o2), ..., δ(oi−1), δ(lj+1), δ(oi+1), ..., δ(on)), ..., g(δ(o1), ..., δ(oi−1),

δ(lm), δ(oi+1), ..., δ(on))
)
= δ

(
f(g(oi−1

1 , l1, o
n
i+1), g(o

i−1
1 , l2, o

n
i+1), ..., g(o

i−1
1 , lj−1,

oni+1), sj , g(o
i−1
1 , lj+1, o

n
i+1), ..., g(o

i−1
1 , lm, oni+1))

)
.

Hence we have

g
(
oi−1
1 , f(l1, l2, ..., lm), oni+1

)
= f

(
g(oi−1

1 , l1, o
n
i+1), g(o

i−1
1 , l2, o

n
i+1), ..., g(o

i−1
1 , lj−1,

oni+1), sk, g(o
i−1
1 , lj+1, o

n
i+1), ..., g(o

i−1
1 , lm, oni+1)

)
and υ(δ(sj)) ≤ υ

(
δ(lj))

)
, therefore ϑ(sj) ≤ ϑ(lj).

The condition stated in the definition 2.7 is for ϑ, thus ϑ is an anti-fuzzy ideal of R. □

Example 3.3. We know (Z, f, g) and (2Z, f, g) with f(l1, l2, ..., lm) = l1+l2+...+lm and g(w1, w2, ..., wn) = w1

are (m,n)-near rings and f : Z → 2Z, that f(x) = 2x is an (m,n)-near ring monomorphism. We define

η(x) =

{
0.2 if x ∈ 6Z
0.6 if x ̸∈ 6Z.

Because level subsets η≤0.2 = 6Z and η≤0.6 = 2Z are ideals of (2Z, f, g) thus by Theorem 2.8, η is an anti-fuzzy
ideal of (2Z, f, g). Hence by using the previous theorem f−1(η) is an anti-fuzzy ideal of Z.

An anti-fuzzy set ϑ in R has the inf property, if for any subset T of R there exists l0 ∈ T such that
ϑ(l0) = inf ϑ(t)t∈T .

Theorem 3.4. An (m,n)-near ring homomorphism image of an anti-fuzzy ideal, which has the inf property
is an anti-fuzzy ideal.

Proof. Let δ : R −→ S be an (m,n)-near ring homomorphism and ϑ be an anti-fuzzy ideal of R with the
inf property and υ be the image of ϑ under δ.

(1) Given δ(l1), δ(l2), ..., δ(lm) ∈ δ(R), let for all 1 ≤ i ≤ m, xi0 ∈ δ−1(δ(li)) be such that ϑ(li0) =
inf ϑ(t)t∈δ−1(δ(li)),

υ
(
f(δ(l1), δ(l2), ..., δ(lm))

)
= inf ϑ(t)

t∈δ−1
(
f(δ(l1),δ(l2),...,δ(lm)

)
≤ ϑ

(
f(l10 , l20 , ..., lm0)

)
≤ max{ϑ(l10), ϑ(l20), ..., ϑ(lm0)}
= max{inf ϑ(t)

t∈δ−1
(
δ(l1)

), ..., inf ϑ(t)
t∈δ−1

(
δ(lm)

)}
= max{υ

(
δ(l1)

)
, υ

(
δ(l2)

)
, ..., υ

(
δ(lm)

)
}.

So

υ
(
f(δ(l1), δ(l2), ..., δ(lm))

)
≤ max{υ

(
δ(l1)

)
, υ

(
δ(l2)

)
, ..., υ

(
δ(lm)

)
}.

(2) Given δ(l1), δ(l2), ..., δ(lm), δ(b) ∈ δ(R), let for all 1 ≤ i ≤ m, li0 ∈ δ−1
(
δ(li)

)
,

b0 ∈ δ−1(δ(b)) such that ϑ(li0) = inf ϑ(t)
t∈δ−1

(
δ(li)

), ϑ(b0) = inf ϑ(t)
t∈δ−1

(
δ(b)

).
There is ai ∈ R so that
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f(li−1
1 , ai, l

m
i+1) = b,

ϑ(ai) ≤ max{ϑ(l1), ϑ(l2), ..., ϑ(li−1), ϑ(b), ϑ(li+1), ..., ϑ(lm)},

δ(b) = δ
(
f(li−1

1 , ai, l
m
i+1)

)
= f

(
δ(l1), δ(l2), ..., δ(li−1), δ(ai), δ(li+1), ..., δ(lm)

)
,

δ−1
(
δ(b)

)
= δ−1

(
f(δ(l1), δ(l2), ..., δ(li−1), δ(ai), δ(li+1), ..., δ(lm))

)
= f

(
δ−1(δ(l1)), δ

−1(δ(l2)), ..., δ
−1(δ(li−1)), δ

−1(δ(ai)), δ
−1(δ(li+1)), ..., δ

−1(δ(lm))
)

and because l10 ∈ δ−1
(
δ(l1)

)
, l20 ∈ δ−1

(
δ(l2)

)
, ..., lm0 ∈ δ−1

(
δ(lm)

)
, b0 ∈ δ−1

(
δ(b)

)
there is ai0 ∈ δ−1(δ(ai))

that f(l
(i−1)0
10

, ai0 , l
m0

(i+1)0
) = b0 and

ϑ(ai0) ≤ max{ϑ(l10), ϑ(l20), ..., ϑ(l(i−1)0), ϑ(b0), ϑ(l(i+1)0), ..., ϑ(lm0)}.

υ
(
δ(ai)

)
= inf ϑ(t)

t∈δ−1
(
δ(ai)

) ≤ ϑ(ai0) ≤ max{ϑ(l10), ϑ(l20), ..., ϑ(l(i−1)0), ϑ(b0),

ϑ(l(i+1)0), ..., ϑ(lm0)} = max{inf ϑ(t)
t∈δ−1

(
δ(l1)

), inf ϑ(t)
t∈δ−1

(
δ(l2)

), ...,
inf ϑ(t)

t∈δ−1
(
δ(li−1)

), inf ϑ(t)
t∈δ−1

(
δ(li+1)

), ..., inf ϑ(t)
t∈δ−1

(
δ(lm)

), inf ϑ(t)
t∈δ−1

(
δ(b)

)}
= max{υ

(
δ(l1)

)
, ..., υ

(
δ(li−1)

)
, υ

(
δ(li+1)

)
, ..., υ

(
δ(lm)

)
, υ

(
δ(b)

)
}.

Thus

υ
(
δ(ai)

)
≤ max{υ

(
δ(l1)

)
, ..., υ

(
δ(li−1)

)
, υ

(
δ(li+1)

)
, ..., υ

(
δ(lm)

)
, υ

(
δ(b)

)
}.

(3) Given δ(d1), δ(d2), ..., δ(di−1), δ(di+1), ..., δ(dm), δ(d) ∈ δ(R). Because ϑ is an anti-fuzzy ideal of R so
for all di−1

1 , dmi+1 ∈ R, d ∈ R and 1 ≤ j ≤ m, there is a ∈ R so that f(dj−1
1 , a, dmj+1) = f(di−1

1 , d, dmi+1) and
ϑ(a) ≤ ϑ(d). So

f
(
δ(d1), δ(d2), ..., δ(dj−1), δ(a), δ(dj+1), ..., δ(dm)

)
= δ

(
f(dj−1

1 , a, dmj+1)
)

= δ
(
f(di−1

1 , d, dmi+1)
)

= f
(
δ(d1), ..., δ(di−1), δ(d), δ(di+1), ..., δ(dm)

)
,

υ
(
δ(a)

)
= ϑ(a) ≤ µ(d) = υ

(
δ(d)

)
.

(4) Given δ(l1), δ(l2), ..., δ(ln) ∈ δ(R), let for all 1 ≤ i ≤ n, li0 ∈ δ−1
(
δ(li)

)
be such that ϑ(li0) =

inf ϑ(t)t∈δ−1(δ(li)).

υ
(
g(δ(l1), δ(l2), ..., δ(ln)

)
= inf ϑ(t)

t∈δ−1
(
g(δ(l1),δ(l2),...,δ(ln)

)
≤ ϑ

(
g(l10 , l20 , ..., ln0)

)
≤ max{ϑ(l10), ϑ(l20), ..., ϑ(ln0)}
= max{inf ϑ(t)

t∈δ−1
(
δ(l1)

), inf ϑ(t)
t∈δ−1

(
δ(l2)

), ..., inf ϑ(t)
t∈δ−1

(
δ(ln)

)}
= max{υ

(
δ(l1)

)
, υ

(
δ(l2)

)
, ..., υ

(
δ(ln)

)
}.

So

υ
(
g(δ(l1), δ(l2), ..., δ(ln))

)
≥ max{υ

(
δ(l1)

)
, υ

(
δ(l2)

)
, ..., υ

(
δ(ln)

)
}.

(5) Given k = i and δ(l1), δ(l2), ..., δ(ln), δ(l) ∈ δ(R), let for all 1 ≤ i ≤ n,
xi0 ∈ δ−1

(
δ(li)

)
, l0 ∈ δ−1

(
δ(l)

)
such that ϑ(li0) = inf ϑ(t)

t∈δ−1
(
δ(li)

),
ϑ(l0) = inf ϑ(t)

t∈δ−1
(
δ(l)

). Have
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ϑ(l0) ≤ ϑ
(
g(l

(i−1)0
10

, l0, l
n0

(i+1)0
)
)
.

υ
(
δ(l)

)
= inf ϑ(t)

t∈δ−1
(
δ(l)

)
≤ ϑ(l0)

≤ ϑ
(
g(l

(i−1)0
10

, l0, l
n0

(i+1)0
)
)

= inf ϑ(t)
t∈δ−1

(
δ(g(li−1

1 ,l,lni+1))
)

= υ
(
δ(g(li−1

1 , l, lni+1)
)

= υ
(
g(δ(l1), δ(l2), ..., δ(li−1), δ(l), δ(li+1), ..., δ(ln))

)
.

So

υ
(
δ(l)

)
≥ υ

(
g(δ(l1), δ(l2), ..., δ(li−1), δ(l), δ(li+1), ..., δ(ln))

)
.

(6) Given δ(l1), δ(l2), ..., δ(lm), δ(z1), ..., δ(zn) ∈ δ(R), let for all 1 ≤ i ≤ m, 1 ≤ j ≤ n, li0 ∈ δ−1
(
δ(li)

)
,

zj0 ∈ δ−1
(
δ(zj)

)
such that ϑ(li0) = inf ϑ(t)

t∈δ−1
(
δ(li)

), ϑ(zj0) = inf ϑ(t)
t∈δ−1

(
δ(zj)

), for all k ̸= i, 1 ≤ k ≤ n

and zi−1
1 , zni+1, l

m
1 ∈ R there is xk ∈ I, so that

g
(
zi−1
1 , f(l1, l2, ..., lm), zni+1

)
= f

(
g(zi−1

1 , l1, z
n
i+1), g(z

i−1
1 , l2, z

n
i+1), ..., g(z

i−1
1 , lk−1, z

n
i+1),

xk, g(z
i−1
1 , lk+1, z

n
i+1), ..., g(z

i−1
1 , lm, zni+1)

)
and ϑ(lk) ≥ ϑ(xk). So

g
(
δ(z1), δ(z2), ..., δ(zi−1), f(δ(l1), δ(l2), ..., δ(lm)), δ(zi+1), ..., δ(zn)

)
= f

(
g(δ(z1), δ(z2), ..., δ(zi−1), δ(l1), δ(zi+1), ..., δ(zn)), ..., g(δ(z1), δ(z2), ..., δ(zi−1), δ(lk−1),

δ(zi+1), ..., δ(zn)), δ(xk), g(δ(z1), δ(z2), ..., δ(zi−1), δ(lk+1), δ(zi+1), ..., δ(zn)), ..., g(δ(z1),

δ(z2), ..., δ(zi−1), δ(lm), δ(zi+1), ..., δ(zn))
)
.

Hence

g
(
δ−1(δ(z1)), δ

−1(δ(z2)), ..., δ
−1(δ(zi−1)), f(δ

−1(δ(l1)), δ
−1(δ(l2)), ..., δ

−1(δ(lm))),

δ−1(δ(zi+1)), ..., δ
−1(δ(zn))

)
= f

(
g(δ−1(δ(z1)), δ

−1(δ(z2)), ..., δ
−1(δ(zi−1)), δ

−1(δ(l1)),

δ−1(δ(zi+1)), ..., δ
−1(δ(zn))), ..., g(δ

−1(δ(z1)), δ
−1(δ(z2)), ..., δ

−1(δ(zi−1)), δ
−1(δ(lk−1)),

δ−1(δ(zi+1)), ..., δ
−1(δ(zn))), δ

−1(δ(xk)), g(δ
−1(δ(z1)), δ

−1(δ(z2)), ..., δ
−1(δ(zi−1)),

δ−1(δ(lk+1)), δ
−1(δ(zi+1)), ..., δ

−1(δ(zn))), ..., g(δ
−1(δ(z1)), δ

−1(δ(z2)), ..., δ
−1(δ(zi−1)),

δ−1(δ(lm)), δ−1(δ(zi+1)), ..., δ
−1(δ(zn)))

)
.

Therefore, there is xk0 ∈ δ−1
(
δ(xk)

)
that

g
(
z
(i−1)0
10

, f(l10 , l20 , ..., lm0), z
n0

(i+1)0

)
= f

(
g(z

(i−1)0
10

, l10 , z
n0

(i+1)0
), ..., g(z

(i−1)0
10

, l(k−1)0 , z
n0

(i+1)0
),

xk0 , g(z
(i−1)0
10

, l(k+1)0 , z
n0

(i+1)0
), ..., g(z

(i−1)0
10

, lm0 , z
n0

(i+1)0
)
)

and ϑ(lk0) ≥ ϑ(xk0)

υ
(
δ(xk)

)
= inf ϑ(t)

t∈δ−1
(
δ(xk)

) ≤ ϑ(xk0) ≤ ϑ(lk0) = inf ϑ(t)
t∈δ−1

(
δ(lk)

) = υ
(
δ(lk)

)
.

So there is δ(xk) ∈ δ(R) that

g
(
δ(z1), δ(z2), ..., δ(zi−1), f(δ(l1), δ(l2), ..., δ(lm)), δ(zi+1), ..., δ(zn)

)
= f

(
g(δ(z1), δ(z2), ...,

δ(zi−1), δ(l1), δ(zi+1), ..., δ(zn)), ..., g(δ(z1), δ(z2), ..., δ(zi−1), δ(lk−1), δ(zi+1), ..., δ(zn)),

δ(xk), g(δ(z1), δ(z2), ..., δ(zi−1), δ(lk+1), δ(zi+1), ..., δ(zn)), ..., g(δ(z1), δ(z2), ..., δ(zi−1),

δ(lm), δ(zi+1), ..., δ(zn))
)
and υ

(
δ(xk)

)
≤ υ

(
δ(lk)

)
.

The condition stated in the definition is for υ, so υ is an anti-fuzzy ideal of S. □

Example 3.5. Similar to Example 2 in [11], it can be easily proven that (Z, f, g) and (2Z, f, g) with
f(l1, l2, ..., lm) = l1 + l2 + ... + lm and g(w1, w2, ..., wn) = w1 are (m,n)-near rings and f : Z → 2Z, that
f(x) = 2x is an (m,n)-near ring homomorphism. Assume that
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η(x) =

{
0.1 if x ∈ 6Z
0.7 if x ̸∈ 6Z

is a fuzzy set of Z. Because level subsets η≤0.1 = 6Z and η≤0.7 = Z are ideals of (Z, f, g) thus by Theorem 2.8,
η is an anti-fuzzy ideal of (Z, f, g). Hence by using the previous theorem f(η) is an anti-fuzzy ideal of 2Z.

Theorem 3.6. If f : R −→ S is an onto near ring homomorphism and ϑ is an anti-fuzzy ideal of R, then
f(ϑ) is an anti-fuzzy ideal of S.

Proof. Given Theorem 2.8 it is sufficient to show that Sα
f(ϑ), α ∈ [0, ϑ(0)], is an ideal of S. Note that

S0
f(ϑ) = S and if α ∈ (0, 1], then Sα

f(ϑ) =
∩

0<β<α f(ϑα−β) by Theorem 1 in [6], because ϑ(α−β) is an ideal

of R and f is onto, so f(ϑ(α−β)) is a k-ideal of S. Therefore f(ϑ)α = Sα
f(ϑ) is an intersection of a family of

ideals and is also an ideal of S. Hence by Theorem 2.8 f(ϑ) is an anti-fuzzy ideal of S. □

Example 3.7. According to Example 8 in [12], f : Z → Zmn, that f(x) = x is an (m,n)-near rings
homomorphism. We define

η(x) =

{
0.5 if x ∈ mZ
0.9 if x ̸∈ mZ.

We know level subsets η≤0.5 = mZ and η≤0.9 = Z are ideals of (Z, f, g) thus by Theorem 2.8, η is an anti-fuzzy
ideal of (Z, f, g). Hence by using the previous theorem f(η) is an anti-fuzzy ideal of Zmn.

Theorem 3.8. Let f : R −→ S be an onto homomorphism of near rings and let ϑ and υ be anti-fuzzy ideals
of R and S, respectively such that

Im(ϑ) = {α0, α1, ..., αn} with α0 > α1 > ... > αn,

Im(υ) = {β0, β1, ..., βm} with β0 > β1 > ... > βm.

Then

(1) Im
(
f(ϑ)

)
⊂ Im(ϑ) and the chain of level ideals of f(ϑ) is

f(ϑ≤
α0
) ⊂ f(ϑ≤

α1
) ⊂ ... ⊂ f(ϑ≤

αn
) = S.

(2) Im
(
f−1(υ)

)
= Im(υ) and the chain of level k-ideals of f−1(υ) is

f−1(Sβ0
υ ) ⊂ f−1(Sβ1

υ ) ⊂ ... ⊂ f−1(Sβm
υ ) = R.

Proof. (1) Since f(ϑ)(y) = supϑ(l)l∈f−1(y) for all y ∈ S, obviously Im
(
f(ϑ)

)
⊂ Im(ϑ). Note that for any

y ∈ S, y ∈ f(lαi
ϑ ) there exists l ∈ f−1(y) such that

ϑ(l) ≥ αi ⇐⇒ supϑ(z)z∈f−1(y) ≥ αi

⇐⇒ f(ϑ)(y) ≥ αi

⇐⇒ y ∈ Sαi

f(ϑ).

Hence f(lαi
ϑ ) = Sαi

f(ϑ) for i ∈ {0, 1, 2, ..., n} and therefore the chain of level k-ideals of f(ϑ) is

f(lα0
ϑ ) ⊂ f(lα1

ϑ ) ⊂ ... ⊂ f(lαn
ϑ ) = S.
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(2) Since f−1(υ)(l) = υ(f(l)) for all l ∈ R and f is onto, we have Im(f−1(υ)) = Im(υ). Note that for all
l ∈ R,

l ∈ f−1(Sβi
υ ) ⇐⇒ f(l) ∈ Sβi

υ

⇐⇒ υ(f(l)) ≥ βi
⇐⇒ f−1(υ)(l) ≥ βi
⇐⇒ l ∈ lβi

f−1(υ)

so that f−1(Sβi
υ ) = lβi

f−1(υ)
for all i = 0, 1, 2, ...,m. Hence the chain of level k-ideals of f−1(υ) is

f−1(Sβ0
υ ) ⊂ f−1(Sβ1

υ ) ⊂ ... ⊂ f−1(Sβm
υ ) = R.

□

Example 3.9. In Example 3.5, f(η≤0.5) ⊂ f(η≤0.9) = 2Z.

Definition 3.10. Let ϑ and υ be fuzzy sets of (m,n)-near ring R. We said ϑ ⊆ υ if for all x ∈ R, ϑ(x) ≤ υ(x).
If ϑ ⊆ υ and there exists x ∈ R such that ϑ(x) < υ(x), then we said ϑ ⊂ υ and we say that ϑ is a proper
fuzzy set of υ. Note that ϑ = υ if and only if for all x ∈ R, ϑ(x) = υ(x).

You can see more theorems in [8].

Definition 3.11. An anti-fuzzy ideal ϑ is named the anti-fuzzy prime ideal of R if for any anti-fuzzy ideals
σ1, σ2, ..., σn of R such that g(σ1, σ2, ..., σn) ≥ ϑ implies that σ1 ≥ ϑ or σ2 ≥ ϑ or ... or σn ≥ ϑ.

Theorem 3.12. Suppose that I is an ideal of X and ϑ is a fuzzy set in X defined by:

ϑI(l) =

{
s if l ∈ I

1 if l ̸∈ I

for all l ∈ X and s ∈ [0, 1). Then ϑI is an anti-fuzzy prime ideal of X if and only if I is a prime ideal of X.

Proof. Suppose I is a prime ideal of X. Then ϑI is an anti-fuzzy ideal of X. Assume that σ1, σ2, ..., σn
are anti-fuzzy ideals of X such that g(σ1, σ2, ..., σn) ≥ ϑI . We prove σ1 ≥ ϑI or σ2 ≥ ϑI or ... or σn ≥ ϑI .
Assume that σ1 < ϑI and σ2 < ϑI and ... and σn < ϑI then for all l1, l2, ..., ln ∈ X, σ1(l1) < ϑI(l1) and
σ2(l2) < ϑI(l2) and ... and σn(ln) < ϑI(ln). Now ϑI(l1) ̸= s and ϑI(l2) ̸= s and ... and ϑI(ln) ̸= s. So
ϑI(l1) = ϑI(l2) = ϑI(ln) = 1 thus l1, l2, ..., ln /∈ I. Because I is a prime ideal, g(< l1 >,< l2 >, ..., < ln >) ⊈ I.
Assume that l ∈ g(< l1 >,< l2 >, ..., < ln >) hence 1 = ϑI(l) ≤ g(σ1, σ2, ..., σn)(l)

g(σ1, σ2, ..., σn)(l) = inf
l=g(a1,a2,...,an)

{max{σ1(a1), σ2(a2), ..., σn(an)}}

≤ max{σ1(a1), σ2(a2), ..., σn(an)}
≤ max{σ1(l1), σ2(l2), ..., σn(ln)}
< max{ϑI(l1), ϑI(l2), ..., ϑI(ln)} = 1 = ϑI(l)

this gives that g(σ1, σ2, ..., σn) > ϑI . Which is a contradiction. Therefore, ϑI is an anti-fuzzy prime ideal of
X. □

Example 3.13. We know (Z, f, g) and (2Z, f, g) with f(l1, l2, ..., lm) = l1+l2+ ...+lm and g(w1, w2, ..., wn) =
w1 are (m,n)-near rings and 2Z is a prime ideal of Z. We define

η2Z(x) =

{
0/2 if x ∈ 2Z
1 if x ̸∈ 2Z.
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Hence by using the previous theorem η2Z is an anti-fuzzy prime ideal of Z.

Theorem 3.14. The arbitrary union of anti-fuzzy prime ideals of (m,n)-near ring (R, f, g) is also an anti-
fuzzy prime ideal of R.

Proof. Assume that {ϑi | i ∈ Γ} is the set of all anti-fuzzy prime ideals in R. ϑ =
∪
i∈Γ

ϑi is also an anti-fuzzy

prime ideal. Let σ1, σ2, ..., σn be any anti-fuzzy ideals of R such that g(σ1, σ2, ..., σn) ≥
∪
i∈Γ

ϑi implies that

g(σ1, σ2, ..., σn) ≥ ϑi for some i ∈ Γ. Since each ϑi is an anti-fuzzy prime ideal. Therefore, σ1 ≥ ϑi or σ2 ≥ ϑi

or ... or σn ≥ ϑi for some i ∈ Γ. Thus σ1 ≥
∪
i∈Γ

ϑi or σ2 ≥
∪
i∈Γ

ϑi or ... or σn ≥
∪
i∈Γ

ϑi for some i ∈ Γ. □

Example 3.15. According Example 3.13, ηpZ, p is the prime number in Z, is anti-fuzzy prime ideal of Z.
Let η =

∪
p∈Z

ηpZ, hence by using the previous theorem η is an anti-fuzzy prime ideal of Z.

Theorem 3.16. The arbitrary intersection of anti-fuzzy prime ideals of (m,n)-near ring (R, f, g) is also an
anti-fuzzy prime ideal of R.

Proof. Suppose that {ϑi | i ∈ Γ} the set of all anti-fuzzy prime ideals in R. ϑ =
∩
i∈Γ

ϑi is also an anti-fuzzy

prime ideal. Let σ1, σ2, ..., σn be any anti-fuzzy ideals of R such that g(σ1, σ2, ..., σn) ≥
∩
i∈Γ

ϑi implies that

g(σ1, σ2, ..., σn) ≥ ϑi for some i ∈ Γ. Since each ϑi is an anti-fuzzy prime ideal. Therefore, σ1 ≥ ϑi or σ2 ≥ ϑi

or ... or σn ≥ ϑi for all i ∈ Γ. Thus σ1 ≥
∩
i∈Γ

ϑi or σ2 ≥
∩
i∈Γ

ϑi or ... or σn ≥
∩
i∈Γ

ϑi for some i ∈ Γ. □

Example 3.17. According Example 3.13, ηpZ, p is the prime number in Z, is anti-fuzzy prime ideal of Z.
Let η =

∩
p∈Z

ηpZ, hence by using the previous theorem η is an anti-fuzzy prime ideal of Z.

4 Conclusion

In this paper, we introduced and analyzed the concepts of fuzzy (m,n)-sub near rings, anti-fuzzy (m,n)-
sub near rings, fuzzy ideals, and anti-fuzzy ideals in the context of (m,n)-near rings. Through rigorous
theoretical exploration, we established key properties and proved several theorems related to these fuzzy
structures. Our results provide a foundational understanding of how fuzziness interacts with the algebraic
framework of (m,n)-near rings, extending classical notions to a broader and more flexible setting. Future
research may explore further generalizations, applications in algebraic computing, and connections to other
algebraic structures such as (m,n)-near fields and (m,n)-semirings.
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