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1 Introduction

A function ¥ : R — [0,1] in a set R is called a fuzzy set [1]. Fuzzy subgroups of a group are studied by
Rosenfeld in [2], also see [3]. Davvaz and Dudek investigated fuzzy subgroups of an m-ary group. Suppose
that Im() denote the image set of ¥ and ¥ is a fuzzy set in a set R. Set 92 = {z € R | 9(z) > o}
(95 = {zr € R|J(z) < a}) where a € [0,1] is named a upper ( lower ) level subset of 1.

Abou-Zaid [1] introduced the concept of a fuzzy sub-near ring and studied the fuzzy ideals of a near ring.
This concept has been studied by many researchers, see for example [5, 0, 7, &].

Definition 1.1. [9] A fuzzy set ¥ of an m-ary group (R, f) is named a fuzzy subgroup of R if

(1) for all q1,q2,-..,qm € R, ﬂ(f(ql,qg, ...,qm)) > min{9¥(q1),9(q2), ..., ¥ gm)},

(2) for every of",b € R and 1 < i < n there is u; € R so that f(oi_l,u,;,oﬁl) = b and H(u;) >
min{¥(01),3(02), ..., #(0i—1), 3 (0i+1), ..., }(0p), 9 (b) }.

Biswas introduced the notion of an anti-fuzzy subgroup of a group [10]. Then, in [9], Davvaz and Dudek
extended this concept to m-ary groups.

Definition 1.2. [9] A fuzzy set 9 of an m-ary group (R, f) is named an anti-fuzzy subgroup of R if
(1) for every o1,09, ...,0m € R, 9(f(01,02,...,0m)) < max{d(o1),9(02), ..., (0m)},

(2) for every of*,b € R and 1 < i < n there is u; € R so that f(oﬁ_l,ui,ogﬁ”rl) = b and I(u;) <
max{¥(01),9(02), ..., 9 (0i—1),9(0i41), ..., ¥(0n), I(b) }.
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In [11], Mohammadi and Davvaz characterized a new class of n-ary algebras that we call (m, n)-near rings.
They investigated the notions of i- R-groups, i-(m, n)-near field, prime ideals, primary ideals, and subtractive
ideals of (m,n)-near rings. Then, in [12], they studied fuzzy ideal. See [11] for the definitions of i-(m, n)-near
ring and (m,n)-sub near ring.

In this article, we denote i-(m, n)-near ring by (m,n)-near ring.

Definition 1.3. [12] Suppose that (R, f,g) is an (m,n)-near ring and ¥ is a fuzzy set of R. In this case, ¥
is named a fuzzy (m,n)-sub near ring of R, if

(1) for all 01,09, ...,0m € R,
I (f (01,02, ..., 0m)) = min{d(o1),9(02), ..., (0m)},
(2) for all o7',b € R and 1 <i <mn there is l; € R so that
f(oil_l,li,oﬁl) =b, 9(1;) > min{¥(01),¥(02), ..., }(0i-1), 3 (0i41), ..., }(0m), ¥ (b) },
(3) for all q1,q2,...,qn € R,

I(g(ar, g2, -, qn)) = min{d(q1), 9(q2), -, ¥(qn) }-

2 Anti-fuzzy (m,n)-sub near rings and ideals

In this section, we define the concept of anti-fuzzy (m,n)-sub near rings and ideals of a (m, n)-near ring, and
prove a few theorems concerning this concept. We also obtain a necessary and sufficient condition for a fuzzy
subset of a (m, n)-near ring to be an anti-fuzzy (m,n)-sub near ring. We also obtain a relation between fuzzy
(m,n)-sub near rings and anti-fuzzy (m,n)-sub near rings

Definition 2.1. Suppose that (R, f,g) is an (m,n)-near ring and ¥ is a fuzzy set of R. Then ¥ is named
the anti-fuzzy (m,n)-sub near ring of R, if

(1) for all 01,09, ...,0m € R,
19(f(01, 02, .ury om)) < max{¥(01),¥(02), ..., 3 om)},
(2) for all o7",b € R and 1 < i < n there is ¢; € R so that
Fo1 i, 031) = b, (a) < max{d(01),9(02), .., #(0i-1), V(041), -+, ¥ 0m), V(B)},
(3) for all q1,q2,...,qn € R,
ﬁ(g(ql,qg, ...,qn)) < max{¥(q1),9(q2), ..., qn) }.

Theorem 2.2. Suppose that (R, f,g) is an (m,n)-near ring and ¥ is a fuzzy subset of R, then ¥¢ is a fuzzy
sub near ring of R if and only if ¥ is an anti-fuzzy sub near ring of R.

Proof. Suppose that o is an anti-fuzzy sub near ring of R. In this case, for all of*, v} € R,
ﬁc(f(ol, 02, ..., Om)) =1- 19(f(01, 09, ..., om))
> 1 —max{d(01),9(02), ..., 9 (0m) }
= min{l — ¥(01),1 — ¥ 02),...,1 — ¥ om)}
= min{9¥°(01),9(02), ..., 9(om) }

for all of*,b € R and 1 < i < n there is [; € R so that
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Fo7h 0 ) = b, 9(L;) < max{¥(o1),9(02), ..., ¥(0i—1), 9(0451); ..., ¥ (0m ), V(D) },

9l =1—9()
> 1 —max{d(o1),9(02), ... 19(0, 1); 9(0i41); -, ¥ (0m), V(b )}
= min{1 — 9(01),1 — 9(02), s 1 — 9(04_1), 1 — 9(0i11), cc0r 1 — I(0pm), 1 — I(b)}
— min{#*(01), 9%(02), ..., (01 1) 9(0111), ooy 9(0m ), Db )}

9(9(q1, a2, - an)) =1—9(9(q1,q2, -, n))
> 1 — max{¥(q1), ( 2), - 0(g )}
=min{l —J(q1),1 —9(q2), ..., 1 = I(qn)}
= min{9°(q1), 9°(¢ ) - 9(g )}

Therefore ¥¢ is a fuzzy sub near ring of (R, f,g).
Conversely, suppose that ¥ is a fuzzy sub near ring of (R, f, g),

I(f(o1,02,....,0m)) =1—19%f(01,02,...,0m))
< 1 —min{d(01),9%(02), ..., ¥°(0m) }
=1—min{l —9(01),1 — I 02),...., 1 — I (om)}
= max{9(01),9(02), ..., }(0om) }.

for all o",b € R and 1 <7 < n there is [; € R so that

floi™t iy 0011) = b, 9°(1;) > min{9¥°(01),9°(02), ..., V(0i—-1), 9°(0i11), ..., V(0 ), ¥¢(b) },

w0 W) =1—9)
§ 1— min{z?c(ol), 190(02), ceey 190(02;1), 190(02‘+1), ceny ﬁc(om), ’196(())}
=1—min{l —¥(01),...; 1 —¥(0;-1),1 — ¥ (0it1), ..., L — F(om), 1 — I(b)}
= max{J(01),9(02), ..., 9(0i—1),9(0i41), ..., V(0om), V(b) }.
ﬁ(g(vl,vg, ...,’Un)) =1- ﬁc(g(vl,vg, ...,vn))
< 1 — min{d°(vy),9(va), ..., 9(vn) }
=1—min{l — ¥ (v1),1 — F(va),...., 1 — F(vy,)}
= max{J(v1), ¥ (v2), ..., }(vy)}.
O

Example 2.3. Similar to Example 2 in [11], it can be easily proven that (Z, f,g) with f(l1,l2,....0n) =
li +1la+ ...+ 1, and g(wy,ws,...,w,) = w; is an (m,n)-near ring. Now we show that 1 defined below is an

anti-fuzzy sub near ring.
0.7 it x emZ
n(x) = :
0.8 if x € mZ.

Considering Example 5 in [12],

~ u(z) = 03 ifzemZ
= e 0.2 if x € mZ.

w is a fuzzy (m,n)-sub near ring of (Z, f, g). So using the previous theorem 7 is an anti-fuzzy (m,n)-sub near
ring of (Z, f,g).
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Theorem 2.4. Assume that ¥ is a fuzzy set in an (m,n)-near ring (R, f,g). In this case, ¥ is an anti-fuzzy
sub near ring of R if and only if the lower level cut 19? is an sub near ring of R for each t € [9(0),1].

Proof. Suppose that 9 is an anti-fuzzy sub near ring of R and 29? = 0 so for all v1,v, ..., vy, € 19?,
ﬁ(f(vl,vg, ...,vm)) < max{9(v1), ¥ (v2), ..., H(vm)} < t.

Then Q9(f(’U1,’UQ, ...,vm)) <tso f(vr,va,...,0m) € 19;. Hence (ﬁf,f) is a semi group.
For all vi_l,vﬁl, be 19? there is u; € R that f(vi_l,ui,vﬁl) =b and

P(u;) < max{d(v1), P (v2),..., N (vi—1), P (Vit1), ..., ¥ (V) } <t
So u; € 19? this gives that (19;, f) is an m-group. For all l,1ls,...,1,, € 19? have
19(g(l1, ZQ, ceey ln)) S max{'l?(ll), 19([2), ceny ﬂ(ln)} S t.

Thus ﬁ(g(ll,lg, ...,ln)) < t hence g(l1,l2,...,1,) € 19?, therefore (ﬁ?,g) is an n-semi group. Then the level
subset 95, t € (0,1], is a sub near ring of R.

Now, suppose that the level subset 19t , t € (0,1], is a sub near ring of R. For all 01,09,....,0,m € R
let b = max{d(01),9(02),...,0(0m)} so for all 1 < i < m, ¥(0;) < b. As a result 01,09,...,01,, € 191)5,
flo1,09,...,0m) € 19b§ therefore 19(f(01,02, o) )) <b

I (f(o1,02,...,0m)) < max{d¥(o1),9(02), ..., 0(om)}

For all l1,ls,...,l, € R let a = max{ﬁ(ll) ¥(l2), ..., 0(ly)
11,12, ooy by € Vg 50 g(l1, 12, ..., 1) € V= this implies that 19(
(

ﬁ(g(ll,lg,...,l )) < max{z? ll) ( ) ﬁ(ln)}

For all vi_l,vﬁl,b € R let d = max{d(v1),9(v2), ..., Nvi—1), H(Vit1), ..oy ¥ (Vm), I(D) }, sO vi_l,vﬁl,b € 195.
Hence there is u; € 195 so that b = f(v i ! s Uiy V),

},so for all 1 < i < n, 9(;) < a. As a result
g(l1,lo,...,1 )) < a thus

P(u;) < d =max{P(v1),Hv2), ..., }(Vi—1), I (Vix1), ..., F(vpm), 9(b) }.
Therefore ¥ is a fuzzy sub near ring. O

Example 2.5. Similar to Example 2 in [11], it can be easily proven that (Z, f,g) with f(l1,l2,....0n) =
li+1ly+ ...+ I and g(wy,we,...,w,) = w; is an (m,n)-near ring. Now we show that 1 defined below is an

anti-fuzzy sub near ring.
0.7 if xemZ
() = :
0.8 if x ¢ mZ.

Then, we have 77&7 = mZ and 17(%8 = Z are both (m,n)-sub near rings of (Z, f, g), so according to previous
theorem, 7 is an anti-fuzzy (m,n)-sub near ring of (Z, f, g).

Definition 2.6. Suppose that (R, f,q) is an i-(m,n)-near ring and 9 is a fuzzy set of R. In this case, 9 is
named a fuzzy ideal of R, if

(1) for every 01,02, ...,0m € R,

I(f(01,02,...,0m)) > min{d(01),9(02), ..., }(om)},
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(2) for all o7',b € R and 1 <i <mn there is u; € R so that
f(oi_l,ui,oﬁl) =b, 9(u;) > min{d(o1),(02), ..., }0i-1), ¥(0i41), .., I (om), ¥(b) },

(3) for all uﬁ_l,u?}rl,u € R and 1< j <m, there is |l € R that

Flud ™ ulty) = fluy ™ L), 0(1) > 0(u),
(4) for allly,ls,...,1l, € R,

I(g(l,lg, ..., 1n)) = min{d(ly),I(l2), ..., 9(ln)},
(5) for allu},u e R and 1 <1i<nmn,

I(g(ui™ u,uy)) = O(u),

(6) forallk #i, 1 <k <m, v] ", v",,00 € R and oy, € R there is Iy € R so that

g(vll'il)f(olaOQa ...,Om),’l}?_,'_l) = f(g(viilaOlaU?+1)ag(viilaO2aU?+1)a "'59(2}11'717

Ok—lav;ﬁ_l)a lkag(viila Ok+17v;'n+l)7 "'79(1}%717 Om)v?—&-l)) and ﬁ(lk‘) > 19(0]4:)

Note that ¥ is a fuzzy i-ideal of R if it satisfies 1,2,3,4,5. 9 is a fuzzy j-ideal, j # i, of R if it satisfies
1,2,3,4,6, 1 <i,j <m.

Definition 2.7. Suppose that (R, f,q) is an i-(m,n)-near ring and 9 is a fuzzy set of R. In this case, 9 is
named an anti-fuzzy ideal of R, if

(1) for all 01,09, ...,0m € R,

I(f(o1,02,...,0m)) <max{(01),9(02), ..., (om)},
(2) for all o7',b € R and 1 < i < n there is u; € R so that

f(oi_l,ui,ofjrl) =b, ¥(u;) < max{¥(01),9(02), ..., }(0i-1), H(0i41), .., }(0m), ¥ (b) },
(3) for all u’fl,u?}rl,u eR and 1 <j<m, thereisl € R that
g™t y) = Flu Luty), 9() < 0(w),

(4) for all 01,09, ...,0n € R,

ﬂ(g(ol, 02, .vvy on)) < max{¥(o1),¥(02), ..., % (on)},
(5) for allu},u € R and 1 <1i<nmn,

I(gluy™ uyufyy)) < 9(w),

6) forallk+#i,1<k<m, ot o, v"eR and vy € R there is l;, € R so that
1 i+10 V1
g(Oi_l,f(Ul,UQ, "'avm)70?+1) = f(g(ozl_lavlaO?Jrl)ag(ovi_l?i}?aoﬁrl)? "'79(071_17

Vk—1, O?Jrl)? lk7 9(07:1_17 Vk+1, O?Jrl)? ceey 9(07:1_17 Um, O?Jrl)) and ﬁ(lk') S 19(’1)145)
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Note that 9 is an anti-fuzzy i-ideal of R if it satisfies 1,2,3,4,5. 9 is an anti-fuzzy j-ideal, j # i, of R if
it satisfies 1,2,3,4,6, 1 <i,7 <mn.

Theorem 2.8. Suppose that that 9 is a fuzzy set in an (m,n)-near ring (R, f,g). Then, 9 is an anti-fuzzy
ideal of R if and only if the lower level cut 29? is an ideal of R for every t € [¥(0), 1].

Proof. Suppose that the lower level cut subset 19?, t € (0,1], is an ideal of R so 19? is a sub near ring of R.
Using the Theorem 2.4 ¢ is an anti-fuzzy sub near ring of R.

(1) Let 2t 1, rii, € R, z; € Rand t = J(x;). Hence x; € 95 and 95 is an ideal of R thus for all 1 < j < m
there is a; € U5 so that f(x’i_l,xi,mﬁl) = f(a:]l_l,aj, zify1) and 9(a;) <t =(z;), therefore ¥(a;) < I(w;).

(2) Let uf,u € R there is b € (0, 1] that ¥(u) = b. 19b§ is an ideal of R so

g(uil_l,ﬂb,uﬁl) - ﬂbg, hence g(u’fl, u,uy ) € 19b§, thus ﬁ(g(u’fl,u,uglﬂ)) < b = ¥(x). Therefore for all
UL, Uy ey Up, T € Rand 1 <7 < n,

ﬂ(g(ulfl, u, U?ﬂ)) < (u).

(3) Let k #£4, 1 <k <mn, sifl,s?+1,0’f1, € R and d € R there is b € (0, 1]

that ¥(d) = b. ﬁbg is an ideal of R so there is [ € 19b§ that

g(slflv f(ollgil’ d? OZLl)? S?Jrl‘) ) )

= fo(sT " 01, 8%1), ooy 90T 01, 8751)5 L g(8T, Okt 8741), ooy (ST 0ny 8741))-

1 €95 so (1) < b=v(d).

All conditions in the Definition 2.7 are met. So ¥ is an anti-fuzzy ideal.

Conversely, assume that 1 is an anti-fuzzy ideal of R so ¥ is an anti-fuzzy sub near ring of R.
Using the Theorem 2.10, 19? is a sub near ring of R.

(1) Let ot 1, T, €R, x; € 9% and 9 is an ideal of R so for all 1 < j < m, there is

a; € R so that f(m’fl,xi,m;-’jrl) = f(x{fl,aj,xj"jrl) and ¥(a;) < 9(x;) =t, hence a; € v5.
(2) Let v1,v, ..., v, € R and z € 95 so ﬁ(g(vi_l,:c,vgﬁrl)) < 9(x), thus
ﬁ(g(vi_l,x,vﬁ_l)) < t, hence g(vi_l,x,vl’-ﬂ_l) € 19? SO g(vi_l,ﬁtg,vfﬂ) - 19?.

(3) Let k#4, 1 <k <n,vi ', vl,00 € R0 € U5 there is I € R so that

g(vll'ilvfj(OlaO2a "’aom)7v?+1‘) A ‘
= f(g(v’i_lu 01, /Ugl—i-l)’ "'79(01_17016717 v?—l—l)? lkug(vi_lﬂ 0/€+17’U?+1>7 ...79(’[)1_1
and 9(I) < V(o) < t, s0 I € V5.

Now, all conditions in the definition of ideal hold, so 19? is an ideal. O

» Om, ”?ﬂ))

Example 2.9. In Example 2.5, level subsets 77(%7 = mZ and 77[%8 = Z are ideals of (Z, f, g) so according to
previous theorem, 7 is an anti-fuzzy ideal of (Z, f, g).

Theorem 2.10. Suppose that (R, f,g) is an (m,n)-near ring and 9 is a fuzzy sub near ring of R. In this
case, the fuzzy subset ¥¢, t € (0,1], is a fuzzy ideal of R if and only if ¥ is an anti-fuzzy ideal.

Proof. Suppose that ¥ is an anti-fuzzy ideal of (R, f,g). Thus ¢ is a fuzzy sub near ring of R and for all
M.l e Rand 1 < j < m, there is a € R that

N
FETLLEL) = £ a,l), 9(a) < 0(),
so 9%a) =1—19(a) > 1—=9(1) =9°(1), for all I},l € Rand 1 < i <mn,

ﬁ(g(li_la l: lszrl)) S 19(0)
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then ¥¢(g(Iy", 1,10 )) = 1 =9 (g1 1, 1,17 ) > 1 — (1) = 9°(1)
forall k £, 1 <k <m, zi_l,zﬁrl,l{” € R and [l € R there is x;, € R so that
g(ziila f(lla l27 ceey lm), Zzn+1) = f(g(ziila lla Zszrl)? g(ziila l27 Zzn+1)’ 3] g(ziila
lk,l,zﬁl),xk,g(zi_l,lkH,zfﬂ), ...,g(zi_l,lm,z{;l)) and J(zg) < 9(lx).
Thus 9¢(xg) =1 — I(zg) > 1 — I(lk) = 9°(I), therefore ¥ is a fuzzy ideal of (R, f, g)
Conversely, assume that 9¢ is a fuzzy ideal of (R, f, g), thus ¥ is an anti-fuzzy sub near ring of R and for
all [{7',i™,,l € Rand 1 < j < m, there is a € R that

P L) = O 0 07), 9°(a) > 0°0),
so 9(a) =1—19%a) <1—09%) =9(). For every I7',z € Rand 1 <i <mn,
(gl 1 1) 2 990,

hence 9(g(I{7", 1,17 1)) = 1 —9°(g(li7 1, 1,17)) < 1—9¢(1) = 9(1),
forall k £, 1 <k <m, zi_l,zﬁrl,l{” € R and [l € R there is x; € R so that

g(ziilaf(llal% "-7‘lm),2?+1) = f(g(ziilallaZ?Jrl)?g(ziilal%zgll)’ "'ag(ziila

lk*l? z?—&—l% Tk, g(Zi_l, lkJrla Z?—}—l)v seey g(zi_l7 lm, Zzn—&-l)) and ﬁc(xk) 2 ﬁc(lk)
then ¥(zy) =1 —9°(z) < 1 —9(lg) = F(lg)-
Therefore ¥ is an anti-fuzzy ideal of R. O

Example 2.11. In Example 2.9, 7 is an anti-fuzzy ideal of (Z, f, g).

. 0.3 if z€mZ
n(z) = .
0.2 if x € mZ.

So by previous theorem 7n° is a fuzzy ideal of (Z, f, g).
If 9 is a fuzzy set of (m,n)-near ring (R, f,g), then 9= = (190)124/ for every ¢ € [0, 1].

Theorem 2.12. Suppose that P is an ideal of an (m,n)-near ring (R, h,k). In this case, for each t € [0,1],
there is an anti-fuzzy ideal ¥ of R such that 19? = P.

Proof. Suppose that ¢ : R — [0, 1] is a fuzzy set defined by:

t ifoel
doy=4. ~°F€
1 ifodl

where ¢ is a fixed number in (0,1), then clearly 97 = I.
(1) Let vy, v, ..., vy € R, if there is 1 < i < m that v; ¢ I then

max{¥(vy),}(v2), ..., N vm)} =1,
D(f(v1,v2, ..., 0m)) < max{d(v1),H(v2), ..., 0 (vm)}.

Otherwise vy, vg, ..., vy, € I and I is an ideal of R, so f(v1,va,...,vy) € I hence

ﬁ(f(vl,vg,...,vm)) =1,
I(f (v1,v2, .o ) < max{P(v1),d(v2), ..., H(vm)}-

(2) Let v",b € R, because R is an (m,n)-near ring so for all 1 < i < m there is 2; € R so that
f(vi_l,xi,vf}rl) =b. If thereis 1 < j < m that ¥; € I or b & I then
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max{d(vy), }(v2), ..., H(vi—1), H(Vix1), -y H(Vm), H(b) } = 1,
Y(z;) < max{d(v1), ¥ (ve), ...,ﬁ(vi_l),ﬂ(vzﬂ) o (vm), 9(b )}

Otherwise v]*,b € I and I is an ideal of R so z; € I hence ¥(z;) = t,
Y(z;) < max{V(v1), P (v2), ..., N (vi=1), I (Vit1), ..., ¥ (Vm), I(D) }.
(3) Let ll 1,lf}H € R, 1€ R. Ifl €I, because I is an ideal of R, then for all 1 < j < m thereis a € I so
that
fEL L) = f e i), a e 1

sot=19(a) <I(). F1gI b= fU 11" and i = y1, lo = Yo, v, lict = i1, litd = Yiseoes b = Y1
then by definition near ring for y?‘_l, b € R there is a € R so that b = f(y { 'a, y;n_l), hence

FOTLLIE) = fl ay ), 9(a) < 1=0(1).
(4) Let ly,12,...,1,, € R. If there is 1 <1 < n that [; € I then

max{d(lr), 0(l2), -, V(ln )}=
(gl 1, .o 1)) < max{D(1y), D(02), .., 9(ln)}.

Otherwise 11,12, ...,l,, € I and I is an ideal of R so g(l1,l2,...,1,,) € I hence

I(g(l,lg, ..., 1n)) =,
ﬂ(g(ll,lg,...,l )) > max{¥(l1),9(l2), ..., )}
(5) Let ¥,/ € Rand 1 <i <n, ‘ '
If 1 € I then g(1i7',1,1% ) € I so 9(1) =9 (g(1i ", 1,10 )) =t If L ¢ I then 1 =9(1) > 9(g(li ", 1,1%,)).
(6) Let k #1i, 1 <k <mn, a’i_l,a?+1,l7f7’ € R and [ € I there is 3 € I so that
g(azlila f(lla l2’ ceey lm)va?+1)

= f(g(ai ™l ali ), g(al o1y aly )y whs (@l lps1s aly ), e (@l Ly allyy)). So Day) < I(l).
]

Example 2.13. Similar to Example 2 in [ 1], it can be easily proven that (Z, f,g) with f(l1,l2,...,lm) =
Ii + 1o+ ... + 1y, and g(wy, wo,...,w,) = wy is an (m,n)-near ring and for all p € Z, pZ is an ideal of Z.
Assume that ¢ is a fixed number in (0,1). We let

ﬂ(o)—{t if o € pZ

1 ifodpZ
SO 19? = I and by Theorem 2.8, 9 is an anti-fuzzy ideal of Z.
Definition 2.14. Assume that Z is a set and W is a subset of Z. In this case, we have

I (2) 0 if zeW
Z) =
v 1 ifzgW

is said to be anti-characteristic function of the set W in Z.

Theorem 2.15. Suppose that I is a non-empty subset of an (m,n)-near ring (R, f,g) and 9 is a fuzzy set
in R such that 9 is into {0,1} and 9 is the anti-characteristic function of I. In this case, ¥ is an anti-fuzzy

ideal of R if and only if I is an ideal of R.
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Proof. Suppose that ¢ is an anti-fuzzy ideal of R.

(1) Let o1, 02, ...,0m € I, then ¥(01) = J(02) = ... = ¥(0om,) = 0, thus
I(f (01,02, ..., 0m)) < max{¥(o1),9(02), ..., %(0m)} = 0 and so f(o1,02,...,0m) € I.
(2) Let af*,b € I there is z; € R, 1 < ¢ < m, so that f(aifl,a:i,aﬁl) = b and

J(z;) < max{d(a1),d(az), ..., 9(ai-1),9(ai+1), ..., 9(am), 9(b)} = 0, so z; € I.

(3) ¥ is a fuzzy ideal of R so for all mﬁfl,wﬁl € R,z e€land1l < j < m, there is a € R so that
fala, rlhy) = f@i 2, 2m,) and ¥(a) < 9(x), hence a € 1.

Thus for all :U’l Logm r{y, € Rand x € [ there is a € I so that

fad ™ a, o) = @i o afy) and 9(a) < ().
(4) Let U1, 12, ..., € I, then 9(l1) = ¥(l2) = ... = ¥(l,) = 0, thus
I(g(l,l2, ..., 1n)) < max{9(ly),9(a), ..., (L )} =0 and so g(l1,la,...,1y) € I.
(5) For every 2",z €I and 1 <i<n,0=19(z) > ﬁ(g(zi_l,z,zfﬂ)), S0

i—1

g(z1 2, 2) € 1.

(6)F0reveryk:7éz 1<k<m, 21 20 I € Rand I}, € T there is 25, € R so that

y Ri41s
g( ,f ll,lg,...,l ), 1+1) A A
=f@( )y 9 1 2)s T 9 D, 205 s 9 s 2040))
and ﬁ(mk) < I(lg), thus xy, € I.
Conversely, suppose that [ is an ideal of R.
(1) Suppose that ¢1,q2, ..., gm € R, if there is 1 < i < m that ¢; € I then

max{9(q1),¥(qz2), ..., 9(am)} = 1, 9(f(q1, a2, ..., gm)) < max{F(q1),9(g2), ..., }(gm)}.
Otherwise q1, 42, ...,qm € I and [ is an ideal of R so f(q1,q2,...,qm) € I hence
ﬁ(f(qlqua 7Q’m)) = 07 ﬁ(f(QlaQQ, )QW)) < max{ﬂ(%)vﬁ((h), )ﬁ(Q’m)}

(2) Let o, b € R because R is an (1, n)-near ring so for all 1 < i < n thereis z; € R, f(o' !, 2;, oii,) =b.
If there is 1 <4 < m that o; € I or b € I then

max{¥(01),3(02), ..., #(0i—1),3(0i41), ..., }(0m), ¥(b) } = 1,
Y(z;) < max{d(o1),9(02), ..., 9(0i-1),9(0i+1), ..., V(0m), V(D) }.

Otherwise of",b € I and I is an ideal of R so x; € I hence ¥(z;) = 0 and
Ix;) < max{d(o01),9(02), ..., }(0i—1), P (0i+1), ... ¥ (Om), I(D) }.

(3) Let ot 1, oj11,0 € R, if o € I, because I is an ideal of R, then for all 1 < j < m there is a € I so that
F0i,0,0,) = £(01,a,07L,), @ € T 50 0 = (a) < Do)

IfogI Letb= f(oi ' 0,0M,) and 0y = y1, 02 = Y2, -e, 0i—1 = Yi—1, Oi+1 = Yi» -, Om = Ym—1 then By
definition near ring for yi" L b € R there is a € R so that

b= f(y =1 a,y;-n_l), hence

flof™ 0,0m,) = fyl " a,y ), 9(a) < 1=9(0).

(4) Let ly,19,...,1, € R. If there is 1 <14 < n that [; € I then
max{d(l1),¥(l2),...,9(l,)} =1 and ﬂ(g(ll,ZQ, oy ln)) < max{¥(ly),9(l2), ..., 0(ln) }
Otherwise 11,19, ...,l, € I and I is an ideal of R so g(l1,12,...,1,) € I hence
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ﬁ(g(ll, 12, ceey ln)) = 0, ﬂ(g(ll, l2, ceey ln)) < max{ﬁ(ll),ﬂ(lg), ceey ﬂ(ln)}

(5) Let 27,0 € R and 1 <i<mn,If o€l then g(zit 0,a%, 1) € I. So, ¥(0) = V(g(x}”
o ¢ I then 1 = (o) > 9 (g(z}~ ,o,le)).
(6) Let k #1i, 1 <k <mn, k;i l,kf_i_l,zl € R and z; € I there is I € I so that
g( =1 (21, 22, s zm),kHl)
( kl ! » %1, z+1) 79(k1 ) Zk— 17kirl+1)7lkag(ki_lvZk-l-l’kz‘n+1)7-'-79(ki_lvzm>k?+1))a
(lk <19(Zk> [l

Example 2.16. If we let in Example 2.13, t = 0, then

9(0) = 0 ?fOEI
1 ifogl

SO 195 = I and by Theorem 2.8, 9 is an anti-fuzzy ideal of Z.

For a family of fuzzy sets {¢;| i € §} in an (m,n)-near ring R, the union \/ ¥; of {0; | i €
1€0

(V 9i)(x) = sup{¥i(z) | i € 6}

€0
for all x € R.
Theorem 2.17. If {0; | i € 6} is a family of anti-fuzzy ideals of an (m,n)-near ring (R, f,

an anti-fuzzy ideal of R.

l,o,x?+1)) =0. If

0} is defined by

g), then \/ ¥; is

1€8

Proof. Suppose that {¢; | i € 0} is a family of anti-fuzzy ideals of an (m, n)-near ring (R, f, g)

(1) for all 01,09, ...,0m € R,

V ’lgz‘(f(Ol,OQ, ...,om)) = sup{¥;(f (o1, 02, ...,om)) | 1€ 0}
€5
< sup{max{d;(01),9%;(02), ..., %i(om)} | i € 6}
= max{sup{d;(01) | i € 0}, ...,sup{Vi(om) | i € 0}}
= max{\/ ¥;(01), V ¥i(02), ..., \V Pi(om)}.
€S €0 1€5
(2) for all ai”,b € R and 1 < ¢ < n there is 0; € R so that
flat 0iyalty) = b,
V 9i(0;) = sup{¥i(o;) | i € 0}

i€9

< sup{max{d;(a1),9;(a2), ..., ¥i(ai—1), 0i(@i+1), ..., Di(am), 9;(b) } | i € 0}
= max{sup{¥;(a1) | i € 6},sup{vi(ag) | i € §}, ...,sup{19 (ai—1) | 1 € 0},

sup{9;(ai+1) | i € 0},...,sup{¥i(am) | i € d},sup{vi(b) | i € 6}}

= max{\/ 291'(@1), ceny \/ ﬁi(ai_l), v 191'(0,2'_,_1), ceey \/ ﬁi(am), \/ 191(13), }

1€0 €0 €S €5 1€5
(3) for all x’fl,xﬁl,x € Rand 1 < j < m, there is [ € R that

f(f’?jl ' » Ly T +1) f($l1 ! i),
V 9i(1) = sup{d; (1) ! i€ 5} <sup{¥;(z) | i € 6} = .\6/6191'(33),

i€6



Anti-Fuzzy Ideal in (m,n)-Near Rings. Trans. Fuzzy Sets Syst. 2025; 4(2) 143

(4) for all vi,v9,...,v, € R,

‘\E/aﬁi(g(vl,vg,...,vn)) = sup{¥;(g(v1,va,...,vn)) | i € 6}
< sup{max{d;(v1),9;(v2), ..., 9 (vy) | i € 6}}
= max{sup{¥;(v1) | i € 0}, ...,sup{¥;(v,) | i € 0}}
= maX{-\e/(gﬁi(vl), '\6/6191'(1)2), ceny '\6/6191‘(1)”)},

(5) for all vf',v € Rand 1 <1i <mn,

\/ 191 (g(viilﬂﬁvﬁrl)) = Sup{ﬁ’i (g(viilavﬂ’];il)) | (&S 5}

1€0
sup{d;(v) | i € §}
V i(v),

1€5

A

6) forall k£i,1<k<m, jo %%, I™e R and l; € R there is 2, € R so that
1 i+12%1

g(ji_17 f(lhl?; --~7Alm)7j7jn+1) = f(g(ji_l‘,ll,jﬁ_l),g(ji_l,lg,jﬁ'_l), "'79(.]{_17

lk*lhjin—i-l)ﬂxk7g<j’{_17lk+l7jin+1)7"'7g(ji_17lm7.jzn+1>) and

V Yi(xr) = sup{(xx) | i € 0} <sup{;i(lx) | 1 € 6} = V ¥:i(lg).

€0 i€
I

Example 2.18. In Example 2.13, we let

191(0) =

0 if o€iZ
1 if o &iZ

in this case, {¥; | i € Z} is a family of anti-fuzzy ideals of (m,n)-near ring (Z, f, g), so by previous theorem

\ ¥; is an anti-fuzzy ideal of Z.
1EL

3 Homomorphisms
See [11] for the definitions of (m,n)-near ring homomorphism and h-invariant.

Definition 3.1. Suppose that h is a mapping from the set R to the set S and ¥ and v are fuzzy sets in R
and S, respectively. Then, h(1}), the image of ¥ under h, is a fuzzy set in S:

sup 9(1) if h7H(k) # ¢
h(9)(k) = | ler=1(k)
0 otherwise,
forallk € S.
h~!(v), the preimage of v under h, is a fuzzy set in R so that for all [ € R, h=(v)(l) = v(h(1)).

Theorem 3.2. An (m,n)-near ring monomorphism preimage of an anti-fuzzy ideal is an anti-fuzzy ideal.
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Proof. Suppose that § : R — S is an (m, n)-near ring monomorphism, v is an anti-fuzzy ideal of S and ¢
the preimage of v under 9.

(1) For all 01,09, ...,0m € R have
I(f(o1,02,....0m)) =v(8(f(01,02,...,0m)))
= Uf(é(ol),é(OQ),...,6(0m))
< max{v(8(o1)),v(6(02)), ..., v(6(om))}
= max{J(01),9(02), ..., ) (om) }.
So
ﬁ(f(ol,OQ, ...,om)) < max{¥(o1),9(02), ..., ¥ (om)}.
(2) For all zg Lm . b € R have
0(ly),0(1 ) y0(liz1),0(lix1), ey 6(Im), 0(b) € 6(R) so there is d(m;) € §(R) that
f(6(1),6 5 0(liz1), 5(mi),5(li+1),...,5(lm)) = 6(b) and
U((S( m; ) < max{v( (1)),U(5(l2)),,U((S(lzfl)),v(é(lprl)),,U((S(lm))} So
5(f (1t my, 1)) = 6(b) hence

f(li_l,mi, ZZLH) =b,
ﬁ(mz) < max{ﬁ(ll), ?9([2), ceey 19([2‘_1), ?9(11'+1), ceey ﬁ(lm)}

(3) For all 11,17 |, v € R have 6(11),5(l2), ..., 6(li—1), 6(li1), .-, 6(Ln), 6(v) € 6(R) so there is d(a) € §(R)
that

F(8@10),6(12), oo 8(1i=1),8(a), 3(li41)s -y 6(vi)) = f(8(11), 3(I2), vy 6(Li—1), 6 (v)
8(lis1)y e 6(lm))- S0
St a,imy)) = 6(F(15 Y v,0m,)), hence

(4) For all 01,09, ...,0, € R have
9(g(o1,02,...,0n)) =v(8(g(01,02,...,0n)))
= U(g(é(ol) d(02), ...,5(0n)))
< max{v(8(01)),v(6(02)), ..., v(6(on)) }
= {9(01),9(02), ..., ¥(on)}.
So
19(9(01 09 ...,on)) <A{¥(01),9(02), ..., 9(0n)}
(5) For all I{™,1% ,,v € R have
ﬁ(g(lzl_lﬂjalﬁrl)) :U(5(g(li_1,’l},l?+1)))
=v(g(6(l1),6(l2), ..., 8(Li1),0(v), 6(lig1), ..., (1))
<v(6(v))
= 9J(v).

Therefore
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(6) For j #4 and 1 < j <nand o{™', 0%, , 1" € R have 6(01),6(02), ..., 6(0;—1),
6(02+1) »0(on),0(ly), 5(l2) 6(ly) € 8. So there is 6(sj) € §(R) that
5( ( »f(llal%"-a ) z+1))

9(6 ( 1),0(02), 1 6(0i-1), f(6(11),0(I2), -+ (1)), 8(0i1), .-, (04))
f(9(5(01),0(0 ) ,0(0i-1),6(11),0(0i41), .., 6(05)), g(6(01), 6(02), ..., 6 (0i-1),
5( 2),0(0i41), ..., 0(0 )), ,9(6(01),6(02), .- (Oz 1),0(lj-1),0(0i41), .-, 6(0n)),
d(sk), 9(8(01), 5(02) (Oz 1), 6( 1) (Oz+1)7~ - 6(0p)); -, 9(0(01), ..., 6 (0i-1),
6(lm)76(0i+1> 5( ))) ( (g ll? 0; 4 1)7g<0Z1 17[27 z+1) 7g<0Z1_17lj—17
O?—H)?Sjvg(oll ! l]-i-l’ H—l) -9 ( )))

Hence we have

90 (Ul o), 0241) = F(g(01 11, 0%41), (01 Iy 07y ), o g0 Ly,
O?Jrl)vskvg( 1_1 l]+1> ?+1) 79(011_1 lm,, ?Jrl))

and v(d(s;)) < v(é(l ))) therefore ¥(s;) < 9(1;).

The condition stated in the definition 2.7 is for ¢, thus ¢ is an anti-fuzzy ideal of R. [l

i
(07!
—1

07 ", Ly, 0 o} 1

Example 3.3. We know (Z, f, g) and (27Z, f, g) with f(l1,l2, ..., 1) = l1+le+...+1, and g(w1, wa, ..., wy) = wy
are (m,n)-near rings and f : Z — 27, that f(x) = 2z is an (m,n)-near ring monomorphism. We define

0.2 if x €6Z
n(x) = :
0.6 if x & 6Z.

Because level subsets 77(%2 = 67Z and 7736 = 27 are ideals of (2Z, f, g) thus by Theorem 2.8, n is an anti-fuzzy
ideal of (2Z, f, g). Hence by using the previous theorem f~!(n) is an anti-fuzzy ideal of Z.

An anti-fuzzy set ¥ in R has the inf property, if for any subset T of R there exists lgp € T such that
ﬂ(lo) = infﬂ(t)teT.

Theorem 3.4. An (m,n)-near ring homomorphism image of an anti-fuzzy ideal, which has the inf property
s an anti-fuzzy ideal.

Proof. Let § : R — S be an (m,n)-near ring homomorphism and ¢ be an anti-fuzzy ideal of R with the
inf property and v be the image of ¥ under §.

(1) Given 6(I1),6(l2), ..., 0(lm) € 6(R), let for all 1 < i < m, x4, € 6 1(5(I;)) be such that 9(l;,) =
inf 9(t)es-1(50,))

U(f(5(l1)7 6@2)) HS] 5(lm))) = infﬁ(t)te(g—l (f(5(11)75(12)7--‘75(1771))

< ﬂ(f(llov l207 ) lmo))
< max{¥(l1,), 92y )y oo WLy )}
= max{inf (1), , (5) info(t), , ( é(lm))}

=max{v(6(l1)),v(6(l2)), ..., v(0(lm)) }.
So

v (F((11),8(13), ooy 8(Im))) < max{v(8(11)),v(8(12)), . v(5(Im)) }-

(2) Given 6(11),0(l2), ..., (L), 8(b) € 6(R), let for all 1 < i <m, l;, € 6 (8(L;)),
by € (5_1((5(13)) such that 19(li0) = infﬁ(t)teé—l(é(li))’ I(by) = infﬁ(t)teé_l (6(b)) .

There is a; € R so that
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FUT a0 = b,
l

19(0,1) < max{ﬁ(ll),ﬁ( 2), ...,79(11 1) 19(1)),19(%4,.1), ,ﬂ(lm)},
5(b) = 6(f(li71’a' l?}rl)) = f((s(ll) 5(12)a "'aé(lz 1),5(&1) 6(lz+1) 5(lm))y
5 (3(8)) = 8 (F(B(12), 81} 8(i-1). 3(a), B1s41), 300 )
= f(071(6(1n)),071( (l )0 H(0(lim1)), 67 (0(ai)), 071 (0(lig1)), -y 67 H(O(Um)))
and because Ly € 671(0(0)), 1oy € 671(0(12)), vy lmg € 671 (0(Ln)), b0 € 671(8(b)) there is a;, € 67 1(5(a;))
that f(1{ ", @iy, 1719, ) = bo and
79(0’1'0) < max{'ﬂ(llo)v 19([20)7 ) ﬁ(l(i—l)o)v ﬁ(bﬂ)v ﬁ(l(i+1)o)7 23 ﬁ(lmo)}

0(3(a9) = 000, () < i) < max{i(s,), D1z s Dl 1) D),

ﬁ(l(i+1)0)7 veuy ﬁ(lmo)} = max{infﬁ(t)teéil(é(ll)) y infﬁ(t)teéfl(é(lg)) y ooy

inf 9(¢), 51 (si-1)) inf 9(t), 51 (stiv1)) inf9() 51 (5(m))” inf 9(t), 51 (5()) i

:hmax{v(é(ll)), s 0(6(li=1)), v (8(lig1)), -y v(6(lm)), v(8(b)) }

Thus

v(6(a;)) < max{v(6(l1)), ..., v(6(liz1)), v(6(lig1)), -, v(6(Lm)), v(8(D)) }.
(3) Given 0(dy),0(d2), ..., 0(di—1),6(dit1), .., 0(dm),d(d) € §(R). Because ¥ is an anti-fuzzy ideal of R so

for all dj*,d%; € R,d € Rand 1 < j < m, there is a € R so that f(d] ',a,d?,) = f(d;"',d,d,) and
9(a) < 9(d). So

f(6<d1)75<d2>7 75(d]_1)75(a>75(d]+1)7’6(dm>) (f<d] ' » @y dgﬁ‘l))
(f(dy ' d,dy))

( (dl)v' 75(dl 1)75(d)75(di+1)7~--35(dm))7
v(8(a)) =V(a) < p(d) =v(6(d)).

(4) Given 6(11),6(l2), ...,0(ly) € 6(R), let for all 1 < i < n, l;, € 6 *(6(l;)) be such that 9¥(l;,) =
inf 9(t)1es-1(50,))-

o
o
f

U(g<6(l1)76(l2)7 75(ln>) = infﬁ(t)t6671 (9(5(51),5(52) 77777 5(ln))

< ﬁ(g(lloa l207 ceey lno))
< max{ 91, ), 9(lay ); ooy O(Ing )}
= max{inf 19(15)t€6_1 (50)) inf 19(15)t€6_1 (5(12))

=max{v(6(l1)),v(6(l2)), ..., v(0(ln)) }-

s D) o (5(tn)) !

So

v(g(8(11),8(12), -, 6(1n))) = max{v(8(11)), v(5(12)), s v(5(1n)) }-

(5) Given k =i and 6(l1),d(l2), ..., (1), 0(l) € 6(R), let for all 1 <i < n,
Ty € 5_1((5(11)),&) € (5_1((5@)) such that ﬂ(lio) = infﬁ(t)tea—l(é(lv))’

I(lp) = infz?(t)teafl(é(l)). Have
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I(lo) < 9 (gl 10,10, 1))

o(8(1)) = inf9(1)
< 9(lo)
D90y, 10,15 ,)
inf 9(t),5- H(s(a(i iz )
v(8(g(l 117 ))
(9(6(11),0(l2), -, 6(lim1),6(1), 6 (lig 1), -+, 6(1n)))-

tes—1(5(0))

A

So

v(6(1)) = v(g(3(11),0(I2), s 6(li=1), (1), 6(Li1), -+ 3(1n)))-

(6) Given 6(11),0(l2), ..., 6(lm), 6(21), ..., 8(zn) € 8(R), let for all 1 < i <m, 1 < j < n, I, € 6-1(5(ly)),
zj, € 071(8(2;)) such that 9(l;,) = inf (¢ )t 51 (500))" ¥(zj,) = inf I(t )t 5-1(5(29)) forall k #i, 1 <k <mn

and zi ,zZ_H,lm € R there is xj, € I, so that
( >f(l1al27“'7l )7 zn—&-l) f(g( it ll,ZZ-TL_i_l),g(zi_l,ZQ,ZZZ_l),...,g(zi_l,lkil,zzﬂl),
Thy 9(27 " o1, 2000)s ooy 927 Ui, H—l)) and 9(Ix) > 9(x). So
( (21),0(22), -+, 6(zi—1), f(6(11), 0(12), -+, 6(Im)), 6 (Zix1), v, 6(2n))
Fg(é(z1), ( ) - 6(2i 1)75(51),5(%“),.--,5(Zn)),---,9(5(21),5(22)7---35(21'—1)75(51@—1),
) ( )) 5(xk) 9(5(21),(5(232),...,(5(21'_1),5(lk+1),5(2:2‘+1),...,(S(Zn)),...,9(5(21),

(zz—i-l
5(22)s s 8 (211), 8(lm): 32411 s 6(z0))-
Hence
9 (5 (5(1)), 6 (85(22))s s 510z 1), FE1(B(11)), 671 (0(12)), s 6 (5(1m))),
671(5(51'-"-1))7"'7671(5(27‘6))) - f(g 571( (zl))v(sil(é(z? )7 7571(5(22'—1))7671(5“1))7
510zt )s o 53 s 05 (5(20)), 671 (5(22)), s 5 (8(211)), 6 (30 1),
671(5('Zi+1))7" 7671(5(271)))7571(5('%]6))79 571<5(2’1))7571(5 22))7 "'7671(5 Zl—l))v
6_1(5(lk+ ))a 5_1(5(zi+1))7 "'76_1(6 Zn))))v "'v9(5_1(6(21))’6_1(6(32))a "'75_1(5(22'71)),

1
571(5(lm))7 o 1<5(ZH—1)) 571(5(271))
Therefore, there is xy, € 0~ (6(CL‘k

g(Z%i)il)O,f(l]_O,lgo’,”’l )’ 82_1)0)
(

xkoa9(2&71)07l(k+1)072(i+1)0)a"'ag Zﬁ; )0’lmov 83_1) ))

and 19(lko) > ﬁ(xko)

U((;(wk)) = infﬁ(t)teéfl(é(xk)) < ﬂ(xk0> < ’UQ(lkO) = infﬁ(t)teéfl(é(lk)) = U(é(lk))

So there is §(zx) € 6(R) that

9(0(21),0(22), -, 0(2i-1), F(6(11), 0(l2), .., 6(Im)), (Zz+1) +0(2n)) = f(9(3(21), 6(22), ...,
5(211), 6(01), 6(2551), s 8(2m)) s 9(0(21), 8(22), e 6(211), 685 1), 6(2511), s 6 (20)).
5(3:k),g(5(21),5(22),...,(5(21_1) (lk-I-l) (ZZ+1)7 ( )),...,9(5(21),(5(Z2),...,5(21'_1),
S(lm), 5(z111), -+ (z0)) and v(5(z1)) < v(5(0).

The condition stated in the deﬁnltlon is for v, so v is an anti-fuzzy ideal of S. O

Example 3.5. Similar to Example 2 in [11], it can be easily proven that (Z, f,g) and (2Z, f,g) with
flylayeyly) = L+ lo + ... + 1y, and g(wy, we,...,w,) = w; are (m,n)-near rings and f : Z — 27, that
f(z) = 2x is an (m, n)-near ring homomorphism. Assume that
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0.1 if x €6Z
n(z) = .
0.7 if x € 6Z

is a fuzzy set of Z. Because level subsets 77&1 = 6Z and 77§7 = Z are ideals of (Z, f, g) thus by Theorem 2.8,
7 is an anti-fuzzy ideal of (Z, f, g). Hence by using the previous theorem f(7n) is an anti-fuzzy ideal of 27Z.

Theorem 3.6. If f : R — S is an onto near ring homomorphism and ¥ is an anti-fuzzy ideal of R, then
f(9) is an anti-fuzzy ideal of S.

Proof. Given Theorem 2.8 it is sufficient to show that S, a € [0,9(0)], is an ideal of S. Note that
5]9(19) = S and if a € (0, 1], then Stw) = No<p<a f(Ja-p) by Theorem 1 in [0], because ¥J(,_p) is an ideal
of R and f is onto, so f(¥(,—g)) is a k-ideal of S. Therefore f(J), = ?(19) is an intersection of a family of
ideals and is also an ideal of S. Hence by Theorem 2.8 f(#) is an anti-fuzzy ideal of S. U

Example 3.7. According to Example 8 in [12], f : Z — Zpmp, that f(x) = T is an (m,n)-near rings
homomorphism. We define

0.5 if z € mZ
n(z) = .
0.9 if x € mZ.

We know level subsets 77&5 = mZ and 7]59 = Z are ideals of (Z, f, g) thus by Theorem 2.8, 7 is an anti-fuzzy
ideal of (Z, f, g). Hence by using the previous theorem f(n) is an anti-fuzzy ideal of Z,,,.

Theorem 3.8. Let f : R — S be an onto homomorphism of near rings and let 9 and v be anti-fuzzy ideals
of R and S, respectively such that

Im(9¥) = {apg, a1, ..., an } with ag > a1 > ... > ay,

Im(v) = {/80,,81, ...,ﬁm} with Byg > B1 > ... > Bm.
Then

(1) Tm(f(9)) C Im(9) and the chain of level ideals of f(9) is
f5,) C fW5) C ... C f(U3,)=S.
(2) Tm(f~(v)) = Im(v) and the chain of level k-ideals of f~(v) is
FHSEY c Y Sy cc fH(SPm) = R.

Proof. (1) Since f(9)(y) = supI(l)icf-1(y) for all y € S, obviously Im(f(¥)) C Im(dJ). Note that for any
y €S, ye f(I5) there exists | € f~(y) such that

W) > <= supﬁ‘(z)zef—l(y) = Qi
= fI)(y) > o

(67

=y € wa).

Hence f(ly') = S%/

1) for i € {0,1,2,...,n} and therefore the chain of level k-ideals of f(1) is

fg°) C figh) C...C f(lgm) = S.
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(2) Since f~1(v)(1) = v(f(1)) for all I € R and f is onto, we have Im(f~!(v)) = Im(v). Note that for all

Le fFUSE) «— f1) eSS
= v(f(l)) > B
= [ (v)(1) = B
—lell,

so that f~1(S0) = l?ﬂl for all i = 0,1,2,...,m. Hence the chain of level k-ideals of f~1(v) is

(v)
FUSPY c fYSIY o fY(SEm) = R
]
Example 3.9. In Example 3.5, f(n§5) C f(77§9) = 27.

Definition 3.10. Let 9 and v be fuzzy sets of (m,n)-near ring R. We said ¥ C v if for allz € R, ¥(x) < v(x).
If ¥ C v and there exists v € R such that ¥(x) < v(x), then we said ¥ C v and we say that ¥ is a proper
fuzzy set of v. Note that ¥ = v if and only if for all x € R, ¥(x) = v(x).

You can see more theorems in [3].

Definition 3.11. An anti-fuzzy ideal ¥ is named the anti-fuzzy prime ideal of R if for any anti-fuzzy ideals
01,02, ...,0n 0of R such that g(o1,02,...,0,) > 0 implies that o1 > ¥ or oo > or ... or o, > 0.

Theorem 3.12. Suppose that I is an ideal of X and ¥ is a fuzzy set in X defined by:

s iflel
(1) = .
1 ifle&l

foralll € X and s € [0,1). Then ¥ is an anti-fuzzy prime ideal of X if and only if I is a prime ideal of X.

Proof. Suppose I is a prime ideal of X. Then ¢ is an anti-fuzzy ideal of X. Assume that o1, o9, ..., on
are anti-fuzzy ideals of X such that g(o1,09,...,0,) > ¥;. We prove o1 > ¥ or o9 > 91 or ... or o, > V.
Assume that o1 < ¥ and o9 < ¥; and ... and o, < ¥ then for all ly,ls,...,1, € X, o1(l1) < ¥7(l1) and
o9(la) < ¥1(le) and ... and o,(l,) < 97(ln). Now 97(l1) # s and 97(l2) # s and ... and ¥7(l,) # s. So
Ir(l) = 91(la) = 01(l,) = 1 thus Iy, lo, ..., I, ¢ I. Because I is a prime ideal, (< l; >, <ly >,..,< 1, >) € I.
Assume that [ € g(< I} >, <2 >,...,< 1, >) hence 1 = ¥;(l) < g(o1, 02, ..., 0,) (1)

9(017027"'70n)(l) = l:g(ali{algf a ){maX{O'l(CL]_),O'Q(CLQ),...,O'n(an)}}

< max{oi(a1),02(a2), ..., on(an)}
<max{oi(l1),02(l2),...,on(ln)}
< max{ﬁl(h),ﬁj(lg), ,ﬁ[(ln)} =1= ﬂ[(l)

this gives that g(o1,09,...,0p) > ¥;. Which is a contradiction. Therefore, 97 is an anti-fuzzy prime ideal of
X. O

Example 3.13. We know (Z, f,g) and (2Z, f, g) with f(l1,l2,....0n) = l1+lo+...+ 1, and g(wy, we, ..., w,) =
wy are (m,n)-near rings and 27 is a prime ideal of Z. We define

02 e
xTr) =
2z 1 ifzd 22
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Hence by using the previous theorem 7,7 is an anti-fuzzy prime ideal of Z.

Theorem 3.14. The arbitrary union of anti-fuzzy prime ideals of (m,n)-near ring (R, f,g) is also an anti-
fuzzy prime ideal of R.

Proof. Assume that {¢; | i € '} is the set of all anti-fuzzy prime ideals in R. 9§ = J 9 is also an anti-fuzzy
el
prime ideal. Let 01,079, ...,0, be any anti-fuzzy ideals of R such that g(o1,09,...,0,) > (J ©¥; implies that
i€l
g(o1,09,...,00) > ¥; for some i € I'. Since each ¥J; is an anti-fuzzy prime ideal. Therefore, o7 > ¥; or o9 > ¥;
or ... or o, > ¥; for some ¢ € I'. Thus o1 > |J ¥ oro9 > |J W or ... or o > |J ¥ forsomeiel’. O
i€l i€l i€l
Example 3.15. According Example 3.13, 1,7, p is the prime number in Z, is anti-fuzzy prime ideal of Z.

Let n = U npz, hence by using the previous theorem 7 is an anti-fuzzy prime ideal of Z.
PEZL

Theorem 3.16. The arbitrary intersection of anti-fuzzy prime ideals of (m,n)-near ring (R, f, g) is also an
anti-fuzzy prime ideal of R.

Proof. Suppose that {¢; | i € I'} the set of all anti-fuzzy prime ideals in R. ¢ = [ ¢; is also an anti-fuzzy
el
prime ideal. Let 01,09, ...,0, be any anti-fuzzy ideals of R such that g(o1,09,...,0,) > [ ¥; implies that
el
g(o1,09,...,00) > ¥; for some i € I'. Since each ¥J; is an anti-fuzzy prime ideal. Therefore, o1 > ¥; or o9 > ¥;
or...orop >0; foralli € I'. Thus oy > ()Y 0or oy > ()Y or... or o, > () ¥ for some i € I O
i€l el el
Example 3.17. According Example 3.13, 1,7, p is the prime number in Z, is anti-fuzzy prime ideal of Z.

Let n = () npz, hence by using the previous theorem 7 is an anti-fuzzy prime ideal of Z.
PEL

4 Conclusion

In this paper, we introduced and analyzed the concepts of fuzzy (m,n)-sub near rings, anti-fuzzy (m,n)-
sub near rings, fuzzy ideals, and anti-fuzzy ideals in the context of (m,n)-near rings. Through rigorous
theoretical exploration, we established key properties and proved several theorems related to these fuzzy
structures. Our results provide a foundational understanding of how fuzziness interacts with the algebraic
framework of (m,n)-near rings, extending classical notions to a broader and more flexible setting. Future
research may explore further generalizations, applications in algebraic computing, and connections to other
algebraic structures such as (m,n)-near fields and (m, n)-semirings.
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