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Abstract

Data envelopment analysis (DEA) is a non-parametric tool for evaluating the relative efficiency
of comparable entities referred to as Decision Making Units (DMUSs). Conventional DEA models
treat systems as black box and do not consider their internal structure. Network data envelopment
analysis (NDEA) is a prominent method for assessing the efficiency of network systems based on
radial and non-radial approaches. The special case of network systems are two-stage systems.
Many real practices have two-stage structure where is divided into two processes. Conventional
NDEA calculates the efficiency of these systems in presence of crisp data. But in real life
applications, the observed values of data are often uncertain. In this paper, for the first time, a new
non-radial approach (based on slack based measure) is introduced, which evaluates the efficiency
of two-stage systems in the presence of triangular fuzzy numbers(TFNSs) using « — cut technique
and optimistic and pessimistic procedures. The properties of the suggested models will also be
examined. Finally, a numerical example will be provided to illustrate the proposed models.

Keywords: Data Envelopment Analysis, Efficiency, Two stage system, Triangular fuzzy
number, Slack Based Measure.

1. Introduction

DEA introduced by Charnes, et al. [10] is a non-parametric tool for evaluating the relative
efficiency of comparable entities referred to as Decision Making Units (DMUSs). The first form of
DEA was called CCR model. Then, the numerous studies have been presented by extending this
model. Conventional DEA models treat systems as black box and do not consider their internal
structure. As discussed in many DEA papers (researches), DMUsmay have network structure.
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Hence, new DEA studies have been done that measure the efficiency of systems with a network
structure and are called NDEA models. In many applications such as banks, hospitals, etc., the
internal structure of systems can be considered in the form of two stages in which the intermediate
measures (produced in the first stage) are consumed by the second stage in the role of input. In
recent years, much attention has been paid to evaluate the performance of these two-stage systems
and their developed structures. Researchers point out several procedures for measuring the
efficiency of two-stage systems based upon geometric, additive mean and SBM efficiency. Firstly,
Seifored and Zhu [40] suggested models for measuring the efficiency of two-stage systems,
independently. A weakness of their proposed approach is that the first and second stages may not
be efficient, but the whole system may be efficient. Therefore, considering the relationship
between stages in performance evaluation, a new model based on the geometric mean of stages
efficiency was introduced by Kao and Hwang [25] In fact, their proposed model calculates the
efficiency of the system and the stages under the constant returns to scale (CRS), but is unable to
evaluate the efficiency under the variable returns to scale (VRS). This problem was solved by Chen
et al. [12] by introducing models based on the additive approach. Large number of authors focused
on developed two-stage systems and have presented models to evaluate the performance of these
systems. For example, the efficiency of two-stage systems in the presence of shared inputs and
shared outputs by using the additive decomposition approach was calculated by Li et al. [30] (see
[4, 8, 11, 15, 24]). Using slacks-based measure, a non-radial slacks-based measure (SBM) was
proposed by Tone [43] calculates the efficiency of black box systems. Then, Tone and Tsutsui [44]
suggested the network slacks-based measure (NSBM) model for evaluating the efficiency of
systems with internal structures. Also, Ashrafi et al. [7] presented SBM models to measure the
efficiency of two-stage systems. In this approach, the projected DMUS for inefficient DMUs are
efficient. Akhther et al. [3] evaluated the efficiency of Bangladesh bank by using a network SBM
model. And also, Kao [27] introduced the model for measuring the efficiency of systems with
internal processes. Based on their model, the weighted average of the efficiency of processes is
defined as the overall efficiency of whole system. Esfidani et al. [16] introduced a new NSBM
model to measure the stages efficiency and overall efficiency of multi-period two-stage system,
simultaneously (see [42, 45]).

All articles listed are formulated only when the data are accurately measured, while in practice,
this is not always possible. Actually, in real environments, uncertainty often occurs in the form of
fuzzy and random environments. When data is described inaccurately or stochastic, it becomes
necessary to use fuzzy theory in order to represent this type of data. To handle such circumstances,
many authors have developed models to evaluate the performance of systems (especially two-stage
systems) in the presence of uncertain data. Jiang et al. [23] presented the new procedure to
measuring the efficiency of two-stage network systems in presence of uncertain data by using
uncertainty theory. The efficiency of two-stage systems with stochastic data proposed by Esfidani
et.al [17]. In order to evaluate the efficiency of systems in the presence of fuzzy data, different
fuzzy approaches (such as the possibility approach, the tolerance approach, the fuzzy ranking
approach, the a —level approach,...) have been suggested. Lozano and Moreno [31] presented a
well-known fuzzy DEA approach to measure the efficiency of two-stage serial system. Using the



principle of expansion and the « —cut technique, Kao and Liu [26] proposed FNDEA models for
evaluating the performance of two-stage systems in the presence of fuzzy data. « —cut efficiencies
of two-stage systems is calculated by Lozano [32]. Liu [29] suggested a procedure to rank the
fuzzy efficiency of two-stage systems. Soltani et al. [41] proposed two-stage fuzzy DEA model
based on fuzzy arithmetic. Also, Nabahat [35] used a collective approach to evaluate the
performance of two-stage systems using the « —cut technique. Arya and Singh [6] used the « —
cut procedure and presented fuzzy models to evaluate the efficiency of two-stage parallel-series
systems and calculate the lower and upper bound fuzzy efficiencies of systems. Peykani et al. [37]
evaluated appraisal and ranking of DMUs with two-stage network structure using three
procedures two-stage DEA model, adjustable possibilistic programming (APP), and chance-
constrained programming (CCP). And also, a new fuzzy two-stage DEA model was presented by
Izadikhah [21] to measure the efficiency of 15 branches of Melli bank in Hamedan province. In
recent years, many researchers have evaluated the performance of DMUSs in the presence of fuzzy
data based on Slacke-Based Measure. Agarwal[2] used possibility approach and proposed a fuzzy
SBM DEA model in order to measure the efficiency given fuzzy input and output data. A new
Fuzzy Network SBM model was presented by Momeni et al. [36] to survey the performance of
supply chain networks with forward and reverse logistics. Afzalinejad and Abbasi [1] suggested a
new dynamic slacks-based DEA model that reveals all sources of inefficiencies and provide more
discrimination between DMUs. In order to measure the cross efficiency in DEA, Kao and Liu [28]
proposed a slacks-based measure model. When the input and output data are given as fuzzy sets,
Arana-Jiménez et al. [5] suggested a well-known slacks-based additive inefficiency measure to
survey the problem of efficiency assessment. Mahla and Agarwal[33] presented a fuzzy SBM
model for measuring the efficiency of DMUs using credibility measure approach. (see [9, 13, 14,
18, 19, 20, 34, 39]). In the last decade, many network DEA models have been proposed to evaluate
the performance of two-stage systems in the presence of fuzzy data, and most of them ignore the
input, intermediate measure and output slacks, and this is not appropriate. Therefore, we will
suggested fuzzy SBM model in order to measure the efficiency of two-stage systems. Among
fuzzy data, we use triangular fuzzy numbers for simplicity in calculations. The proposed models
can be generalized to total fuzzy data. In order to de-fuzzy, we will use the « —cut approach and
solve the created interval models with optimistic and pessimistic techniques. Then we will examine
the properties of the proposed models. At the end, a numerical example is presented to illustrate
the proposed approaches. The paper is structures as follows:

The second section provides a review of TFNs and also the conventional SBM model. In section3,
we presented the fuzzy SBM model in presence of TFNs. Then, based on the « —cut approach, the
proposed model is converted to interval model. The optimistic and pessimistic procedure is applied
to solve this interval model. Properties of proposed models are also discussed in this section. In
Section 4, we illustrate the suggested models by using the data of 10 Mellat bank branches in
Tehran. Finally, in section 5 we present our conclusions and future research directions.

2. Preliminaries

In this subsection, firstly, we reviewed the definitions of fuzzy set, fuzzy number and triangular
fuzzy number and their alpha-cut sets. Also, conventional SBM DEA model of Tone [43] is
presented.

2.1 Triangular Fuzzy Number (TFN)
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Suppose X is a global set. A fuzzy set Ais defined as A={(X,,uA(X))|X e X}where 0<,.(x) <1

shows the degree of membership of element X € X to the set A= X . And also, let S(A) IS as

S(A)={(X€X‘,LlA(X)>O)} that denote the support of A. The a—cut set of A is defined as
A, ={xeS(A)|u;(X) > a}.

Definition 2.1.1. Let A = R be a fuzzy set. If the following conditions are hold, Ais called FN:

1- Ais fuzzy set convex set if the membership function is fuzzy convex set:
WX, X, €R, VAEO]: p1;(A% + (- 2)%) > mindu (%), 1, (%)}
2- There is at least one X' Rsuch that ; (X') =1.

3- The membership £;(X) function is semi-continuous.

Definition 2.1.2. AFN Ac R is a TFN with membership function ﬂA(X) of the following form:

X-X"+ X
— XM —x' <x<x™
(%) = . ”r
X"+ X" =X
_, X" <x<x"+x"
X

Here, x™is called mean value and x",x' called the right and the left spreads of membership

function, respectively. We denote the TFN by A= (XI ) Xm,Xr). Moreover, «—cut set of TFN is
defined as follows that is crisp subset of R :

A =[AL A T=[(x"=X) +ax, (X" +X)—ax'].
2.2 Slacks-Based Measure (SBM) Model

In this section, we review the SBM model that was presented by Tone[43].

Consider a set of DMUs that indexed by DMU ;. Also, assume that each DMU (] =1,...,n) has a
black box structure with inputs Xij(i=l---,m) and outputs y”-(r=1,...,s). Tone proposed the

following model to measure the efficiency of the DMU_ ( DMU under evaluation):
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In this model, S, S*, Aare respectively the input slack, output slack and intensity vector

associated with DMU;(j=1,...,n) . Also, it is assumed that X, >0, ¥, >0.1f X =0, term )S(—'

will be removed from the model (1). And also, if Y, = 0, term > will be substituted by a very
yI’O

small positive number. It is clear that the model (1) can be turned into a linear programming using
Charnes-Cooper transformation.

Definition 2.2.1. DMU is said to be efficient if E; =1.

Definition 2.2.2. E; =1 ifand onlyif S, =0(i=1,...,m),s” =0(r =1,...,5) .

3. Proposed Fuzzy SBM model

In this section, by introducing the structure of two-stage systems, a model for evaluating the
efficiency of these systems in the presence of TFNSs is introduced.
Consider a two-stage system shown in Figurel, wherein intermediate measure in stagel is

consumed by stage2. Suppose there are n DMUSs with two-stage structure. The input, output and

intermediate measure vectors of DMU,;(j=1....n)are X;, ¥, Zy ,respectively.

XYz

Stage2 |—»

A 4

—»| Stagel

Figurel.Two-stage production system
Now, we assume that there are systems where some observations are imprecise. Among these

imprecise data, we intend to use TFNs. Note that a crisp number can be thought of (considered)
as a TFN. Note that in this paper, due to the simplicity of the calculation procedure, it is assumed
that inputs, intermediate measures and outputs are in the form of TFNs. Also, conventional radial



models do not pay attention to slacks in evaluating the efficiency of systems, while in many cases
it is necessary to identify excess inputs as well as lack of outputs, etc. Therefore, we introduce a
non-radial model that solves these problems. Hence, it is assumed that all inputs, outputs and

intermediate measures are TFNs. Therefore, we denote are >~<ij, )7”-, Zdj TENSs. It should be noted

that ~is a fuzzy symbol. The structure of X, ¥;, Zy; is as follows:

~l ~m ~ & sl sm &
X| (XVX,Jy ”) ’ y” _(er er yrj) ! Zdj:(zdj’zg}’z(rij

We also note that intermediate measures in the first stage have an output role and therefore should
increase and in the second stage in the input role, should decrease. Hence, the flexibility of
intermediate measures in modeling issues may be problematic. Therefore, to evaluate the
efficiency of two-stage systems in the presence of TFNs, we introduce the following model so that
it overcomes this problem:

- D

1- (z ey Z Ml ~r)

Egzmax m]—-I_D S lo’XJlro’ o) D dO,ZdO,ZdO
1+ ( v Smooor Fm  Fr
s+D ;(y:'oiym’yro Z(Zdo’zdo’zdo)
st Zl(xu, LR+ s = (K, X, %), i=L..,m
4,2 2, ) = 8y = (2o 2, 2L), 4 =1,.,D )
j=1

n
‘rxl sm gmr _ (5l gm gr _
D22y, 25, 7)) + g =(Z4,, 25, 73,),  d=1..,.D
i1
n

D AT I I =8 =V Vo Vi) T=1.s

j=1

A0 24,8084, g, 80 20, j=1..,ni=1..,md=1.,D r=1.,s

jroi

WhereinS,, S, input slack vector and output slack vector, respectively. Also, intermediate

measure slacks vectors are S; (as output for stage 1) and 7y (as input for stage 2)./1] : /1; are

intensity vectors for stage 1 and stsge2, respectively. Saati [38] used the concept of «— cuts and
variable substitution to present an approach for solving fuzzy DEA models. Hence, we adopted

this idea for calculating the fuzzy efficiency Ej* . Thus, we denote:



(%)e =% K 1 =[5 = X (1= @), X + K (L- )]
(Zdj)a = [zdja’ Zdja] = [Zdj - Zdj (1_05)’ Zdj + Z(rjj (1-a)]

(yrj)a = [yrjaL1 ylrJJa] = [)7:} - y:’] 1-a), )7:; + )7:] 1-a)]

As the o — cuts of Xij, )7”-, Zdj. Then, model (3) becomes:

- D
1- (Z * L
Eg = max m+D [XIOQLXIO ] d—D doa’ doa]
1+ (
S+D Z[ymm 1yr0a dZ dOa’Z ]
St Zﬂ“[ ija? Ija]+ S _[szz’ IOa] i=11""m
sz[zgja,zt;ja]— s, =[2,.2%.]1, d=1..D (4)
=1

n
24j[z(§ja,z;’ja]+ r,=[25,.25.], d=1..D
j=1

n

Zij[yrjal_’yza]_s: :[yroaL’yLrJoa]’ r:]'""’s

A1 20,8084, g, 80 20, j=1..,ni=1...,md=1.,D r=1.,s

Given that all coefficients in this model have interval form, hence this model represents an interval
model. Thus, this model cannot be solved in its current form. Therefore, we use optimistic and
pessimistic approaches for evaluation of model (4) and calculate the lower and the upper bounds

of the o — cut of pmu, (i.e ES wr ES(U ). Firstly, we calculate the lower bound of the efficiency.

In pessimistic approach, it is assumed that DMU  is set to its worst situation (or DMU  has the
most unfavorable conditions) and other DMUs have favorable conditions (or: the best condition).

In other words, stagel of pmu, consumes input ?Eﬂ,a , for producing the intermediate measure Zﬁoa
. And also, the other DMUs, consume input >~<iLoa to produce intermediate measure ZLdJoa . /And also,
in stage2, input and output of DMU,, are Z(Lfm and ViLoa, respectively. The other DMUs also have

input Zgoa and output YiLz,a .Thus, for measuring the lower bound of the efficiency (i.e. ES(L)*), the

following model is proposed:

3)
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n
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J#0
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By using the Charnes-Cooper transformation, model (5) can be transformed into the linear
model. For this purpose, we let:

t= L
S,

IR

S+D =V

And set 77, =4, 77J —tﬂ o, =ts, y; =ts,, yy =tm,, &, =ts,. Then, the model (5) converted

to the following model:
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1 D
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=1 |oa d=1
S D
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st t+ L =
S+D(; T

n
> oK, +nfe, + 6 =t ,  i=l..m
I
n
> 2y, +1olg, — Oy =tlg,, d=1..D (6)
j=1

j#0

in'jztli_ja +77;Ztijoa + 74 :tzldjow d=1..D

=

S T 77 = 1=l

Z

N6 8y Yy 20, j=l..n i=l..m d=1..D r=l..s
t>0

|*

Suppose (t'*,77J 77;'*,5,' 00,75 7Y is an optimal solution of model (6). Then the optimal
solution of the model (5) will be as follows:

I* 71> |—* 1+* I* I
= M e 1 I O, v _ Y kY4 o+ _ 94
/1] = ﬂj _tTa si - tll* 1 Oy - trl* y 7z-d _tT’ d — tl*
. . ES(L) . . EI(L) EH(L) .
Therefore, the overall efficiency ( E,, ') and efficiency of stages (E,, ) are as follows:
EsL) _ = Lé Zﬁj
” i o i s
= Vro ZdL
1&s 1& 7
EZ U 1_52 7Y )
EI(L) i=1 |o EH(L) — d=1 “do (7)
oa 1 D I* ! oa 1 SI+*
72% 1+< )
D 1 Zo S Yo



Definition3.1. DMU, is lower overall efficient if and only if ES(L) =1
Definition3.2.In stagel, DMU, is lower efficient in the lower bound if and only if E |
Definition3.3.In stage2, DMU _ is efficient in the lower bound if and only if EéL(L) =1.

Now, we consider the optimistic approach to calculate the upper bound of the efficiency. In this
procedure, DMU  has the most favorable conditions and the remaining DMUs have unfavorable

conditions. Therefore, Xt,a, Zﬁoa are inputs of stagel and stage2,respectively.And also, the output

of the first stage is Zﬁw and the output of the second stage is )7300[ .Therefore, according to the
above, model (8) is proposed to calculate the upper bound of the efficiency:

st DA, + Ao + S =K i=1..,m

/12
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dia + 2, Zdo + Ty = Zd0a7
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By using the Charnes-Cooper transformation, model (8) can be transformed into the linear
model. For this purpose, we let:

t': 1
Z o Zfﬁ)

s+D el i Z,

And setn, =t'A;, 771 —t% o, =t's’, y. =ts’, y,=t'm,, 6, =t's,.  Then, the model (8)

converted to the following model:
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Suppose (t" ,?7, ,77;u*,5,” ’ 55 ,}/d 7 ) isan optimal solution of model (9). Then the optimal
solution of the model (8) will be as follows:

u* ru* u—* u+* u* u*
ﬂu* _ 7 ﬂ'u* _ 771 u—* _ 5| u+* yr w _ Yd u* 5(1
i - * 1 i T i - * 1 r - * 1 d — * Sd - *
tru ] tru tru tru tru tru

Therefore, the overall efficiency ( Eo ) and efficiency of stages ( EI(U) EH(U)) are as follows:

i Ty
)
EsU) _ " m+D Y zdo
o s u is
r d )
=1 y Zdo
18 s 1& 7y
1_72 T 1_62 )
EI(U) — m i=1 Xio EH(U) — d=1 Zdo (10)
o 1 sy ’ o 1 s
1+ 2> 1+=)75)
d=1 Zdo S r=1 yro



Definition3.4. DMU, is overall efficient in the upper bound if and only if ch({u) =1
Definition3.5.in stage 1, DMU, is efficient in the upper bound 1 if and only if Eéfzu) =1
Definition3.6.in stage2, DMU is efficient in the upper bound if and only if E;L(U) =1,

3.1. Properties of the proposed models

In this sub-section, we will investigate the properties of the suggested models.

3.1.1. Models (5) and (9) are unit invariant. Actually, if X —(x”, %), ¥y —(y” ¥i: 4,
Zg=(25.25.2y) are  replaced by  B% =(B%, A% B%), 0.5 =@,y @950,
Paly =(pPyZy. Py, Py2y) , the efficiency do not change.

Proof. Based on the constraints of the model (5):

Ioa Z;l’ (ﬂl Ija) ﬂ’ (ﬂl Ioa) ﬂ( ioa zijl I]zx 0 Ioa |:1,,m
J¢o j¢0
Z’l (pyZ dja)+ﬂ’ (PaZao) ~(PsZion) = P4 (z/l Zdja + o Lo ~Liiow) d=1..D
j¢0 ]¢O
Pay = Palio _Z/lj (PsZga) = 20 (PsZi0a) =P (T _Z/ljzdja ~ o2y, ), d=1..D
J';%J j;%a
a)rs:r = Zj’] (a)r ylrJoa) +ﬂ'l; (a)rylr-oa) - (a)r yilz)a):a)r (Zﬁ’j ygoa +ﬂ“cl)ylr_oa - y::)a)’ r :1""’ S
= J=o
Hence,
Bs _ S Palty _ 7 @S, _ Sy P4Sy  _ S
lBi)h(’t‘(l)a )’Z%‘(l)zz' ’ pd Zti‘loa ztl‘loa ’ a)r yll‘_oa YII'_OQ ' pd 24(??00( ZI&O(Z

It is clear that the efficiency of whole system and stages will not change. The similar proof for
the model (9) is hold and the proof is complete.

3.1.2. For each DMU : the upper bounds of the efficiency of systems and stages are in range

(0,1 Ge. 0<EM <1, 0<EM <1, 0<E!D <1,



Proof. According to the constraints of the model (5): ~ST' <1, Jaq

ioa Zdoa

m D
Hence, ZS—' Z "4 <m+D . Then, given that

U

i= Xloa doa
1 S S+ D m - D 7Z'
1+ > =t > )>1and O<1— )<1
s+D r=1 yll'_oa dz=: Z 21 |oa Z tij

It results that 0 < ch(,L) <1. The other efficiencies are proved similarly.

3.1.3. For each DMU : the upper bounds of the efficiency of systems and stages are in range

(0.1]. (e.0<EXW <1, 0<EV <1, 0<E!V) <1,
Proof. Similar to the proof (3.1.2).

3.1.5.Suppose (t", 4, 4", 87, s, 7y, Sy )isan optimal solution of the model (5). In this
case, Ejﬁ}’ =1if and only if Si'_* =0, S:+* =0, 7z('j* =0, S('j* =0. (A similar situation can be
written for the efficiency of the stages).

Proof. If S =0, s =0, 7, =0, s} =0, itis obvious that ESO(IL) =1. Conversely, if

EX =1, we have:

U D

Zi

U
ro d=! Zd

U—DU S
DS SO
)=

r=1

io d= d

2%
This give the result that S =0, 8" =0, 7, =0, s, =0,

3.1.6.Suppose (1", A", 41", s, s/, 7y, sy") is an optimal solution of the model (5). In

this case, EXY) =Zlifand only ifs" =0, s*" =0, 7" =0, s\" =0.(A similar situation can be
written for the efficiency of the stages.

Proof. Similar to the proof (3.1.5).

3.1.7. EY =1 ifand only if EXV =1, E!® =1,



Proof. If Eq”) =1, then 8 =0, 5" =0, 7y =0, s{' =0. in this case we have
EXY =1, EX® =1 Conversely, if EX =1, EX =1, it is obvious that EZ™ =1.
3.1.8. EXY) =1 ifand only if EXY) =1, EXV) =1,

Proof. Similar to the proof (3.1.7).

3.1.9. Let % e[%;,. %0, 1. 24 €25, 24,1, ¥, €190 Vi ]. And suppose (4,47 ,S],8;,75,5; ) is

an optimal solution of the model (4). Hence, it can be concluding that: “each optlmal solution of
the model (4) is a feasible solution of the model (5)”.

Proof. Given that X,Ja <K < X,Ja, Z('; <y a, Y”a <Y, < Yt}a, using rewriting the constraints
of model the model(4), we have:

2/1 LY A% < (A0 +Dx, < (4 + DR i=1..,m

j¢0 j;%

z/l*zdm > Az 2 (A —1) 24 2(A ~D1g,,, d=1..,D
j=1

l¢0 j#0

Z/I’*zdla <z/1'*zdj <A +Dz, <A +DZ,, d=1..,D

j=l
JE) ]¢0
Z/ll*era Z/ljl*yrj 2 (ﬂ“c;* _1) Yro 2 (j“(;* _1)yi|z)a’ r :1,---, S
};%) j;%)
Therefore:
Zz i <(Ag D% i=1..,m
j¢0
2/1 25, 2(4 D7, d=1..D

]¢O

ZA’ 75, <A +D7y,, d=1..D

j¢0

Zl'*yma_u;*—l)y;,a, F=1..5

j#O

And so, the proof is complete.



3.1.10. Let % €[%;,. %0, 1. 2 €[Z5,0 24,1 ¥ €095, Vel And suppose (4, 4] ,S;,S;,75,5;, ) is

an optimal solution of the model (4). Hence, it can be concluding that: each optimal solution of
the model (8) is a feasible solution of the model (4).

Proof. Similar to the proof (3.1.9).
4. Case study

To illustrate the proposed models in this paper, we use the data of 10 Mellat bank branches in
Tehran for the year 2013[16]. Note that the proposed models (5), (8) calculate the lower and the
upper the bound of the efficiency, respectively. In recently years, evaluating the efficiency of bank
branches is an important topic. Each bank branch is composed of two-stage. Actually, each bank
branch is considered as a DMU with a two-stage structure. "Personal score”, "Paid profit" are
inputs of stagel. Also, we use two intermediate measures” Total of four deposits”, "Other
resources” and 4 outputs "Facilities”, "Received handling fee", "Earned profit", "Deferred claims".
Note that undesirable output "Deferred claims™ is considered as its inverse. It must be noted that

each real number Xcan be considered as a TFN (i.e. (XI X Xr)). Hence, we consider data have
TEN structure. Thus, we firstly, calculate the «— cut intervals for inputs and outputs and
intermediate measures. For TEN x , the & — cutinterval is [X" =X (1-a), X" +X" (1-a)]. Suppose
thatar =0.25. For DMU,,, the « —cut intervals of personal score and paid profit are [6.07, 8.445]

and [523081701, 5233176187], respectively. These intervals are calculated following similarly for
other DMUs.

Finally, by applying these intervals to models 5 and 8, the results are obtained.

DMU [Ej(l'), ES(U)] [E;(L), E;(U)] [E;I(L)’ E;I(U)]

1 [0.5000,0.6326] [1,1] [0.3960,0.5344]
2 [0.1116,0.1523] [0.0125,0.3460] [0.7081,1]

3 [0.1956,0.4876] [1,1] [0.2960,0.3788]
4 [0.1650,0.3242] [0.0260,0.1340] [0.1138,0.2579]
5 [0.2520,0.2652] [0.0852,0.1248] [0.2197,0.2688]
6 [0.0523,0.1547] [0.1037,0.2690] [0.1329,0.6987]
7 [0.2610,0.6123] [0.1420,0.5250] [0.1120,0.5642]




8 [0.1780,2472] | [0.1892,0.3283] [0.2639,0.5176]

9 [0.1017,0.2587] | [0.4363,0.4578] [0.1735,0.3528]

10 [0.2361,0.7230] | [0.5856,0.6913] [0.1842,0.4549]

Table 1.The upper and the lower bound of the efficiencies

Now, we illustrate these obtained results. The second to fourth columns report intervals of the
overall efficiency and the efficiency of stages, respectively. Based on this table, all of DMUs are
inefficient in whole system. DMU, and DMU, are the upper (and the lower) efficient in stage 1. In

stage 2, DMU,, is efficient at the upper bound. In the lower bound of the efficiencies, between
inefficient DMUs of whole system and stages 1, 2, DMU,,DMU,, and DMU, have the best

efficiency with scores 0.5856, 0.7081 and 0.5000, respectively. Also, the lowest efficiency of the
lower bound belongs to DMU,, DMU,, and DMU,,, respectively. In upper bound, DMU,, has the

highest efficiency in whole system and stagel. And also, DMU, has the worst efficiency in the

stages 1 and 2 with scores 0.1248 and 0.2688, respectively. A similar interpretation can be written
for other DMUs .

5. Conclusion

DEA is a useful technique for evaluating the efficiency of systems. Conventional DEA consider
DMUsas a black box. But in practice many systems may have a network structure and this
structure of these systems is ignored in evaluating the performance. Hence, to solve this problem,
NDEA models are proposed to measure the efficiency of these systems. Note that in practice, many
DMUEs (such as banks, etc.) can be considered as a two-stage system. Thus, two-stage systems are
very importance among network systems. So far, many models are introduced to calculate the
efficiency of this systems in presence of certain and uncertain data. In many manufacturing
processes, uncertain data can be expressed by FN. Hence, in this paper, we focused on TFNs and
presented a novel approach based on the non-redial models to evaluate the efficiency of two-stage
systems in presence of TFNs. Actually, we considered all fuzzy inputs, intermediate measures and
outputs are TFNs and suggested a non-redial model to evaluate the efficiency. For solving the
proposed model, we used «— cut approach and calculated o — cut intervals of the inputs,
intermediate measures and outputs. By applying these intervals to the proposed model, an interval
model was obtained. Then, an optimistic and pessimistic procedure was used to solve the obtained
interval model. Finally, some of the properties of the proposed model was described. It must be
noted that we have shown that the whole system is efficient if and only if its stages are efficient.
For future study, this technique can be extend the fuzzy DEA models to the multi—period slacks—
based DEA models.
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