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Abstract: In this study, the energy levels of spherical quantum dot (QD) and spherical
quantum anti-dot (QAD) with hydrogenic impurity in the center, in the presence of spin-
orbit interaction (SOI) and weak external magnetic field have been studied. To this aim,
solving the Schrodinger equation for the discussed systems by using the finite difference
method, the wave functions and energies of these systems are calculated. Then the effect
of the external magnetic field, system radius size and height of potential barrier on the
energy levels and also the linear, nonlinear and total absorption coefficients, (ACs), of the
mentioned systems are studied. Numerical results show that the SOI in both models causes
a split of 2p level into two sub-levels of 2p, ,and 2p;,, where the low index indicates
the total angular momentum J. Also, considering the electron spin, under an applied
magnetic field, The 1s and 2p levels split into two sub-levels and six sub-levels,
respectively. Furthermore, in this research, it is proved that energy changes are
significantly different as a function of radius size and height of the potential barrier in QD
and QAD models and the ACs of these systems behave differently according to the
incident photon energy at the same condition.
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1. INTRODUCTION

Recent advances in nanomaterial production technologies have led to a wide
range of studies based on the electronic structures and optical properties of
semiconductor QDs and QADs [1-10]. Quantum confinements in these structures
completely quantized their energy levels and consequently change their physical
properties. Therefore, considerable research on the effect of radius size, the effects
of external electric and magnetic fields and control parameters such as
temperature and hydrostatic pressure on the physical properties of these
nanostructures, have been done experimentally and theoretically. [11-19]

Moreover, electron spin plays an important role in the electronic structure of the
nanostructures in question and can significantly affect their physical properties. It
is fully known that the SOI and spin-related phenomena are major issues in low-
dimensional structures, because spin is the key ingredient in the emerging field of
spintronics [20-28].

The conventional SOI, which occurs naturally and also is predicted in Dirac's
theory of relativity, exists for excited states such as 2p, 3d, and 4f in a spherical
QDs (QADs). Generally, SOI is due to the interaction between spin and orbital
motion of the donor electron, which is given by the familiar Hamiltonian Eq. (6).
As the principles of quantum mechanics express is due to electron motion in an
electrostatic field [29-31]. Such an interaction splits up the degeneracy associated
with the J quantum number (total angular momentum) even in the absence of a
magnetic field. In addition, considering the electron spin causes each energy level
to split into 2 x (21 + 1) sub-levels in the presence of an external magnetic field,
sometimes called the anomalous Zeeman effect, where | is the quantum number
of the angular momentum. [29,30].

In this study, the energy changes of 2p level of spherical GaAs/Ga,_, Al As
(Ga,_, Al As/GaAs) QDs (QADs) considering the SOI that determines the fine
structure of the nanostructures in question are investigated. Furthermore, by
applying an external magnetic field in the presence of SOI, the Zeeman splitting
of 1s and 2p levels are defined and then the energy changes of these levels are
studied according to the changes in core radius, total radius and height of the
potential barrier. Eventually, the ACs of these systems have been discussed.
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2. THE HAMILTONIAN AND PHYSICAL MODEL

In this paper, two models of spherical GaAs/Ga,;_,Al,As QD and spherical
Ga,_,Al,As/GaAs QAD with hydrogenic impurity in the center are investigated
when the electron is bounded by a finite potential barrier. This study is performed
considering the SOI in the presence of an external magnetic field. The
Hamiltonian of an electron with the above conditions is given as follows when a
uniform magnetic field is applied along the Z-axis [30].

H = HO +HB + HSO (1)

H, is the Hamiltonian without SOl and magnetic field. Hg refers to the
Hamiltonian related to the magnetic field and Hg, is the SOl Hamiltonian.

The calculations will be performed in the Rydberg unit. So for H, we have [12]:
Hy = -V? E+ Ve(r)
0= Vel (2)

Ve(r) is the confinement potential and it has the following form for
GaAs/Ga;_, Al As QD:

Vo r <R,
veP(r) = {Vl R, <R<R, 3
00 otherwise

where V, and V; are confinement potential height (see fig. 1).

Rearranging the layers, the confinement potential for constructing Ga,_, Al As/
GaAs QAD is defined as follows:

Vi r<R,
VP (r) = {Vo R, <R<R, .
oo otherwise (4)
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Fig. 1. Geometrical and potential energy scheme of QD and QAD. R, is the core radius,
R, is the total radius

Hp in the Eq. (1) is given by:
H _1 2r2sin?6 +m +l o.
B=72Y Y T59Y9; (5)

The y-term is the dimensionless quantity to control the magnetic field strength

and defined by y = aj,’eB/h, (where aj = 4meh?/m*e? is the effective Bohr
radius). The parameters e, m* and ¢ are the electron charge, the effective mass of
the electron and the dielectric constant, respectively. m is the azimuthal quantum
numbers and Ry* = m*e*/32m2c%h? is the unit of energy. @ is the angle

between r and z axis, g is the Landé factor and %O'Z is the z projection of electron
spin with o, = +1. Here, o, = +1 represents spin up and o, = —1 represents
spin down.

Hg, inthe Eq. (1) expressed by [28-31]:

Hgo = 5(7’)2-5 (6)
where
1 d S
§(r) = WE‘P(T)(L-S) 7

- > 2
where S is the spin vector of electron. L.S = % JU+1D)—-1(1+1)-S6S+1)]
and J = [ £+ S is the total angular momentum.

Considering the Coulomb potential ¢(r) = et Hgp in the Rydberg unit is

Amege, T’

simplified as follows:
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4‘ - o
HSO = c2r3 (LS) (8)
According to Eq. (8), the splitting due to SOI should be approximately in order of
—> (Ry").

Considering Egs. (2), (5) and (8), the Hamiltonian in Eg. (1) in the Rydberg unit
is obtained as follows:

_16(26) l(l+1)+1 29 4 2
&= rar 4yrsm my -

r20r .
+53 (L.9) + Egyaz + V(1)

r2

)

where | is the angular momentum quantum number. If Hg is assumed to be very
weak, then Hg, is much more important than Hg, and Hg can be considered as a
small disturbance. The eigenvalue equation for the main Hamilton H° = H, +
Hg, is defined as follows:

EHOYY) (r,0,0) = EQUWS) (1,6, 9) (10)
where l/)nlm(r 0, @) is the wave function of H® and n is the principal quantum
number.

SBn(T 0, ) in Eq. (8) can be written as:

Y 8,9) = RSP (1) (6, 0)
Whim P Ry m\0, @ (11)

where R(O)(r) and Y;,,(0, ) are the radial and the angular wave function of
HCrespectively.

The total H- wave function can be extended as below:

b0.0) = ) v ,0,0) (12)
j
here
VP (r,6,0) = Ry (1Yym (6, 9) (13)

is the j-th wave function of the H°.
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Matrix elements of the total Hamiltonian of the system according to above bases
can be written as:

Hij = (il H + H'|[y;) = Ef8,; + HJ, (14)

where H! = Hy is the perturbed Hamiltonian and:

Ry
Hl; = fo Vim0, @R (DH'RT) (1) Yyym, (6, ) (15)

By diagonalizing the generated Hamiltonian matrix, energy levels and
corresponding wave functions can be obtained, and according to the magnitude
of the applied magnetic field and different confinement potentials, one can also
measure changes in energy levels and study the optical properties.

3. ABSORPTION COEFFICIENTS

By using the density matrix formalism, the optical properties for the discussed
systems can be calculated. Considering the intersubband transitions of a spherical
QD(QAD), we suppose that the system is excited by an incident light as,

E(t) = Ee'®t 4+ Ee~'0t (16)

E is the vertical electromagnetic field along the z axis. The Hamiltonian of
system is written as follows

H' = H + ezE(t) (17)

where H is the Hamiltonian of system without the electromagnetic field E(t). The
total AC can be expressed as [32,33]

alw, ) =a®(w)+a® (w1 (18)
where
I3 Jvha)Fﬁ|Mﬁ|2
& (B — ho)” + (hT)” (19)

aW(w) =

and
|4’

I 40, hwlr; | Mg;
a®(w,1) = ‘F (2 ) - zfll = 212 (20)
€r Eonrc [(Efl - ha)) + (hl"fl) ]
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are the linear and third order nonlinear ACs, respectively and u, a,, and n,. are the
permeability, carrier density and refractive index of the system respectively. w is

the incident photon energy, I'y; = Ti Ty; is the relaxing time between initial state
fi
and final state (in this work, from ground state 1s to excited state 2p), | is the

optical intensity of incident wave and c is the speed of light in the free space. The
remained quantities are defined as

Efi = Ef_Ei

Er = N7& 21)
My = |(wr|ez|w)]

where Mg; is an element of electric dipole moment matrix that in the spherical
coordinate is |(y|er cos @ |y;)].

4. NUMERICAL RESULTS AND DISCUSSIONS

In this section, our numerical results for spherical QD and QAD are presented.
The constant values that are used in our numerical calculations are: the effective
mass of an electron consider as m* = 0.067m, (with my = 9.10596 x 10731
kg) and the dielectric constant is ¢ = 13.18¢,, hence the effective Bohr radius will
be ap = 10.4nm and the effective Rydberg energy is Ry* = 5.2meV. The barrier
potential Vy = 0, V; = Q-1.247x eV (V; = Q-239.81xRy*) for the Al
concentration x, where Q. = 0.6 is the conduction band offset parameter. The
value of the rest of parameters are I',; = 0.2ps, o, = 3.0 X 1022, n,. = 3.2.
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Fig. 2. Energy changes in SOI for 2P level as function of radius size

The behavior of SOI for 2p, ,, and 2p5,, levels as a function of radius size is
illustrated in Fig. 2. This figure shows that the effect of SOI causes the 2p level
to be split into two sub-levels 2p; ,, and 2p3 ,, in which the lower index indicates
J. As it can be observed in Fig.2, the splitting vanishes for radii larger than about
R~5ay = 52nm and the energy levels become degenerate again.

Variation of 1s-energy as a function of y considering the electron spin, for core
radius R; = 1ag, and total radius R, = 2a, for the QD and QAD models are
shown in Fig. 3 (a) and (b), respectively. The SOI has no effect on the 1s level
and therefore there is no splitting due to the SOI at this level. However, under the
applied magnetic field, the electron spin interacts with the magnetic field and this
interaction causes this level to be split into two sub-levels, one related to m, =

%, (o = 1), and the other related to m; = —%, (o = —1). As can be seen in Fig.
3, applying a weak magnetic field (y of the order of 107%), and due to the
interaction of the spin and magnetic field, 1s level is split into two sub-levels
(m=0,0,=1) and (m = 0,0, = —1) that the amount of these splitting for
both QD and QAD models is at the order of 10~*Ry*.
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Fig. 3 1s-energy level as a function of y, with R; = 1ag, R, = 2a; and x = 0.3

Fig. 4 shows the behavior of the 2p energy level, as a function of y considering
the electron spin for core radius R; = 1ay, and total radius R, = 2ag. The SOI
splits the 2P state energy level into two sub-levels 2p, /, and 2p5,,. On the other
hand, under the applied magnetic field, the electron spin interacts with the
magnetic field, and this interaction causes energy levels to be split into 2(21 + 1)
sub-levels. Therefore, the 2p stateenergy level (n=2,l=1, m=—-1,0,1) s
split into six sub-levels with, (m = 0,0, = 1),(m = 0,0, = —1),(m = 1,0, =
1),(m=1,0,=-1),(m=-1,0, = 1)and (m = —1,0, = —1). In Fig. 4 the
splitting of the levels are clearly visible. The rate of these splitting for both QD
and QAD models are at the order of 10~*Ry*.
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The effect of core radius R, on the 1s and 2p energies of QD and QAD for total
radius R, = 2ay aty = 3 x 10™* is presented in Fig. 5 (a) and (b), respectively.
From Fig. 5, it is clear that these two models have the opposite behavior as a
function of the core radius. The energy levels of QD decrease with increasing R;
and in larger radii, the energies tend to remain constant. However, the energy
levels of the QAD increase with increasing R;. These behaviors correspond to the
correlation between energy and system size parameters (i.e. energy is proportional

to well width). At the QD model, E « Ri, while at the QAD model, E « ﬁ,
1 271

therefore, as R, increases, the energies decrease for QD model and increases for
QAD model. Fig. 5 is also magnified in the indicated ranges to determine the
Zeeman splitting between the energy levels. It can be seen that, as expected, the
1s level is split into two sub-levels and the 2p level is split into six sub-levels.
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Fig. 5. 1s and 2p-energy levels as a function of R, with R, = 2ag, x =0.3and y =
3x107*

The sensitively of 1s and 2p energies as a function of R, for core radius R; = 1a,
aty = 3 x 10™* areillustrated in Fig. 6. According to this figure with increasing
R,, the energies of both QD and QAD models are reduced. In the QD model,
increasing R, leads to a greater barrier thickness. Electrons tunnel into the barrier,
their energies decrease and reach constant values at large R,. In the QAD model,
when R, increases, the width of the well actually increases, and so the energies
decrease. Fig. 6 is also magnified in the specified ranges to determine the Zeeman
splitting between the energy levels. As can be seen, the 1s level is split into two
sub-levels and the 2p level is split into six sub-levels.
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In Fig. 7, the results for the 1s and 2p-energeis as a function of Al concentration x
are depicted at y = 3 x 10~* for (a) QD model and (b) QAD model. By changing
x from 0 to 1, the height of barrier changes from 0 to 144Ry = As can be seen in
Fig. 7, in both models the energies increase by increasing x. Moreover, diagrams
are magnified within the indicated ranges to indicate the Zeeman splitting
between the energy levels. It can be seen that the 1s level is split into two sub-
levels and the 2p level is split into six sub-levels.
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Fig. 7. 1s and 2p-energy levels as a function of x, with R, = 1aj, R, = 2aj andy =
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In Fig. 8 the linear, nonlinear and total ACs as a function of incident photon
energy for 1s; , — 2p,,in the same conditions are plotted. From Fig.8, it is clear
that the ACs of the QD and QAD have different performances with respect to
incident photon energy in the same condition. In the case of comparing the total
AC curves, this figure shows that the QD has an approximately symmetric curve
but QAD has a curve that abruptly increases then asymptotically goes to zero. In
the case of the nonlinear AC curves, it is obvious that for this selected intensity
value, the QD has no significant nonlinear AC but the QAD shows a significant
nonlinear AC.
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Fig. 8 The linear, nonlinear and total ACs as a function of incident photon energy with
[ = 300MW /m? R, = laj, R, = 2a x=0.3andy =3 x 10™*

Fig. 9 shows the linear, nonlinear and total 1s,,, = 2p, , absorption coefficients
as a function of the photon energy for (a) QD and (b) QAD. It is observed that as
the optical intensity increases, the total AC decreases for both QD and QAD. This
is because the nonlinear absorption (which is negative) enhances with an increase
in intensity. In Fig. 9(b) the behavior of QAD has been shown for total ACs
curves, which magnitude of the intensity value goes from I = 100MW /m? to
500MW /m? at fixed incremental steps of 100MW /m?2. If this range of intensity
is used for the QD, the change of nonlinear AC and therefore in the total AC for
QD is small, so we used the range 100 < | <900 with the fixed incremental steps
of 200MW /m? in Fig.9 (a). In these two figures the highest curve corresponds to
the highest intensity, and the downward ones correspond to the lower intensities,
respectively.
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Fig. 9 The linear, nonlinear and total ACs as a function of incident photon energy with
R, = 1ag, R, = 2aj, x=0.3 andy = 3 x 10~* and five different intensities for (a) QD
and (b) QAD. The solid lines show linear absorption coefficients. The dash-dotted lines
are nonlinear absorption coefficient curves and dashed lines represent the total absorption
coefficient curves.

In Fig. 10, the total 1s,,, = 2p,,, AC for both QD and QAD as a function of
incident photon energy for four different core radius are plotted. Fig. 10(a) shows
that as the core radius increases, the total AC peak heights remain almost constant
but move toward a smaller incident photon energies. However, Fig. 10(b) shows
that by increasing the amount of core radius, the total AC peak heights become
larger and slightly shift toward lower incident photon energies. The reasons for
these behaviors are that in the case of the QD model, increasing the core radius
reduces the guantum constraint. Thus, the energy differences between the sub-
levels decreases and the peaks shift to lower energies. Conversely, in the QAD
model, increasing the core radius increases the quantum constraint. Thus, the
energy differences between the sub-levels increases and the peaks shift to higher
energies.
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Fig. 10 The total ACs as a function of incident photon energy with I = 100MW/ /
m?, R, = 2aj, x=0.3and y = 3 x 10~* and four different core radius.

5. CONCLUSION

In this study, the effect of a weak external magnetic field on the 1s and 2p energy
levels of the spherical GaAs/Ga,_,Al,As QD and spherical Ga,_,Al,As/GaAs
QAD models in the presence of SOI have been investigated. The results show that
the interaction between the spin and the external magnetic field causes the 1s level
to be split into two sub-levels. Also, for both models, the SOI splits the 2P level
into two sub-levels, 2p,/, and 2p3,,. On the other hand, considering the electron
spin, the presence of an external magnetic field causes the 2P level to be split into
six sublevels. It has been shown that the QD model has a different behavior
compare to the QAD model regarding energy changes as function of system radius
size and height of the potential barrier. Furthermore, the ACs of these systems
have been discussed and shows that the ACs of the QD and QAD have different
performances with respect to incident photon energy in the same condition.

30
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