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Abstract. Using the concept of fuzzy points, the notion of fuzzy filters in pre-ordered residuated systems is intro-
duced, and their relevant properties are investigated and analyzed. Characterization of fuzzy filters are displayed.
Fuzzy filters are formed using filters. The concepts of positive set, ∈t-set, (extended) qt-set are defined and the
conditions under which they become filters are explored. The concept of fuzzy filter with thresholds is introduced
and related properties are investigated.
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1 Introduction

The concept of a residuated relational system introduced by Bonzio et al. [1] is a mathematical structure
used in the study of ordered algebraic systems, particularly in the fields of logic, lattice theory, and category
theory. These systems generalize certain aspects of algebraic structures like lattices and posets, with a focus
on the relationship between operations and their adjoints, often in the context of residuation. They developed
the concept of a pre-ordered residuated system, which is nothing but a residuated relational system whose
relation is pre-order, i.e., reflexive and transitive. Their work like this is based on generalizing the concept of
residuated poset, by replacing the usual partial order to a pre-order. Romano [2, 3, 4, 5] called the pre-ordered
residuated system a quasi-ordered residuated system. He introduced and analyzed the notion of filters in
pre-ordered residuated systems. The purpose of this paper is to study the filter of a pre-ordered residuated
system using the fuzzy set theory. For this, we will use the concept of fuzzy points. We introduce the concept
of fuzzy filters in a pre-ordered residuated system, and investigate their relevant properties. We consider
characterizations of fuzzy filter. We construct ∈t-set, (extended) qt-set, positive set, etc., and explore the
conditions under which these can be filters.

2 Preliminaries

Definition 2.1 ([1]). Let (X,⊙,→, 1) be an algebra of type (2,2,0) and let R be a binary operation on X.
A structure X := (X, ⊙, →, 1, R) is called a residuated relational system if the following three conditions are
valid.
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(i) (X,⊙, 1) is a commutative monoid,

(ii) (∀a ∈ X) ((a, 1) ∈ R),

(iii) (∀a, b, c ∈ X) ((a⊙ b, c) ∈ R) ⇔ (a, b → c) ∈ R).

Let X := (X, ⊙, →, 1, R) be a residuated relational system. For every element y of X, consider the
following two mappings:

fy : X → X, x 7→ x⊙ y and gy : X → X, x 7→ y → x.

Proposition 2.2 ([1]). Every residuated relational system X := (X, ⊙, →, 1, R) satisfies:

(∀x, y ∈ X)(gx(y) = 1 ⇒ (x, y) ∈ R). (1)

(∀x ∈ X)((x, g1(1)) ∈ R). (2)

(∀x ∈ X)((1, gx(1))) ∈ R). (3)

(∀x, y, z ∈ X)(gx(y) = 1 ⇒ (fx(z), y) ∈ R). (4)

(∀x, y ∈ X)((x, gy(1)) ∈ R). (5)

Moreover, if R is reflexive, then

(∀x ∈ X)((1, gx(x)) ∈ R). (6)

(∀x, y ∈ X)(fx((gx(y)), y) ∈ R). (7)

(∀x, y ∈ X)((x, gy(fy(x))) ∈ R). (8)

(∀x, y ∈ X)((x, g1(x)) ∈ R, (g1(x), x) ∈ R). (9)

(∀x, y ∈ X)(x, ggx(y)(y)) ∈ R). (10)

Also, if R is antisymmetric, then

(∀x, y ∈ X)((x, y) ∈ R ⇔ gx(y) = 1). (11)

If R is also reflexive, then (fy(x), x) ∈ R and (fy(x), y) ∈ R. (12)

Recall that a binary relation “R” on a set X is said to be pre-order if it is reflexive and transitive. Note
that the pre-order relation is sometimes called the quasi-order relation.

Definition 2.3 ([1, 2]). A residuated relational system X := (X, ⊙, →, 1, R) is called a pre-ordered residuated
system if R is a pre-order relation on X.

The pre-ordered residuated system X := (X, ⊙, →, 1, R) will be denoted by X := (X, ⊙, →, 1, ≲).

Definition 2.4 ([2]). Let X := (X, ⊙, →, 1, ≲) be a pre-ordered residuated system. A subset F of X is
called a filter of X if it satisfies:

(x, y ∈ X)(x ∈ F, x ≲ y ⇒ y ∈ F ), (13)

(x, y ∈ X)(x ∈ F, gx(y) ∈ F ⇒ y ∈ F ). (14)

A fuzzy set ð in a set X of the form

ð(b) :=
{

t ∈ (0, 1] if b = a,
0 if b ̸= a,

is said to be a fuzzy point with support a and value t and is denoted by ⟨at⟩.
For a fuzzy set ð in a set X, we say that a fuzzy point ⟨at⟩ is
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(i) contained in ð, denoted by ⟨at⟩ ∈ ð, (see [6]) if ð(a) ≥ t.

(ii) quasi-coincident with ð, denoted by ⟨at⟩ q ð, (see [6]) if ð(a) + t > 1.

If a fuzzy point ⟨at⟩ is contained in ð or is quasi-coincident with ð, we denote it ⟨at⟩ ∈∨q ð. If a fuzzy point
⟨at⟩ is contained in ð and is quasi-coincident with ð, we denote it ⟨at⟩ ∈∧q ð. If ⟨at⟩α ð is not established for
α ∈ {∈, q,∈∨q,∈∧q}, it is denoted by ⟨at⟩α ð.

Given t ∈ (0, 1] and a fuzzy set ð in a set X, consider the following sets

(ð, t)∈ := {a ∈ X | ⟨at⟩ ∈ ð} and (ð, t)q := {a ∈ X | ⟨at⟩ q ð}

which are called an ∈t-set and a qt-set of ð, respectively, in X. Also, we consider the set

(ð, t)∈∨q := {a ∈ X | ⟨at⟩ ∈∨q ð}

which is called the t(∈∨q)-set of ð.
It is clear that (ð, t)∈∨q = (ð, t)∈ ∪ (ð, t)q.

3 Fuzzy Filters

In what follows, let X := (X, ⊙, →, 1, ≲) denote a pre-ordered residuated system, and it will be simply
written by X only.

First, we introduce a central concept that will be used throughout the paper.

Definition 3.1. A fuzzy set ð in X is called a fuzzy filter of X if its nonempty ∈t-set (ð, t)∈ is a filter of X
for all t ∈ (0, 1].

Example 3.2. Let X := (−∞, 1] ⊂ R (the set of real numbers). If we define two binary operations “⊙” and
“→” on X as follows:

x⊙ y = min{x, y} and x → y =

{
1 if x ≤ y,
y if x > y,

for all x, y ∈ X, then X := (X, ⊙, →, 1, ≤) is a pre-ordered residuated system (see [5]). Let ð be a fuzzy set
in X given by

ð : X → [0, 1], x 7→


0.78 if x ∈ (0, 1],
0.62 if x ∈ (−3, 0],
0.37 otherwise.

Then ð is a fuzzy filter of X := (X, ⊙, →, 1, ≤).

Example 3.3. Let X = {b1, b2, b3, b4} be a set and two binary operations “⊙” and “→” on X are given as
follows:

⊙ b1 b2 b3 b4
b1 b1 b2 b3 b4
b2 b2 b2 b2 b4
b3 b3 b2 b2 b4
b4 b4 b4 b4 b4

→ b1 b2 b3 b4
b1 b1 b2 b3 b4
b2 b1 b1 b1 b1
b3 b1 b2 b1 b4
b4 b1 b2 b3 b1
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We give a binary relation “≲” as follows:

≲:= {(b1, b1), (b2, b2), (b3, b3), (b4, b4), (b4, b1), (b3, b1), (b2, b1), (b2, b3), (b2, b4)}.

Then X := (X, ⊙, →, b1, ≲) is a pre-ordered residuated system (see [7]). Let ð be a fuzzy set in X given by

ð : X → [0, 1], x 7→


1
n if x = b1,
1
4n if x = b2,
1
2n if x = b3,
1
3n if x = b4,

where n is a natural number. Then ð is a fuzzy filter of X := (X, ⊙, →, b1, ≤).

We discuss the characterization of fuzzy filters.

Theorem 3.4. A fuzzy set ð in X is a fuzzy filter of X if and only if it satisfies:

(∀x, y ∈ X)(x ≲ y ⇒ ð(x) ≤ ð(y)), (15)

(∀x, y ∈ X)(ð(y) ≥ min{ð(x),ð(gx(y))}). (16)

Proof. Assume that ð is a fuzzy filter of X. Then its nonempty ∈t-set (ð, t)∈ is a filter of X for all t ∈ (0, 1].
If (15) is not valid, then there exists a, b ∈ X such that a ≲ b and ð(a) > ð(b). Then a ∈ (ð, ð(a))∈, but
b /∈ (ð, ð(a))∈ which is a contradiction. Hence ð(x) ≤ ð(y) for all x, y ∈ X with x ≲ y. Suppose that
(16) is false. Then ð(b) < min{ð(a), ð(ga(b))} for some a, b ∈ X. If we take t := min{ð(a),ð(ga(b))}, then
a ∈ (ð, t)∈, ga(b) ∈ (ð, t)∈ and b /∈ (ð, t)∈. This is a contradiction, and thus ð(y) ≥ min{ð(x), ð(gx(y))} for
all x, y ∈ X.

Conversely, let ð be a fuzzy set in X that satisfies (15) and (16). Let x, y ∈ X. If x ∈ (ð, t)∈ and x ≲ y,
then t ≤ ð(x) ≤ ð(y) by (15), i.e., ⟨yt⟩ ∈ ð. Thus y ∈ (ð, t)∈. If x ∈ (ð, t)∈ and gx(y) ∈ (ð, t)∈, then

ð(y) ≥ min{ð(x), ð(gx(y))} ≥ t

by (16) and so y ∈ (ð, t)∈. Hence (ð, t)∈ is a filter of X for all t ∈ (0, 1], and therefore ð is a fuzzy filter of X.
□

Theorem 3.5. In X, a fuzzy set ð in X satisfies (15) if and only if the following assertion is valid.

(∀x, y, z ∈ X)(∀t ∈ (0, 1])(fy(x) ∈ (ð, t)∈, x ≲ gy(z) ⇒ z ∈ (ð, t)∈). (17)

Proof. Assume that ð satisfies (15) and let x, y, z ∈ X be such that x ≲ gy(z) and fy(x) ∈ (ð, t)∈ for all
t ∈ (0, 1]. Then fy(x) ≲ z by Definition 2.1(iii), and so ð(z) ≥ ð(fy(x)) ≥ t by (15). Hence z ∈ (ð, t)∈.

Conversely, let ð be a fuzzy set in X that satisfies (17). In the proof of Theorem 3.4, we can observe that
ð satisfies (15) if and only if ð satisfies:

(∀x, y ∈ X)(∀t ∈ (0, 1])(x ∈ (ð, t)∈, x ≲ y ⇒ y ∈ (ð, t)∈).

Let x, y ∈ X be such that x ≲ y and x ∈ (ð, t)∈ for all t ∈ (0, 1]. Then f1(x) = x ∈ (ð, t)∈ and x ≲ g1(y). It
follows from (17) that y ∈ (ð, t)∈. Therefore ð satisfies (15). □

Proposition 3.6. In X, if a fuzzy set ð in X satisfies (15), then

(∀x ∈ X)(∀t ∈ (0, 1])(x ∈ (ð, t)∈ ⇔ g1(x) ∈ (ð, t)∈), (18)

or equivalently,

(∀x ∈ X)(∀t ∈ (0, 1])(ð(x) ≥ t ⇔ ð(g1(x)) ≥ t). (19)
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Proof. Let ð be a fuzzy set in X that satisfies (15). Then by the proof process of Theorem 3.4, we know the
following:

x ∈ (ð, t)∈, x ≲ y ⇒ y ∈ (ð, t)∈

for all x, y ∈ X and t ∈ (0, 1]. Using (9) leads to x ≲ g1(x) and g1(x) ≲ x. It follows that if x ∈ (ð, t)∈ (resp.
g1(x) ∈ (ð, t)∈), then g1(x) ∈ (ð, t)∈ (resp., x ∈ (ð, t)∈). Hence (18) is valid. □

Corollary 3.7. Every fuzzy filter ð of X satisfies the condition (18).

Lemma 3.8 ([1]). Every pre-ordered residuated system X := (X, ⊙, →, 1, ≲) satisfies:

(∀x, y ∈ X)(fy(x) ≲ x, fy(x) ≲ y). (20)

Proposition 3.9. In X, if a fuzzy set ð in X satisfies (15), then

(∀t ∈ (0, 1])((ð, t)∈ ̸= ∅ ⇒ 1 ∈ (ð, t)∈). (21)

(∀x, y ∈ X)(∀t ∈ (0, 1])(fy(x) ∈ (ð, t)∈ ⇒ x ∈ (ð, t)∈, y ∈ (ð, t)∈). (22)

(∀x, y ∈ X)(∀t ∈ (0, 1])(x, y ∈ (ð, t)∈, x ≲ y ⇒ gx(y) ∈ (ð, t)∈). (23)

(∀x, y ∈ X)(∀t ∈ (0, 1])(1 ∈ (ð, t)∈, x ≲ y ⇒ gx(y) ∈ (ð, t)∈). (24)

Proof. Assume that (ð, t)∈ ̸= ∅ for all t ∈ (0, 1], and let x ∈ (ð, t)∈. Since x ≲ 1 by Definition 2.1(ii),
it follows from (15) that ð(1) ≥ ð(x) ≥ t. Hence 1 ∈ (ð, t)∈. Let x, y ∈ X and t ∈ (0, 1] be such that
fy(x) ∈ (ð, t)∈. Then ð(fy(x)) ≥ t. Since fy(x) ≲ x and fy(x) ≲ y by (20), it follows from (15) that
ð(x) ≥ ð(fy(x)) ≥ t and ð(y) ≥ ð(fy(x)) ≥ t, that is, ⟨xt⟩ ∈ ð and ⟨yt⟩ ∈ ð. Hence x ∈ (ð, t)∈ and y ∈ (ð, t)∈,
and so (22) is valid. Let x, y ∈ X and t ∈ (0, 1] be such that x, y ∈ (ð, t)∈ and x ≲ y. Since fx(x) ≲ x
by (20), we have fx(x) ≲ y by the transitivity of ≲. Thus x ≲ gx(y) by Definition 2.1(iii), which implies
from (15) that ð(gx(y)) ≥ ð(x) ≥ t. Hence gx(y) ∈ (ð, t)∈. Suppose that 1 ∈ (ð, t)∈ for all t ∈ (0, 1] and let
x, y ∈ X be such that x ≲ y. Then fx(1) = x ≲ y, and so 1 ≲ gx(y) by Definition 2.1(iii). Using (15) leads
to ð(gx(y)) ≥ ð(1) ≥ t, and so gx(y) ∈ (ð, t)∈. □

Corollary 3.10. Every fuzzy filter ð of X satisfies the four conditions (21), (22), (23) and (24).

Theorem 3.11. For every nonempty subset F of X, consider a fuzzy set ðF in X which is defined by

ðF : X → [0, 1], x 7→
{

s1 if x ∈ F,
s2 otherwise

where s1 > s2 in [0, 1]. Then ðF is a fuzzy filter of X if and only if F is a filter of X.

Proof. Assume that ðF is a fuzzy filter of X. Let x, y ∈ X. If x ∈ F and x ≲ y, then ðF (y) ≥ ðF (x) = s1 by
(15), and so ðF (y) = s1. Thus y ∈ F . If x ∈ F and gx(y) ∈ F , then ðF (x) = s1 and ðF (gx(y)) = s1. Using
(16) leads to ðF (y) ≥ min{ðF (x), ðF (gx(y))} = s1, and so ðF (y) = s1. Thus y ∈ F . Therefore F is a filter
of X.

Conversely, suppose that F is a filter of X. For every x, y ∈ X with x ≲ y, if x ∈ F , then y ∈ F and so
ðF (y) = s1 = ðF (x). If x /∈ F , then ðF (x) = s2 < ðF (y). Let x, y ∈ X. If x ∈ F and gx(y) ∈ F , then y ∈ F
and thus ðF (y) = s1 = min{ðF (x), gx(y)}. If x /∈ F or gx(y) /∈ F , then ðF (x) = s2 or ðF (gx(y)) = s2. Hence
ðF (y) ≥ s2 = min{ðF (x), ðF (gx(y))}. Therefore ðF is a fuzzy filter of X by Theorem 3.4 □

Let ð be a non-constant fuzzy set in X and we construct the next set called positive set.

X0 := {x ∈ X | ð(x) ̸= 0}. (25)

It is clear that X0 ̸= ∅. We explore conditions for the positive set of ð to be a filter.
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Theorem 3.12. If ð is a non-constant fuzzy filter of X, then its positive set is a filter of X.

Proof. Let ð be a non-constant fuzzy filter of X. Let x, y ∈ X. If x ∈ X0 and x ≲ y, then ð(y) ≥ ð(x) ̸= 0
by (15), and so y ∈ X0. If x ∈ X0 and gx(y) ∈ X0, then ð(y) ≥ min{ð(x),ð(gx(y))} ̸= 0 by (16). Hence
y ∈ X0, and therefore X0 is a filter of X. □

In the following example, we can see that the converse of Theorem 3.12 is not true in general.

Example 3.13. Consider the pre-ordered residuated system X := (X, ⊙, →, b1, ≲) in Example 3.3. Let ð
be a fuzzy set in X given by

ð : X → [0, 1], x 7→


0.2
k if x = b1,
0
k if x = b2,
0.8
k if x = b3,
0.6
k if x = b4,

where k is a natural number. Then X0 = {b1, b3, b4} is filter of X. If we take t := 0.5
k , then (ð, t)∈ = {b3, b4}.

We can observe that b4 ≲ b1 and b1 /∈ (ð, t)∈. Hence ð is not a fuzzy filter of X.

Theorem 3.14. If a non-constant fuzzy set ð in X satisfies the following conditions:

(∀x, y ∈ X)(∀t ∈ (0, 1])(x ∈ (ð, t)∈, x ≲ y ⇒ y ∈ (ð, t)q), (26)

(∀x, y ∈ X)(∀t ∈ (0, 1])(x ∈ (ð, t)∈, gx(y) ∈ (ð, t)∈ ⇒ y ∈ (ð, t)q), (27)

then the positive set of ð is a filter of X.

Proof. Let x, y ∈ X be such that x ∈ X0 and x ≲ y. Since x ∈ (ð,ð(x))∈, it follows from (26) that
y ∈ (ð,ð(x))q. If y /∈ X0, then ð(y) = 0 and so ⟨yð(x)⟩ q ð, i.e., y /∈ (ð,ð(x))q. This is a contradiction,
and thus y ∈ X0. Let x ∈ X0 and gx(y) ∈ X0. If we take t := min{ð(x),ð(gx(y))}, then x ∈ (ð, t)∈ and
gx(y) ∈ (ð, t)∈. Using (27) leads to y ∈ (ð, t)q. Hence ð(y) + t > 1, and so ð(y) ̸= 0, i.e., y ∈ X0. Therefore
X0 is a filter of X. □

Theorem 3.15. If a non-constant fuzzy set ð in X satisfies the following conditions:

(∀x, y ∈ X)(∀t ∈ (0, 1])(x ∈ (ð, t)q, x ≲ y ⇒ y ∈ (ð, t)∈), (28)

(∀x, y ∈ X)(∀t ∈ (0, 1])(x ∈ (ð, t)q, gx(y) ∈ (ð, t)q ⇒ y ∈ (ð, t)∈), (29)

then the positive set of ð is a filter of X.

Proof. Let x, y ∈ X be such that x ∈ X0 and x ≲ y. Then ð(x) ̸= 0, and so ð(x) + 1 > 1, i.e., x ∈ (ð, 1)q.
Thus y ∈ (ð, 1)∈ by (28), which shows that y ∈ X0. Let x ∈ X0 and gx(y) ∈ X0. Then ð(x) ̸= 0 ̸= ð(gx(y)),
and hence ð(x) + 1 > 1 and ð(gx(y)) + 1 > 1, that is, x ∈ (ð, 1)q and gx(y) ∈ (ð, 1)q. It follows from (29)
that y ∈ (ð, 1)∈. Thus y ∈ X0 and therefore X0 is a filter of X. □

Theorem 3.16. If a non-constant fuzzy set ð in X satisfies the following conditions:

(∀x, y ∈ X)(∀t ∈ (0, 1])(x ∈ (ð, t)q, x ≲ y ⇒ y ∈ (ð, t)q), (30)

(∀x, y ∈ X)(∀t ∈ (0, 1])(x ∈ (ð, t)q, gx(y) ∈ (ð, t)q ⇒ y ∈ (ð, t)q), (31)

then the positive set of ð is a filter of X.
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Proof. Let x, y ∈ X be such that x ∈ X0 and x ≲ y. Then ð(x) ̸= 0, and so ð(x) + 1 > 1, i.e., x ∈ (ð, 1)q.
Thus y ∈ (ð, 1)q by (30), which implies ð(y) + 1 > 1. Hence ð(y) ̸= 0, and so y ∈ X0. Let x ∈ X0 and
gx(y) ∈ X0. Then ð(x) ̸= 0 ̸= ð(gx(y)), and hence ð(x) + 1 > 1 and ð(gx(y)) + 1 > 1, that is, x ∈ (ð, 1)q
and gx(y) ∈ (ð, 1)q. Using (31) induces y ∈ (ð, 1)q. If y /∈ X0, then ð(y) = 0 and thus y /∈ (ð, 1)q which is a
contradiction. Hence y ∈ X0 and therefore X0 is a filter of X. □

We establish conditions for the qt-set (ð, t)q to be a filter of X.

Theorem 3.17. If ð is a fuzzy filter of X, then its nonempty qt-set is a filter of X for all t ∈ (0, 1].

Proof. Assume that (ð, t)q ̸= ∅ for all t ∈ (0, 1]. Let x, y ∈ X be such that x ∈ (ð, t)q and x ≲ y. Then
ð(x) + t > 1 and so ð(y) ≥ ð(x) > 1 − t by (15). Hence y ∈ (ð, t)q. Let x ∈ (ð, t)q and gx(y) ∈ (ð, t)q.
Then ð(x) + t > 1 and ð(gx(y)) + t > 1. It follows from (16) that ð(y) ≥ min{ð(x), ð(gx(y))} > 1− t. Thus
y ∈ (ð, t)q, and therefore (ð, t)q is a filter of X for all t ∈ (0, 1]. □

Proposition 3.18. Given a fuzzy set ð in X, if its qt-set is a filter of X for all t ≤ 0.5, then the following
conditions are established.

(∀x, y ∈ X)(∀t ∈ (0, 0.5])(x ∈ (ð, t)q, x ≲ y ⇒ y ∈ (ð, t)∈), (32)

(∀x, y ∈ X)(∀t1, t2 ∈ (0, 0.5])

(
x ∈ (ð, t1)q, gx(y) ∈ (ð, t2)q
⇒ y ∈ (ð,max{t1, t2})∈

)
. (33)

Proof. Let t ∈ (0, 0.5] and suppose that (ð, t)q is a filter of X. Let x, y ∈ X be such that x ∈ (ð, t)q and
x ≲ y. Then y ∈ (ð, t)q by (13), and so ð(y) > 1− t ≥ t. Hence y ∈ (ð, t)∈. Let x, y ∈ X and t1, t2 ∈ (0, 0.5]
be such that x ∈ (ð, t1)q and gx(y) ∈ (ð, t2)q. Then x ∈ (ð,max{t1, t2})q and gx(y) ∈ (ð,max{t1, t2})q. It
follows from (14) that y ∈ (ð,max{t1, t2})q. Hence

ð(y) > 1−max{t1, t2} ≥ max{t1, t2},

and so y ∈ (ð,max{t1, t2})∈. □

Proposition 3.19. Given a fuzzy set ð in X, if its qt-set is a filter of X for all t ≥ 0.5, then the following
conditions are established.

(∀x, y ∈ X)(∀t ∈ (0.5, 1])(x ∈ (ð, t)∈, x ≲ y ⇒ y ∈ (ð, t)q), (34)

(∀x, y ∈ X)(∀t1, t2 ∈ (0.5, 1])

(
x ∈ (ð, t1)∈, gx(y) ∈ (ð, t2)∈
⇒ y ∈ (ð,max{t1, t2})q

)
. (35)

Proof. Let t ∈ (0.5, 1] and suppose that (ð, t)q is a filter of X. Let x, y ∈ X. If x ∈ (ð, t)∈ and x ≲ y,
then ð(x) ≥ t > 1 − t, i.e., x ∈ (ð, t)q. Hence y ∈ (ð, t)q by (13). If x ∈ (ð, t1)∈ and gx(y) ∈ (ð, t2)∈, then
ð(x) ≥ t1 > 1−t1 ≥ 1−max{t1, t2} and ð(gx(y)) ≥ t2 > 1−t2 ≥ 1−max{t1, t2}, that is, x ∈ (ð,max{t1, t2})q
and gx(y) ∈ (ð,max{t1, t2})q. It follows from (14) that y ∈ (ð,max{t1, t2})q. □

Corollary 3.20. Every fuzzy filter ð of X satisfies (32), (33), (34) and (35).

Theorem 3.21. If a fuzzy set ð in X satisfies the following conditions:

(∀x, y ∈ X)(∀t ∈ (0.5, 1])(x ∈ (ð, t)q, x ≲ y ⇒ y ∈ (ð, t)∈∨q), (36)

(∀x, y ∈ X)(∀t ∈ (0.5, 1])(x ∈ (ð, t)q, gx(y) ∈ (ð, t)q ⇒ y ∈ (ð, t)∈∨q), (37)

then the nonempty qt-set is a filter of X for all t ∈ (0.5, 1].
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Proof. Let x, y ∈ X and t ∈ (0.5, 1], and assume that (ð, t)q is nonempty. If x ∈ (ð, t)q and x ≲ y, then
y ∈ (ð, t)∈∨q by (36). It follows that y ∈ (ð, t)∈ or y ∈ (ð, t)q. If y ∈ (ð, t)∈, then ð(y) ≥ t > 1 − t and so
y ∈ (ð, t)q. Let x ∈ (ð, t)q and gx(y) ∈ (ð, t)q. Then y ∈ (ð, t)∈∨q by (37), and thus y ∈ (ð, t)∈ or y ∈ (ð, t)q.
If y ∈ (ð, t)∈, then ð(y) ≥ t > 1− t and so y ∈ (ð, t)q. Consequently, (ð, t)q is a filter of X. □

Proposition 3.22. Given a filter F of X, if we define a fuzzy set ∂F in X as follows:

∂F : X → [0, 1], x 7→
{

s1 if x ∈ F ,
s2 otherwise

where s1 ≥ 0.5 > s2 = 0, then the following assertions hold.

(∀x, y ∈ X)(∀t ∈ (0, 1])(x ∈ (∂F , t)q, x ≲ y ⇒ y ∈ (∂F , t)∈∨q). (38)

(∀x, y ∈ X)(∀t1, t2 ∈ (0, 1])

(
x ∈ (∂F , t1)q, gx(y) ∈ (∂F , t2)q
⇒ y ∈ (∂F ,min{t1, t2})∈∨q.

)
. (39)

Proof. Let x, y ∈ X and t ∈ (0, 1] be such that x ∈ (∂F , t)q and x ≲ y. Then ∂F (x) + t > 1. If x /∈ F ,
then ∂F (x) = s2 = 0 and so t > 1 a contradiction. Thus x ∈ F and hence y ∈ F since F is a filter of
X. Hence ∂F (y) = s1 ≥ 0.5. If t ≤ 0.5, then ∂F (y) ≥ 0.5 ≥ t and so y ∈ (∂F , t)∈. If t > 0.5, then
∂F (y) + t > 0.5 + 0, 5 = 1 which means y ∈ (∂F , t)q. Thus y ∈ (∂F , t)∈∨q. Let x, y ∈ X and t1, t2 ∈ (0, 1]
be such that x ∈ (∂F , t1)q and gx(y) ∈ (∂F , t2)q, that is, ∂F (x) + t1 > 1 and ∂F (gx(y)) + t2 > 1. If x /∈ F
or gx(y) /∈ F , then ∂F (x) = s2 = 0 or ∂F (gx(y)) = s2 = 0. Hence t1 > 1 or t2 > 1 which is a contradiction.
Hence x ∈ F and gx(y) ∈ F . Since F is a filter of X, we have y ∈ X and thus ðF (y) = s1 ≥ 0.5. If t1 ≤ 0.5
or t2 ≤ 0.5, then ðF (y) ≥ 0.5 ≥ min{t1, t2}. Thus y ∈ (∂F ,min{t1, t2})∈. If t1 > 0.5 and t2 > 0.5, then
∂F (y) + min{t1, t2} > 0.5 + 0.5 = 1, i.e., y ∈ (∂F ,min{t1, t2})q. Therefore, y ∈ (∂F ,min{t1, t2})∈∨q. □

Theorem 3.23. If ∂F is the fuzzy set in X which is described in Proposition 3.22, then its qt-set (∂F , t)q is
a filter of X for all t ∈ (0.5, 1]

Proof. Let x, y ∈ X and t ∈ (0.5, 1]. If x ∈ (∂F , t)q and x ≲ y, then ∂F (x) + t > 1, and so x ∈ F because
if not, then ∂F (x) = s2 = 0 and thus t > 1 a contradiction. Since F is a filter of X, we get y ∈ F . So
∂F (y) = s1 ≥ 0.5. Since t ∈ (0.5, 1], it follows that ∂F (y) + t = s1 + t > 0.5 + 0.5 = 1, i.e., y ∈ (∂F , t)q.
Suppose that x ∈ (∂F , t)q and gx(y) ∈ (∂F , t)q. Then ∂F (x) + t > 1 and ∂F (gx(y)) + t > 1. If x /∈ F or
gx(y) /∈ F , then ∂F (x) = s2 = 0 or ∂F (gx(y)) = s2 = 0. Hence t = ∂F (x) + t > 1 or t = ∂F (gx(y)) + t > 1, a
contradiction. Thus x ∈ F and gx(y) ∈ F , which induces y ∈ F . So ∂F (y) = s1 ≥ 0.5. Since t ∈ (0.5, 1], it
follows that ∂F (y) + t = s1 + t > 0.5 + 0.5 = 1, i.e., y ∈ (∂F , t)q. Therefore (∂F , t)q is a filter of X. □

Definition 3.24. A fuzzy set ð in X is called a (0.5, 1]-fuzzy filter of X if its nonempty ∈t-set (ð, t)∈ is a
filter of X for all t ∈ (0.5, 1].

Example 3.25. Consider the pre-ordered residuated system X := (X, ⊙, →, b1, ≲) in Example 3.3. Let ∂
be a fuzzy set in X given by

∂ : X → [0, 1], x 7→


0.9 if x = b1,
0.4 if x = b2,
0.7 if x = b3,
0.3 if x = b4.

Then ∂ is a (0.5, 1]-fuzzy filter of X.

It is clear that every fuzzy filter is a (0.5, 1]-fuzzy filter. But the converse may not be true. In fact, the
(0.5, 1]-fuzzy filter ∂ in Example 3.25 is not a fuzzy filter of X since b2 ≲ b4 and ∂(b2) = 0.4 ≰ 0.3 = ∂(b4).

We now discuss the characterization of (0.5, 1]-fuzzy filters.
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Theorem 3.26. A fuzzy set ð in X is a (0.5, 1]-fuzzy filter of X if and only if it satisfies:

(∀x, y ∈ X)(x ≲ y ⇒ ð(x) ≤ max{ð(y), 0.5}), (40)

(∀x, y ∈ X)(max{ð(y), 0.5} ≥ min{ð(x),ð(gx(y))}). (41)

Proof. Assume that ð in X is a (0.5, 1]-fuzzy filter of X. Then the nonempty ∈t-set (ð, t)∈ is a filter
of X for all t ∈ (0.5, 1]. If the condition (40) is not valid, then there exists a, b ∈ X such that a ≲ b
and ð(a) > max{ð(b), 0.5}. Hence t := ð(a) ∈ (0.5, 1] and a ∈ (ð, t)∈. But b /∈ (ð, t)∈, a contradiction.
Hence ð(x) ≤ max{ð(y), 0.5} for all x, y ∈ X with x ≲ y. Suppose that the condition (41) is not establish.
Then max{ð(b), 0.5} < min{ð(a), ð(ga(b))} for some a, b ∈ X. If we take s := min{ð(a), ð(ga(b))}, then
s ∈ (0.5, 1], a ∈ (ð, s)∈ and ga(b) ∈ (ð, s)∈. But max{ð(b), 0.5} < s leads to b /∈ (ð, s)∈, which is a
contradiction. Therefore max{ð(y), 0.5} ≥ min{ð(x), ð(gx(y))} for all x, y ∈ X.

Conversely, let ð be a fuzzy set in X that satisfies two conditions (40) and (41). Let t ∈ (0.5, 1] be such
that (ð, t)∈ ̸= ∅. If x ∈ (ð, t)∈ and x ≲ y, then max{ð(y), 0.5} ≥ ð(x) ≥ t > 0.5 by (40). Thus ð(y) ≥ t,
i.e., y ∈ (ð, t)∈. If x ∈ (ð, t)∈ and gx(y) ∈ (ð, t)∈, then ð(x) ≥ t and ð(gx(y)) ≥ t. It follows from (41) that
max{ð(y), 0.5} ≥ min{ð(x), ð(gx(y))} ≥ t. Since t > 0.5, we get ð(y) ≥ t and so y ∈ (ð, t)∈. Therefore ð is a
(0.5, 1]-fuzzy filter of X. □

Corollary 3.27. Every fuzzy filter ð of X satisfies the two conditions (40) and (41).

Theorem 3.28. If ð is a (0.5, 1]-fuzzy filter of X, then its nonempty qt-set is a filter of X for all t ∈ (0, 0.5).

Proof. Assume that ð is a (0.5, 1]-fuzzy filter of X. Let t ∈ (0, 0.5) be such that (ð, t)q ̸= ∅. If x ∈ (ð, t)q
and x ≲ y, then

max{ð(y), 0.5} ≥ ð(x) > 1− t > 0.5

by (40), and so ð(y) > 1 − t. Hence y ∈ (ð, t)q. Let x, y ∈ X be such that x ∈ (ð, t)q and gx(y) ∈ (ð, t)q.
Then ð(x) > 1− t and ð(gx(y)) > 1− t. It follows from (41) that

max{ð(y), 0.5} ≥ min{ð(x), ð(gx(y))} > 1− t > 0.5.

Hence ð(y) > 1− t and thus y ∈ (ð, t)q. Therefore (ð, t)q is a filter of X. □
Now let’s think about a more generalized form of Definition 3.1 and Definition 3.24.

Let ð be a fuzzy set in X. Then the ∈t-set (ð, t)∈ is a filter of X for some t ∈ (0, 1], but can not be a filter
of X for other t ∈ (0, 1]. Let

JX := {t ∈ (0, 1] | (ð, t)∈ is a filter of X}.

If JX = (0, 1], then ð is a fuzzy filter of X. If JX = (0.5, 1], then ð is a (0.5, 1]-fuzzy filter of X. However,
in general, the question arises as to what the form of the fuzzy filter is if JX is a non-empty subset of (0, 1],
for example JX = (0, 0.5] or JX = (δ, ε] for δ, ε ∈ (0, 1] with δ < ε. Based on this question, we consider the
following definition.

Definition 3.29. Let δ < ε in [0, 1]. A fuzzy set ð in X is called a fuzzy filter with thresholds δ and ε (briefly,
(δ, ε]-fuzzy filter) of X if its nonempty ∈t-set (ð, t)∈ is a filter of X for all t ∈ (δ, ε].

It is clear that if a fuzzy set ð in X satisfies ð(x) ≤ δ < ε for all x ∈ X, then ð is a (δ, ε]-fuzzy filter of X,
and every fuzzy filter is a (δ, ε]-fuzzy filter for every δ, ε ∈ (0, 1] with δ < ε.
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Example 3.30. Consider the pre-ordered residuated system X := (X, ⊙, →, b1, ≲) in Example 3.3. Let ð
be a fuzzy set in X given by

ð : X → [0, 1], x 7→


0.6 if x = b1,
0.3 if x = b2,
0.8 if x = b3,
0.5 if x = b4.

Then ð is a (0.27, 0.58]-fuzzy filter of X since

(ð, t)∈ =


{b1, b3} if 0.5 < t ≤ 0.58,
{b1, b3, b4} if 0.3 < t ≤ 0.5,
X if 0.27 < t ≤ 0.3,

is a filter of X for all t ∈ (0.27, 0.58]. But it is not a (0.27, 0.65]-fuzzy filter of X because if we take
t := 0.63 ∈ (0.27, 0.65], then (ð, t)∈ = {b3} is not a filter of X.

It is obvious that if (δ, ε1] ⊆ (δ, ε2], then every (δ, ε2]-fuzzy filter is a (δ, ε1]-fuzzy filter, but the converse
may not be true as shown in Example 3.30.

Theorem 3.31. A fuzzy set ð in X is a (δ, ε]-fuzzy filter of X if and only if the following conditions hold.

(∀x, y ∈ X)(x ≲ y ⇒ min{ð(x), ε} ≤ max{ð(y), δ}), (42)

(∀x, y ∈ X)(max{ð(y), δ} ≥ min{ð(x),ð(gx(y)), ε}). (43)

Proof. Suppose that ð is a (δ, ε]-fuzzy filter of X. Let x ≲ y in X. If min{ð(x), ε} > max{ð(y), δ}, then
there exists t ∈ (0, 1] such that

min{ð(x), ε} ≥ t > max{ð(y), δ}.

Then ð(y) < t and ð(x) ≥ t, that is, y /∈ (ð, t)∈ and x ∈ (ð, t)∈, and t ∈ (δ, ε]. This is a contradiction, and so
min{ð(x), ε} ≤ max{ð(y), δ}. If (43) is not established, then

max{ð(b), δ} < t ≤ min{ð(a), ð(ga(b)), ε}

for some a, b ∈ X and t ∈ (0, 1]. It follows that t ∈ (δ, ε], b /∈ (ð, t)∈, a ∈ (ð, t)∈ and ga(b) ∈ (ð, t)∈. This is a
contradiction, and thus ð satisfies the condition (43).

Conversely, we assume that ð satisfies the two conditions (42) and (43). Let x, y ∈ X and t ∈ (δ, ε]. If
x ≲ y and x ∈ (ð, t)∈, then

max{ð(y), δ} ≥ min{ð(x), ε} ≥ t > δ

by (42). Hence ð(y) ≥ t, i.e., y ∈ (ð, t)∈. If x ∈ (ð, t)∈ and gx(y) ∈ (ð, t)∈, then

max{ð(y), δ} ≥ min{ð(x), ð(gx(y)), ε} ≥ t > δ

by (43), and so ð(y) ≥ t, i.e., y ∈ (ð, t)∈. Consequently, (ð, t)∈ is a filter of X for all t ∈ (δ, ε]. Therefore ð is
a (δ, ε]-fuzzy filter of X. □

Given a fuzzy set ð in X, we say the set

(ð, t)∗q := {x ∈ X | ð(x) + t ≥ 1}

is an extended qt-set of ð.
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Theorem 3.32. If ð is a (δ, ε]-fuzzy filter of X and δ < 0.5, then its nonempty extended qt-set is a filter of
X for all t ∈ (0, δ] ∩ [1− ε, 1].

Proof. Assume that ð is a (δ, ε]-fuzzy filter of X and δ < 0.5. Let t ∈ (0, δ]∩ [1−ε, 1] be such that (ð, t)∗q ̸= ∅.
If x ∈ (ð, t)∗q and x ≲ y, then

max{ð(y), δ} ≥ min{ð(x), ε} ≥ min{1− t, ε} = 1− t ≥ 1− δ > δ

by (42). Hence ð(y) ≥ 1 − t, that is, y ∈ (ð, t)∗q . Let x, y ∈ X be such that x ∈ (ð, t)∗q and gx(y) ∈ (ð, t)∗q .
Then ð(x) + t ≥ 1 and ð(gx(y)) + t ≥ 1. It follows from (43) that

max{ð(y), δ} ≥ min{ð(x), ð(gx(y)), ε} ≥ min{1− t, ε} = 1− t ≥ 1− δ > δ.

Thus ð(y) ≥ 1− t, that is, y ∈ (ð, t)∗q . Consequently, (ð, t)∗q is a filter of X. □

4 Conclusion

As a mathematical structure, a residuated relational system has been introduced by S. Bonzio and I. Chajda
in 2018, and it combines elements of algebra, order theory, and relational calculus. They also extended
the residuated relational system by introducing pre-ordered residuated systems using pre-order relation, and
further studied the various properties involved. D. A. Romano [2, 3, 4, 5] introduced and analyzed the
concept of (weak implicative, shipt, implicative, comparative) filters in pre-ordered residuated systems. With
the purpose of this paper in the study of filters in pre-ordered residuated systems using the concept of fuzzy
points, we introduced fuzzy filter and identified various properties. Based on the ideas of this paper and
the results obtained, we will study various fuzzy versions for different types of filters, for example, (weak
implicative, shipt, implicative, comparative) filters, in the future.
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