Journal of Linear and Topological Algebra
Vol. 13, No. 02, 2024, 137- 142 s r
DOR:

DOI: \Will be added after buying DOI

Topological Algebra

Autocentralizer automorphisms of groups

F. Karimi®*, M. M. Nasrabadi®, A. Kaheni®
& Department of Mathematics, Faculty of Mathematical Science and Statistics, University of Birjand,

Birjand, Iran.

Received 30 July 2024; Revised 22 September 2024; Accepted 25 September 2024.

Communicated by Shervin Sahebi

Abstract. Let G be a group and C¢(a) be a normal centralizer subgroup of G for some a € G.

Assume that, T5(G) = [G, Cg(a)] and Autg%léi)(a))(G) is the set of all automorphisms of G

. . TG
that centralizes % and Z(Cg(a)). In this paper, we focus on the group Autz(?é,c)(a))(G)
and try to characterize its properties.
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1. Introduction

Our notations are standard. Let G be a group, by v,(G), Z,(G), Cg(a), Aut(G) and
Inn(G) we denote the n-th term of the lower and upper central series of G, the centralizer
of a in GG, the group of all automorphisms and inner automorphisms of G, respectively.
Also, Hom(G, H) denotes the group of all homomorphisms of G to H for an abelian
group H.

An automorphism « of G is called central if z7!a(z) € Z(G) for each x € G. The set
of all central automorphisms of G is a normal subgroup of Aut(G) and is denoted by
Aut.(QG). For finite p-group G, it is shown that Aut.(G) = Inn(G) if and only if Z(G) is
cyclicand G* < Z(G) [3]. Furthermore, let C* denote the set of all central automorphisms
of G fixing Z(G) elementwise. Attar [4] gave a classification of finite p-groups for which
C* = Inn(G). More precisely, he proved that C* = Inn(G) if and only if G is an abelian
group or a nilpotent group of class 2 with cyclic center.

*Corresponding author.
E-mail address: karimi.fatemeh@birjand.ac.ir (F. Karimi); mnasrabadi@birjand.ac.ir (M. M. Nasrabadi); azamka-
heni@birjand.ac.ir (A. Kaheni).

Print ISSN: 2252-0201 © 2024 IAUCTB.
Online ISSN: 2345-5934 http://jlta.ctb.iau.ir


https://sanad.iau.ir/Journal/jlta/Article/1127634

138 F. Karimi et al. / J. Linear. Topological. Algebra. 13(02) (2024) 137-142.

Also, an automorphism [ of group G is called a pointwise inner automorphism if x
and f(x) are conjugate for each x € G. The set of all pointwise inner automorphisms of
G denoted by Autp.,i(G). Yadav [6] showed that for each finite nilpotent group G of class
two Autp,i(G) is isomorphic to Hom(G/Z(G),G"). Azhdari and Akhavan-Malayeri (2]
generalized the concept of pointwise inner automorphism for finitely generated nilpotent
groups of class k + 1. After then, the existence of a relation between Auty_p,;(G) and
H om(%, Yk+1(G)) are proved and some sufficient conditions for which these automor-

phisms are equal to Inn(G), C* or Aut.(G) are given.

In this paper, we first define the notion of autocentralizer automorphism for a normal
centralizer subgroup of G. Then, it is shown that, the set of all autocentralizer auto-
morphisms forms a normal subgroup of Aut(G) and it is included in Inn(G). Moreover,
some necessary and sufficient conditions for which these automorphisms are equal to
subgroups of Inn(G) will be provided. At the end, a relation between autocentralizer
automorphisms and pointwise inner automorphisms are obtained.

2. Motivation and Preliminaries

The aim of this section is to collect several definitions and basic results that will be
applied in the rest of this paper. Let G be a group, H a subgroup of G and z,y € G.
Then z¥ denotes the conjugate element of = by y. The element [z,3] = x 'y tzy is
called the commutator of x and y. Inductively, [x1,...,2n—1,2n] = [[z1,...,Zn-1], Tp]
for elements x1,...,x, € G. The subgroup generated by the elements [g, ] in which
g € G and h € H, is denoted by [G, H].

Lemma 2.1 Let N be a normal subgroup of a group G and 6 be an endomorphism of
G such that (N) < N. Denote by 6 and 6y the endomorphism induced by € in % and

N, respectively. If § and 6 are surjective(injective), then so is 6.

Lemma 2.2 [2, Corollary 1.4] Let A, B be two finite abelian groups and exp(A)| exp(B).
Then Hom(A,B) = A if and only if B = Cy, x H in which Cp = [] ¢4y Bp and
H = [])¢r(a) Bp- In particular, if 7(A) = m(B) then it is equivalent to B is a cyclic
group.

Lemma 2.3 [5, Lemma 2.5] Let A and B be two finite abelian p-group such that A =
Cpar X Cpaz X -+ X Cpas, where a1 > a2 2 -+ 2 as > 0 and B = Cpoy X Cppa X -+ X Cppr
where by > by = --- > b, > 0. Let b; > a; for all j,1 < j < s, and b; > a; for some such
J. Let t be the smallest integer between 1 and s such that a; = b; for all j such that
t+ 1 < j < s. Then, for any finite abelian p-group C, |[Hom(A,C)| < |[Hom(B, ()| if
and only if the exponent of C is at least p®1.

Now, we define two series for a normal subgroup of GG, in which under some conditions
we will arrive to the known series, lower and upper central series of G. Let Cg(a) be
a normal subgroup of G for some a € G. Then, we nominate the subgroup [G,Cq(a)]
as autocentralizer of Cz(a) and show it by Y§(G). Inductively, the n-th autocentralizer
subgroup of Cg(a) is defined as T%(G) = ([z,y]|z € T2_,(G),y € Cg(a)). If T{(G) = G,
then we will have the following descending series G = T{(G) 2 T$(G) 2 ... D T4(G) D ...
of G that we call it the lower series of C(a). Although, it need not reach to 1 or even
terminate. Of course, for every positive integer n > 2, T%(G) is a normal subgroup of
Cg(a) and T (G) C 4, (G). The smallest number & in which T{(G) = 1 is called the
length of the lower series of Cg(a). Now, let Z1(Cg(a)) = Z(Cg(a)) be the center of
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Cg(a). For n > 2, the n-th center of Cg(a) is defined as:
Za(Cala)) = { € Gl 4] € Zn 1(Cala)) Vy € G).

The ascending series {1} C Z1(Cg(a)) € Z2(Ca(a)) C ... € Z,(Cg(a)) C ... of G is
called the upper series of Ci(a). Although, it need not reach to G or even terminate.
Clearly, for every positive integer n, Z,(G) C Z,(Cg(a)). The smallest number & in
which Z;(Cg(a)) = G is called the length of the upper series of C(a).

In what follows, a relation between central series of a group and two new defined series
is explained.

Lemma 2.4 Let 1 = Gy < G1 € ... < G, = G be a central series for a nilpotent group
G and Cg(a) be a normal subgroup of G. Then

(i) T{(G) < Gu_ig1, in particular, T3 ,(G) = 1.
(i) G; < Z;i(Cg(a)), in particular, Z,(Cg(a)) = G.
(iii) Lower and upper series of C(a) have the same length.

Proof. Note that T%(G) C v,(G) and Z,(G) C Z,(Ci(a)). Now, one can obtain the
result by induction on 3. [ ]

3. Main results

In this section, we first define a subgroup of automorphisms of G that is a new set
of automorphisms on centralizer subgroups. Then, some properties of this subgroup are
given.

Definition 3.1 An automorphism a of Aut(G) is defined autocentralizer, if 27 1a(z) €
T4(G) for each x € G. We denote the set of all autocentralizer automorphisms of G by
AutT2E)(@).

Note that AutT2(%)(@Q) is a normal subgroup of Aut(G) and it is included in At (G).

Moreover, by Autz(cc(a))(G), we mean the subgroup of all automorphisms of G fixing

Z(Cg(a)) elementwise. We denote Aut 3@ (G) N Autz(c(a))(G) by Aut?%éi%a))(G). It

is easy to see that Autggéi)(a))(G) is equal to Autg&G)(G) whenever Cg(a) = G. Also,

Aut?%é?(a))(G) is trivial if and only if Cg(a) = Z(G) and Aut?%gj)(a))(G) < Aut.(Q) if
and only if G be a nilpotent group of class 2. Let G be a finitely generated nilpotent
group of class 2 with torsion subgroup T'(G). Azhdari and Akhavan-Malayeri [[l] proved
that exp(T(G/Z(Q))) divides exp(T(G")). Moreover exp(G/Z(G)) = exp(G’) whenever
G/Z(G) is torsion. In what follows, a similar result as above is given for each autocen-

tralizer subgroup and a quotient of G/Z(G).

Lemma 3.2 Let G be a finitely generated nilpotent group of class 2 and Cg(a) be a
normal subgroup of G. If G/Z(C¢(a)) is minimally generated by Z;’s for 1 < i < d, then

(i) T3(G) = ([zi, as]|1 <i < d, a5 € Cala))).
(ii) If G/Z(Cg(a)) is torsion, then Y§(G) is torsion and exp(G/Z(Cq(a))) = exp(T$(G)).
(iii) exp(T(G/Z(Cq(a))))lexp(T(Z(Ca(a)))).
Proof. (i) The proof is straightforward.
(17) Let exp(G/Z(Cg(a)) = m. Then 2" € Z(Cg(a)) for 1 < i < d. Therefore,
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[zi,a;]™ = [2]", a;] = 1 and hence, exp(Y$(G))|m and Y§(G) is torsion subgroup. More-
over, if exp(Y4(G)) = e, then [z§, aj] = [z, a;]° = 1 for each a; € Cg(a)) and 1 < ¢ < d.
Therefore z{ € Z(Cg(a)) and so mle. It follows that exp(G/Z(Cg(a)) = exp(T(G)).

(7i1) Let exp(T(G/Z(Ca(a))) = m and exp(T(Z(Cg(a))) = n. Suppose that {Z7,..., 75}
is a minimal generator set for T(G/Z(Cg(a))), where s < d. One can obtain that

[zi,a;]™ = [2",a;] = 1 for each a; € Cg(a) and i = 1,...,s. Therefore, [z;,a;] €
T5(G) < Z(Cg(a)) and hence, [z}, a;] = [x;,a;]" = 1 for each a; € Cg(a). This implies
that 2 € Z(Cg(a)) and m|n. [ |

The next result gives a relationship between Aut?%éi)(a)) (G) and some homomorphisms.

Proposition 3.3 Let G be a finitely generated nilpotent group of class 2 and Cg(a) be
a normal subgroup of GG. Then

(i) Aut (< ) (G) = Hom(5E5, T4(G)).
2(@) ~ KNnZ(Cgla _
(i) Aut g1 (@) = TR where Z(1igy) = 1iay

Proof. (i) Let 0 : Autz(é )( ))(G) — Hom(Z(C @ )),T (@)) be defined by 0(a) = o,
5(@)

where a*(2Z(Cg(a))) = x'a(x) for each a € AutZ(C (a)
phism fixing Z(Cg(a)) elementwise a* is a well-defined homomorphism of m to

)(G). Since « is an automor-

T4(G). Therefore 6 is a well-defined map. Clearly, 6 is one-to-one.
In the first place, 6 is a homomorphism: let aq,as € Aut (é )( ))(G) and z € G.

Since G is nilpotent group of class 2, we have z lai(z) € T4(G) < G' < Z(Cg(a)),
a1(z7tas(z)) = 27 as(z). This implies that

(a0)*(2Z(Cala))) = z taras(x) = 27 oy (aa(x))
=z tay(zzrax(z)) = 2 o (z).a1 (z tan ()

=2 lan(2).a as(r) = o} (2Z(Ca(a)))as(xZ(Cala))).
Now, we show 6 is surjective. For this, let § € Hom(m, T4(G)) and define the map

a:G— G,
x— xf(2Z(Cg(a))).

Evidently, « is a well- deﬁned homomorphism. By Lemma P, « is an isomorphism.

Furthermore o centralizes W and Z(Cg(a)) and consequently a € Aut?%éi)(a))(G).
Also, by the definition of 8, we have a* = 8 and it follows that € is an isomorphism of

TS(G) G
AUtZ(Cc(a))(G) to Hom(m7 T4(Q)).

i1) It is straightforward to see that ¢ € K N Z(Cg(a)) iff I, € Aut 2 (@). Now,
g Z(Cs(a))

a quick calculation shows that the map ¢ : K N Z(Cg(a)) — Autg%é?(a)) defined by
¢(x) = I for all x € KN Z(Cg(a)) is an epimorphism with the kernel equal to Z(G).

Let G be a finitely generated nilpotent group of class 2 with cyclic commutator sub-

group. Using Proposition B3, one can see Aut?%é?(a))(G) is isomorphic to a subgroup of
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G/Z(G), equivalently, there exists a monomorphism from Autg%((/g)(a))(G) into Inn(G).

Lemma 3.4 Let G be a finitely generated nilpotent group of class 2 and Cg(a) be a
normal subgroup of G. Then

Hom( 7y Y5(G)) = grecy if and only if T5(G) is cyclic.
Proof. By Lemma B2 and Proposition B23(%), one can get the result. |

Exzample 3.5 Let G = Dg = (z,y|z* = y? = 1,[z,y] = 2?). We have Z(G) = G’ =
(%) =2 Zg and Inn(G) = {a1 = id,as,a3,a4}. In fact, o; : G — G is defined by
a1 =id(z — z,y — y),a(z — 23,y = y), a3(x = 2,y — yr?),a4(z — 23,y — y?).
Let Cg(z) = (x) be a normal centralizer subgroup of G. It is clear that Z(G) < Cg(x) and
Y%(GQ) = (2?) = Zy. We have G/(Z(C(z)) = {a1, a3} and Hom(m, T3(Q)) = Zs.

The following results are immediate consequences of Lemma B4 and Proposition B=3(7).

Corollary 3.6 Let G be a finite nilpotent group of class 2 and Cg(a) be a normal

subgroup of G. Then Autg%é?(a))(G) = Inng(Cg(a)).

Corollary 3.7 Let G be a finitely generated nilpotent group of class 2 and Cg(a) be a
normal subgroup of G. Then

: TG . :
(i) AUtz(éG)(a))(G) is abelian.

(ii) If G is a p-group then so is Autgé?(a))(c;)-

One can easily generalized the Definition B and introduced the notion of (k + 1)-
autocentralizer as follows:

Tia (G a
Aut 210 (G) = {allz,0] € T3,1(G). ¥z € G and a(t) = t, Yt € Z4(Ca(a))}.
Ti.(G)
Zk(CG(a
subgroup of Aut.(G). By a similar argument used in the proof of Proposition B=33(7), we
will have the following result.

Clearly, if G is a nilpotent group of class k& + 1, then Aut ))(G) is a non-trivial

Corollary 3.8 Let G be a finitely generated nilpotent group of class k + 1 and Cg(a)
be a normal subgroup of G. Then

Tiiie ~ a
Autzk(*C(G()a))(G) >~ Hom(G/Z,(Cq(a)), Ti1(G)).

Corollary 3.9 Let G be a finite p-group of nilpotency class k£ + 1 and T{_ (G) =
Yet1(G) = [x,7(G)] for all z € G\ Cq(v(G)). Moreover,

G/Z(Ca(a)) = Cpar X Cpaz X -+ + X Cpas, G/ Z1(G) = Cppy X Cpy X -+ X Cppy,

in which ay > az > .. > a; > 0 and by > by > .. > b, > 0. Then Aut 20 (G) =

Auty_pyi(G) if and only if s = r and exp(y44+1(G)) < p*, where t is the smallest integer
between 1 and s such that a; =b; for all t +1 < j < s.

Proof. First, assume that r = s and 44 41(G) = YT{ ,(G). Hence by Lemma B3, we

will have Hom(%,wﬁl(G)) = Hom(m,TZH(G)). The existence of an one-
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to-one correspondence between Auty_p.,,(G) and H om(ﬁ Ye+1(G)) is shown in [2,
Proposition 1.7]. Now, one can deduce the result by Corollary B=R.
Conversely, let Aut ’“E“l(G(C)L))(G) = Auty_ pwi(G) We first claim that r = s. By the way

of contradiction, suppose that s < r. Since b; > a; > 0 for all j such that 1 < j < s and
b; >0, for s +1 < j <7, we have

| Hom( s W1 (G))] = [Hom(Cper X -+ X Cpas, Y41(G))|

G
Zi(Ca(a))
< [Hom(Cppr X% -+ X Cpia, Y41 (Q))|
< [Hom(Cypn X -+ X Gy, 11 (G))]
X [Hom(Cpporr X+ -+ X Cpor, Y4 1(G))|
= [Hom(Cppr X -+ X Cpor, Yie41(G))|-

This yields Aut k(“(c(;))) (G) < Autp_pwi(G), which is a contradiction and the claim is ap-
proved. Furthermore, HOm(%,'}’k+l(G)> = Hom(ﬁ Y4 ,1(G)) and by Lemma
223, one can obtain exp(vi4+1(G)) < p*. [ ]

Example 3.10 Let G be the direct product of two copies of Dg that is G = Dg x Dsg.
Then G is 16-centralizer group and its centralizer subgroups are not abelian. It is easy
to see that Cg(z,y) is a normal centralizer subgroup of G and (Dg x Dg)/Z(Cq(x,y)) =

Zo X Lo X Lo % Zs. We also have G' = T(”T y)(G) and exp(G’) = 2. Therefore,

Hom((Ds x Dg)/Z(Cg(x,y)), TS(G)) =
Hom((Dg X Dg)/Z(Dg X Dg),G/) = ZQ X ZQ X ZQ X ZQ.

Then, by [2, Proposition 1.7] and Proposition B=3(3), AutTE;Z((f;))(G) = Autpyi(G).
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