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Abstract. In this paper, we continue the investigation started in [1]. We obtain new results derived from novel
concepts developed in analogy with others already established, e.g., the fact that leftoids (X, %) for ¢ are super-
transitive if and only if p(¢(x)) = ¢(z) for all z € X. In addition we apply fuzzy subsets in this context and we
derive a number of results as consequences.
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1 Introduction

In developing a general theory of groupoids one seeks to define concepts and obtain information that applies
to as general a class of groupoids as possible. Thus, e.g., the observation that (Bin(X),O) is a semigroup
with identity is one such of this type. Another one is the description of the notions of order for all groupoids
(X, *). Here one does not expect there to be a “precise” answer of this type one often expects. Here we use
the relations 8 (below: xxy = y) and « (above: z*y = z) which are then combined with < (z <y : z8y, yax)
which compares with other definitions of < made for certain classes of groupoids (e.g., BC K-algebras (]2, 3]),
pogroupoids ([4, 5, 6]). The work done in [!] was convincing enough to suggest that a follow up paper might
be in order, and that in this paper it might also be proper to open the door to introduce ideas that are
both related to the material in [1] and to the general subject of “fuzzification” of crisp algebraic theories.
Hopefully this effort has been successful.

Zadeh [7] introduced the notion of a fuzzy subset as a function from a set into unit interval, and Rosenfeld
[%] applied this concept to the theory of groupoids and groups. Mordeson and Malik [9] published a book, Fuzzy
commutative algebra, which are fuzzifications of several classical algebras, and Ahsan et al. [10] publisehed a
book, Fuzzy semirings with applications to automata theory. Kim and Neggers [5] applied it to pogroupoids
which are algebraic representations of partially ordered sets, and obtained an equivalent condition for some
relation to be transitive for any fuzzy subset. Han et al. [11] discussed on linear fuzzifications of groupoids
with special emphasis on BCK-algebras. Liu et al. [12] studied the notion of hyperfuzzy groupoids as a
natural extension of the basic concepts of fuzzy groupoids.
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We recall that the notion of the semigroup (Bin(X), O) was introduced by Kim and Neggers [13]. Shin
et al. [14] introduced the notion of abelian fuzzy subsets on a groupoid, and discussed diagonal symmetric
relations, convex sets, and fuzzy center on Bin(X). Ahn et al. [1] studied fuzzy upper bounds in Bin(X).

Allen et al. [15] studied several types of groupoids related to semigroups, i.e., twisted semigroups. Allen
et al. [16] developed a theory of companion d-algebras, and they showed that if (X, *,0) is a d-algebra, then
(Bin(X), ®,¢0) is also a d-algebra. Kim et al. [17] introduced the notions of generalized commutative laws
in algebras, and investigated their relations by using Smarandache disjointness. Moreover, they showed that
every pre-commutative BC K-algebra is bounded. Hwang et al. [18] generalized the notion of implicativity
which was discussed in BC'K-algebras, and applied it to several groupoids, BCK/BCI-algebras and their
generalizations.

2 Preliminaries

Wy

Let (X, %) be a groupoid, i.e., a non-empty set X and a binary operation “x” on X, and let z,y,z € X. x is
said to be below y, denoted by xSy, if x * y = y; = is said to be above y, denoted by zay, if x xy = . An
element z € X is said to be 3-between x and y, denoted by z € < z,y >g, if 282, 2fy; an element z is said
to be a-between x and y, denoted by z € < x,y >, if zaz and zay.

We refer to [19] for basic concepts of the graph theory.

Example 2.1. [20] Let D = (V, E) be a digraph and let (V, %) be its associated groupoid, i.e., * is a binary
operation on V defined by

- x 1fx—>‘y¢E,
y otherwise.

Let D = (V, E) be a digraph with the following graph:

(AN

Then its associated groupoid (V) *) has the following table:

* |1 2 3 4
171 1 3 1
212 2 2 4
313 2 3 3
414 4 4 4

It is easy to see that there are no elements x,y € V such that both xay and xSy hold simultaneously. Note
that the relations a and 8 need not be transitive. In fact, 1 —+ 3,3 — 2 in E, but not 1 — 2 in F imply that
183,352, but not 152. Similarly, 1a4, 4«3, but not 1a3.

Remark 2.2. In Example 2.1, z € < x,y >3 means that Bz, 2By, i.e., x — 2z — y in E. Similarly,
z €< x,y >q means that xaz, zay, i.e., there is no arrow from x to z, and no arrow from z toy in E.

Example 2.3. [20] Let R be the set of all real numbers and let x,y € R. If we define a binary operation
“” on R by z xy := y2, then (R, *) is not a semigroup. In fact, (z * y) * z = 22, while x * (y * 2) = z%. If
zfBy and yBz, then z = y * z = 2% and hence z = 0 or z = 1, which implies that x * z = z, i.e., £z, proving

that  is transitive.
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Let (X, *) be a groupoid and let z,y € X. Define a binary relation “<” on X by x <y <= z0y, yax.
Then it is easy to see that < is anti-symmetric.

Note that the order “x < y” defined by = x y = 0 in BC K-algebras is a partial order.

Let (X, *) be a groupoid and let z,y € X. We define an interval as follows:

[z,y] ={q € X[z <q <y}

Proposition 2.4. [20] Let (X, ) be a groupoid and let x,y € X. Then z € [z,y] if and only if z € < z,y >p
and z €< Y, T >q.

Given a set X and a function ¢ : X — X, we consider a groupoid (X, *,¢) where the multiplication is
given by the formula

zxy = ().

We call such a groupoid (X, *, ) a leftoid for p. In particular, if p(z) = idx(x) = x, then (X, *,idx) has a
multiplication
TEY =21

and the groupoid (X, %) is referred to as a left zero semigroup. Similarly, we define a rightoid and right zero
semigroup, i.e., z xy := p(y) for all z,y € X.

Given a non-empty set X, we let Bin(X) denote the collection of all groupoids (X, *). Given groupoids
(X,*) and (X,e), we define a binary operation “0” on Bin(X) by

(X,0):=(X,%)0(X,e)

where
xOy=(zxy)e(y*z)
for any z,y € X. Using that notion, Kim and Neggers proved the following theorem.

Theorem 2.5. [13] (Bin(X), O) is a semigroup, i.e., the operation “07 is associative. Furthermore, the
left-zero semigroup is the identity for this operation.

3 Below and above in groupoids

Proposition 3.1. Let (X, %) be a leftoid for ¢ and let x,y1,y2 € X. If zBy1 and xPya2, then y1 = ya.

Proof. If z8y; (i = 1,2), then ¢(z) = zxy; = y1 and p(x) = x * y2 = Y. Since ¢ is a mapping, we obtain
y1=y2. U
In case of the rightoid (X, x*) for ¢, if By, then ¢(y) = y, i.e., there is no element x € X such that =Sy

and ¢ (y) # y.
Proposition 3.2. If (X, ) is a leftoid for ¢ and xay, then x is a fixed point of .
Proof. If zay, then © = x x y = ¢(x), i.e., x is a fixed point of ¢. O

Proposition 3.3. If (X, *) is a leftoid (rightoid) for ¢ and x <y, then x € p~(y) and y is a fized point of
©.

Proof. The proof is straightforward. O

Proposition 3.4. Let (X, ) be a leftoid for ¢, and let B be transitive. If xfBz, zBy, then y = z.
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Proof. Since § is transitive, if x(z, 20y, then 28y and x * z = z. Since (X, %) is a leftoid for ¢, we obtain
z=@(x) and hence y =z xy =p(x) =2. O
The following property can be easily proved.

Proposition 3.5. Let (X, *) be a leftoid for p. If B is transitive, then either < x,y >z= 0 or < z,y >p= {y}
for all x,y € X.

Given a mapping ¢ : X — X, we define a set by

Fix(p) :={r e X |p(z) =z }.
Theorem 3.6. Let (X, ) be a rightoid for ¢ and let y € Fix(p). If v € X, then < x,y >g= Fix(p).

Proof. If z €< z,y >p, then zfz, zBy. Since (X, *) is a rightoid, we have z = x * z = ¢(z), and hence
z € Fix(y). If z € Fix(p), then z = ¢(z). For any x € X, since (X, %) is a rightoid, we have x xz = ¢(z) = z,
i.e., xfBz. Moreover, zxy = p(y) =y, since y € Fix(y), i.e., z8y. This shows that z e< z,y >4 for all z € X.
U

Theorem 3.6 shows that if (X, *) is a rightoid for ¢, then < z,y >g=< 2,y >3 = Fix(yp) forall z,2’ € X
and y,y’ € Fix(p).

Note that if zaz, zay, where (X, *) is a rightoid for ¢, then x = x % 2 = p(2) and z = z xy = p(y). This
shows that z is uniquely determined by y under ¢,

Theorem 3.7. Let (X, *) be a leftoid for ¢ and let v,y € X. Then
() ool < 1,
(ii) if z € [z, y], then y, z € Fix(y),
(iii) if z € [z,y], then x = y € Fix(y).

Proof. (i) Assume that there exist z;, 22 € [x,y]. Then z5z; and xfBz2. This shows that z; = x * z; = p(z)
where 7 = 1,2. Since @ is a mapping, we obtain z; = zs.

(ii) If z € [z, y], then yaz, zaxr and hence y = y * z = p(y) and z = z x x = p(z), proving that y, z € Fix(p).
(iii) If € [z,y], then = € Fix(p) by (ii). We claim that * = y. Assume = # y. Since x < y, we have
xBy, yax. It follows that y = x x y = ¢(z). Since ¢(z) = x, we have x = y, a contradiction. O

Proposition 3.8. If (X, *) is a rightoid for ¢ and z,y € X, then [z,y] C Fix(p), and [x,y] = {y} when
[z, 9] # 0.

Proof. If z € [z,y], then zax and hence z = x % z = ¢(z), proving that z € Fix(¢). Now, yaz implies
y=yx*z=p(2) =z since z € Fix(p). O

4 Transitivity in groupoids

Given a groupoid (X, x), the relation § (below) is given by zfy iff x x y = y ([20]). Now, if 3 is transitive,
then (xfy) * (yBz) = xPz, ie, (x*xy)*x(y*x2) = xx2z when x xy = y,y*x 2z = z,x *xz = z. Thus, if
(zxy)* (y*z) = x*z, then this identity reflects a transitivity-like property which in any case is more general
than a transitivity in the S-relation. Of course, we can argue the same way for the a-relation (above) given
by zay iff z x y = x. Thus the condition (x * y) * (y * 2) = = * z also generalizes the a-relation in the same
manner. Since « and § are definitely not the same, we shall consider the following.
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A groupoid (X, *) is said to be super-transitive if for all x,y,z € X,
(xxy)*(y*x2)=2xx* 2.

Every left-zero semigroup as well as every right-zero semigroup is therefore super-transitive as well. More-
over, every Boolean group (X, *) (i.e., 2 = ey for all z € X) is super-transitive, since (z * y) * (y * 2) =
xx(yxy)xz=uxxzforal z,y,z € X.

Theorem 4.1. Let (X, *) be a leftoid for p. Then (X, *) is super-transitive if and only ¢(p(x)) = p(x) for
allz e X.

Proof. If (X, x) is super-transitive, then (x *y) * (y * z) = x * z for all z,y,z € X. Since (X, %) is a leftoid,
we have (zxy) * (y*2) = o(z) *o(y) = p(p(x)) and x x z = p(z). Assume p(p(x)) = x for all x € X. Then
(x*y)*(y*2z) =) *e(y) =e(p(r)) = p(r) =z * z, proving that (X, *) is super-transitive. O

Corollary 4.2. Let (X,x*) be a rightoid for ¢. Then (X, *) is super-transitive if and only p(p(z)) = x for
allx € X.

Proof. The proof is similar to the proof of Theorem 4.1. O

Note that super-transitive groupoids with homomorphisms form a category, since super-transitivity is
expressed in identity form.

A groupoid (X, ) is said to be a-transitive if zay, yaz implies xaz, and a groupoid (X, %) is said to be
B-transitive if xBy, yBz implies zBz. A groupoid (X, *) is transitive if it is both a-transitive and S-transitive.

Example 4.3. Let X := {z,y, 2} be a set with the following table.

Then (X, x) is trivially S-transitive, since f = {(u,v)ju*xv = v} = 0. But a = {(z,2), (y,2), (z,2)}. This
shows that xaz, zax, but not zax, proving that (X, x) is not a-transitive.

Proposition 4.4. Fvery super-transitive groupoid is transitive.

Proof. Let (X, ) be a super-transitive groupoid. Assume that zay,yaz. Then z xy = z,y x z = y, and
hence z %z = (x xy) * (y*x 2) = x *y = x, i.e., xaz, proving that (X, %) is a-transitive.

Assume that xfy,yBz. Then z xy = y,y *x z = z. Since (X, *) is super-transitive, we obtain x x z =
(rxy)*(yxz) =y=*z=z ie., xfz, proving that (X, *) is S-transitive. O
Corollary 4.5. Let (X,*) be a transitive groupoid. If x < y,y < z, then z < z.

Proof. The proof is straightforward. ([
The converse of Proposition 4.4 need not be true in general.

Example 4.6. Let X := {0,1,2,3} be a set with the following table.

«|0 1 2 3
0j0 1 2 1
111 21
212 2 2 1
3/1 2 1 3

Then it is easy to see that (X, ) is transitive, but it is not super-transitive, since (2x1)*(1%3) = 2 # 1 = 2x%3.
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5 Applications to fuzzy subgroupoids

In this section, we apply the concept of fuzzy subsets to groupoid theory mentioned in the above sections.
Let (X, %) € Bin(X). A mapping p: X — [0, 1] is said to be a fuzzy subgroupoid of X if, for all z,y € X,

p(z *y) = min{p(z), p(y)}-

A mapping p: X — [0,1] is said to be a contractive fuzzy subgroupoid of X if, for all z,y € X,

p(x +y) < minfpu(x), p(y)}-
Proposition 5.1. Let (X, %) be a left-zero semigroup.
(i) every fuzzy subset u: X — [0,1] is a fuzzy subgroupoid of X,
(i) of p: X — [0,1] is contractive, then it is a constant mapping.

Proof. (i) Given z,y € X, since (X, %) is a left-zero semigroup, we have u(x xy) = p(xz) > min{u(x), u(y)},

proving that u is a fuzzy subgroupoid of X.

(ii) Assume that p is contractive. Then u(x*y)

semigroup, we obtain that p(z) < min{u(z),

x,y € X, i.e., puis a constant function. O
Let (X, %) € Bin(X). A mapping p : X — [0, 1] is said to be a contained fuzzy subgroupoid of X if, for all

z,y € X,

< min{u(x), u(y)} for all ,y € X. Since (X, ) is a left-zero
(y)} for all x,y € X. This shows that pu(x) < p(y) for all

w(z +y) < max{u(z), u(y)}.

Proposition 5.2. Let (X, *) be a left-zero semigroup. Then every mapping p : X — [0,1] is a contained
fuzzy subgroupoid of X .

Proof. The proof is straightforward. (I
Let (X,*) € Bin(X) and let p : X — [0,1] be a mapping. A mapping p¢ : X — [0, 1] is said to be a
complement of p if, for all z € X, p(x) := 1 — p(z).

Proposition 5.3. Let (X, *) be a groupoid. If u: X — [0,1] is a contained fuzzy subgroupoid of X, then u¢
s a fuzzy subgroupoid of X.

Proof. It follows from that 1 — max{u(x), u(y)} = min{l — u(z),1 — p(y)} forall z,y € X. O
Let (X, %) € Bin(X). A mapping p : X — [0, 1] is said to be a expansive fuzzy subgroupoid of X if, for all
z,y € X,
p(x *y) = max{p(z), p(y)}-

Note that every expansive fuzzy subgroupoid of X is also a fuzzy subgroupoid of X. Moreover, a fuzzy
subset p is an expansive fuzzy subgroupoid of X if and only if u¢ is a contractive fuzzy subgroupoid of X.

Example 5.4. Let X := [0,00). Define a binary operation z * y := x + y for all z,y € X where “4” is the
usual addition of real numbers. Then every order-preserving mapping p is expansive, since u(x +y) > p(z)
and pu(x +y) > p(y) for all z,y € X.

Theorem 5.5. Let (X, x),(X,e) € Bin(X) and let (X,0) := (X, *)0(X,e). Then the following are hold:

(i) if p is contractive fuzzy subgroupoid on (X,*) and (X,e), then it is also contractive fuzzy subgroupoid
on (X,0),
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(i) if p is contained fuzzy subgroupoid on (X, *) and (X,e), then it is also contained fuzzy subgroupoid on
(X,0),

(iii) if p is expansive fuzzy subgroupoid on (X, *) and (X,e), then it is also expansive fuzzy subgroupoid on
(X, 0).

Proof. (i) Given z,y € X, we have

p(a0y) = p((zxy)e (y*z))
< min{u(z *y), u(y *x)}
< min{u(z), u(y)},

proving that p is a contractive fuzzy subgroupoid on (X, O0). Others are similar to (i) and we omit the proofs.
O

Proposition 5.6. Let (X,*) € Bin(X). If u: (X,*) — [0,1] is both a contractive fuzzy subgroupoid of X
and a fuzzy subgroupoid of X, then p(zx xy) = min{pu(x), u(y)} for all x,y € X.

Proof. It follows from that min{u(z), u(y)} < p(r *y) < min{u(z), pu(y)} forall z,y € X. O

Let (X, %) € Bin(X). A mapping 1 : X — [0, 1] is said to be S-order-preserving if 28y implies p(z) < u(y),
and a mapping p : X — [0,1] is said to be [S-order-reversing if xfy implies u(z) > p(y). A mapping
w: X —[0,1] is said to be expanding if u(x) < p(x xy) for all z,y € X, and a mapping u : X — [0, 1] is said
to be contracting if u(x) > p(x *y) for all z,y € X.

Proposition 5.7. Let (X, *) € Bin(X). Then every expanding (resp., contractive) fuzzy subset p: X — [0, 1]
is B-order-preserving (resp., reversing).

Proof. Assume that xf8y. Then x * y = y. Since p is expanding, we obtain u(z) < p(z *y) = p(y), proving
that u is S-order-preserving. The other part is similar, and we omit it. U

Theorem 5.8. Let (X,*) € Bin(X) and let a,b,a +b € [0,1]. Then the following conditions hold:

(i) if u and v are B-order-preserving, then au + bv is also [-order-preserving,

i)

(i) of p, v are expanding, then ap + b is also expanding,
(iii) if p is B-order-preserving, then uc is B-order-reversing,
(iv) if p is exzpanding, then u is contracting.

Proof. Let p,v : X — [0, 1] be fuzzy subsets of X. Given z € X, we have (ap + bv)(x) = ap(x) + bv(z) <
(a+ b)max{pu(z),v(z)} <a+b< 1.

We consider (i). If x4 and v are S-order-preserving and xfy, then u(x) < u(y),v(z) < v(y). It follows
that (ap + bv)(x) = ap(z) + bv(x) < ap(y) + bu(y) = (ap + br)(y). Other proofs can be shown easily, and
we omit the proofs. O

Let (X,%) € Bin(X). A map p : X — [0,1] is said to be ~yg-order-preserving if xfz, 2By implies

u(r) < p(z) < p(y).
Note that every [-order-preserving mapping p of a groupoid (X, *) is vg-order-preserving.

Proposition 5.9. Let (X, *) be a groupoid with the following property (P):
Bz = dy € X such that z8y. (P)

If p is a vyg-order-preserving mapping on (X, *), then it is a B-order-preserving mapping on (X, ).
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Proof. Let z(3z. Since (X, *) has the property (P), there exists y € X such that zf8y. Since p is a yg-order-
preserving mapping, we obtain u(x) < u(z) < p(y), which shows that u is a S-order-preserving mapping.
[l

Example 5.10. Let X :=[0,00). Define a binary operation * on X by z * y := max{x,y} for all z,y € X.
Assume zf8y. Then y = z x y = max{z,y} and hence z < y. f we put z:=y+1,then yxz=yx*x (y+1) =
max{y,y + 1} =y + 1 = z. Hence (X, %) has the property (P).

Example 5.11. Let X := [0,00). Define a binary operation x on X by xxy := x +y for all z,y € X, where
“+” is the usual addition of real numbers. Assume x31. Then 1 = x *x1 = x + 1, and hence =z = 0, i.e.,
051. If we assume that there is y € X such that 18y, then y = 1 xy = 1 + y, which shows that 1 = 0, a
contradiction. Hence (X, *) does not have the property (P).

Let (X, %) € Bin(X). A mapping i : X — [0, 1] is said to be a-order-preserving if zoy implies p(z) > p(y).
A map p: X — [0,1] is said to be y4-order-preserving if zaz, zay implies p(z) > p(z) > p(y).

Proposition 5.12. Let (X, *) be a groupoid with the following property (Q):
raz = Jy € X such that zay. (Q)
If i is a yo-order-preserving mapping on (X, %), then it is a a-order-preserving mapping on (X, *).

Proof. The proof is similar to the proof of Proposition 5.9. U

Let (R, *) be a leftoid for ¢, where p(x) := 22 for all x € R. Then 1% 2 = ¢(1) = 1 and hence aa?2.
If we assume (R, *) satisfies the condition (@), then there exists y € R such that 2ay. It follows that
2 =2x%y = ¢(2) =4, a contradiction. Hence such a groupoid (R, *) does not satisfy the condition (Q).

Given a groupoid (X, *), a map p : X — [0,1] is said to be a super-symmetric fuzzy subset of (X, x) if
w((xxy)x (y*z)) > p(x*z) for all z,y,z € X.

Thus, if (X, %) is a left-zero semigroup, then every mapping p : (X, *) — [0, 1] is a super-symmetric fuzzy
subset of (X, ), since u((xxy) * (y*2)) = p(x) > p(x) = p(x x z) for all z,y,z € X. Similarly, for any right
zero semigroup, every mapping p : (X, *) — [0,1] is also a super-symmetric fuzzy subset of (X ).

Proposition 5.13. Let (X, %) be a leftoid for ¢. If u: X — [0,1] is a map with u(p(z)) > p(z) for all
x € X, then p is a super-symmetric fuzzy subset of (X, x*).

Proof. Given z,y,z € X, since (X, ) is a leftoid for ¢, we have pu((z *y) * (y x 2)) = p(e(z) * p(y)) =
w(p(e(x)) > u(p(z)) = p(x x z), proving the proposition. O

It is a question of some interest to determine a super-symmetric fuzzy subset of a groupoid (X, %) to be a
fuzzy subgroupoid of (X, *), i.e., u(xxy) > min{u(x), u(y)} for all z,y € X. Clearly, every map p : X — [0, 1]
of a left-zero semigroup (X, *) is also a fuzzy subgroupoid of (X, ).

Proposition 5.14. Let (X,x*) be a leftoid for ¢. If p: X — [0,1] is a map with u(p(z)) > p(x) for all
x € X, then p is a fuzzy subgroupoid of (X, *).

Proof. If ju(¢(x)) > u(x) for all @ € X, then u(p(p(x)) > u(p(x)) > u(z) and hence u(x +y) = p(p(x)) >
p(x) > min{u(x), u(y)} for all z,y € X, proving that u is a fuzzy subgroupoid of (X,*). O

Clearly, there is much more information waiting to be obtained here as well.
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6 Conclusion

In this paper, we have continued the investigation started in [20] of what we may discover in the theory of
groupoids (binary systems) by separating the concepts of below (zfy) and above (xay) in general groupoids,
and then recombining them to obtain what looks to be a candidate for the best relation < available in general.
After doing so, we introduce the idea of super-transitivity in groupoids as a generalization of the notions
and « in identity form, (z *y) * (y * 2) = x * z which allows us to make claims about the class of groupoids
for which this identity holds, i.e., that this yields a variety. Having done so we may then concern ourselves
with introducing fuzzy subsets p on groupoids (X, *) which have certain properties of interest, e.g., being
contracting on expanding which defined in the natural way provides new but not unexpected information. A
bit stickier is the class of pu((x*y)* (y*z)) > p(x * z) for super-symmetric fuzzy subsets of (X, %) introduced
with a standard looking inequality and the problem being the determination of fuzzy subsets of this type
which are also fuzzy subgroups and conversely. Certain problems look innocent enough but may yet prove
not to be trivial as they are solved.
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