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Abstract

In this paper, analysis of free and forced vibration of an FG doubly clamped micro-beam is studied
based on the third order shear deformation and modified couple stress theories. The size dependent
dynamic equilibrium equations along with boundary conditions are derived using the variational
approach. It is assumed that all properties of the FG micro-beam follow the power law form through
its thickness. The motion equations are solved employing Fourier series in conjunction with Galerkin
method. Also, effects of aspect ratio, power index and dimensionless length scale parameter on the
natural frequencies and frequency response curves are investigated. Findings indicate that
dimensionless frequencies are strongly dependent on the values of the material length scale parameter
and power index. The numerical results indicate that if the thickness of the beam is in the order of the
material length scale parameter, size effects are more significant.

Keywords: Vibration, Functionally graded material, Modified couple stress, Third order shear
deformation.

1- Introduction couple stress were proposed to remove the
Micro-beams have an important role in shortcoming in  dealing with  micro
micro and nano electromechanical systems structures. As a non-classical theory, the
(MEMs and NEMs), e.g. micro resonators, couple stress theory is introduced by
micro mirrors, actuators, Atomic Force former leading researchers, e.g. Toupin [7].
Microscopes (AFMs), biosensors, and According to the theory, the couple stress
micro-pumps [1-4]. The size-dependent tensor is taken into account in addition to
mechanical behavior has been observed in the classical force stress tensor. Yang et al.
some experiments accomplished on the [8] suggested a simple form of couple
micro-scale structures [5-6]. Because of stress theory in which a new higher-order
inability of the classical continuum theory equilibrium equation, i.e. the equilibrium
to interpret the experimentally-detected equation of moments of couple stresses,
small-scale effects in the micro-scale was considered, as well as the classical
systems, various non-classical theories equilibrium equations. In the last decade,
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dynamic, and thermal analyses have been
accomplished on micro-structures, using
non-classical continuum mechanics
theories (for instance, see these studies that
are based on the non-local [9, 10], strain
gradient [11, 12], modified couple stress
[13, 14], theories).

Functionally graded materials (FGMs) are
inhomogeneous materials in which the
volume fraction of two or more materials is
changed gradually as a function of position
along a certain direction in the material. In
recent years, applications of FG structures
have been widely increased and some
researchers have studied different aspects
of FG structures based on non-classical
and classical continuum theories. In what
follows, works investigating mechanical
and thermal behaviors of FG micro-
structures are reviewed. In this regard, Ke
and Wang [15] studied the dynamic
stability of FG micro-beams based on the
modified couple stress theory. In addition
based on theory, formulation of nonlinear
vibration of micro-beams has been
developed by Ke et al. [16]. Asghari and
Taati [17] developed a size-dependent
formulation for mechanical analyses of FG
micro-plates based on the modified couple
stress theory. The plate properties can
arbitrarily vary through the thickness. The
governing differential equations of motion
were derived for functionally graded (FG)
plates with arbitrary shapes utilizing the
variational approach. Moreover, the
boundary conditions were provided at
smooth parts and at sharp area of the plate
periphery. Reddy and Kim [18] formulated
a general third-order model of FG plates
with microstructure-dependent length scale
parameter and the von Kéarman
nonlinearity. Their model accounted for
temperature dependent properties of the

constituents in the functionally graded
material. Also, modified couple stress
theory was used to study microstructural
length scale parameter. Molaei et al. [19]
employed the separation of variables to
solve transient hyperbolic heat conduction
and thermos-elastic problems in the FGM
micro-slab exposed to symmetric surface
heating. Symmetrical surface heating was
considered as a suitable boundary
condition for designing of materials in
order to optimize their resistance to failure
under thermal loadings. Furthermore, the
physical properties were assumed to vary
spatially following an exponential relation.
Thai and Choi [20] developed size
dependent models for bending, buckling,
and vibration of functionally graded
Kirchhoff and Mindlin plates utilizing a
modified couple stress theory. The
numerical results showed that the small
scale effect leads to a reduction of the
magnitude of deflection. Molaei et al. [21]
provided the transient temperature and
associated  thermal stresses in a
functionally graded micro slab
symmetrically heated on both sides by
separation of the variables scheme. This
method was applied to the heat conduction
equation in terms of heat flux for obtaining
the  temperature  profile. Further,
exponential space dependent function of
physical properties was considered. Effect
of the inhomogeneity parameter and the
Fourier number on the distribution of
temperature, displacement, and stress was
discussed. Taati [22] obtained analytical
solutions for the buckling and post-
buckling analysis of FG micro-plates under
different kinds of traction on the edges
through modified couple stress theory. The
static equilibrium equations of an FG
rectangular micro-plate as well as the
boundary conditions were derived using
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the principle of minimum total potential
energy.

To the best of authors’ knowledge, no
work has been reported to investigate free
and forced vibration analyses of FG doubly
clamped micro-beams based on the non-
classical theories until now. This paper
tries to fulfill the gap in the literature by
deriving the size dependent dynamic
equilibrium equations and both the
classical and non-classical boundary
conditions utilizing the third order shear
deformation and modified couple stress
theories. In present formulation, all
properties of the FG micro beam are
assumed to follow a power law form
through thickness. The motion equations
are solved by employing Fourier series in
conjunction  with  Galerkin  method.
Moreover effects of aspect ratio, power
index and dimensionless length scale
parameter on the natural frequencies and
frequency response function curves are
studied. Findings showed that
dimensionless frequencies are strongly
dependent on the values of the material
length scale parameter and power index.

2- Background

2-1- Problem definition

Consider a functionally graded doubly-
clamped micro-beam with geometric
dimensions of length L, width b, and
thickness of h, as shown in figure (1).
Micro-beam is composed of a functionally
graded material including two metal and
ceramic phases, whose properties vary
linearly through its thickness
exponentially. The geometry of the
intended beam is depicted in figure (1). In
the study of forced vibrations, uniform
load of g = g,e'®t is applied on the upper
surface of the beam.

X y -
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<

Fig. 1- Coordinate system, loading, geometric
dimensions, and end conditions of FG micro-beam.

2-2- Modified Couple Stress Theory

The modified couple stress theory
developed by Yang et al. [8] is employed
in the present formulations. This theory is
derived from the classical couple stress
theory [7], which has been well
established. Based on the theory, an
additional  equilibrium  equation s
considered for the moments of couple,
which causes the couple stress tensor to be
symmetric. Moreover, the strain energy
density function is only dependent on the
strain and the symmetric part of the
curvature tensor, and hence, only one
length scale parameter is involved in the
constitutive relations. According to the
theory, the variation of the strain energy U
for an anisotropic linear elastic material
occupying region £ can be written as [8]:

Q

In Equation (1), oj; and A; denote the
components of the strain tensor € and the
symmetric part of the curvature tensor ¥,
which are defined as:

_1 aui au] (2)
=350 )
_1fo0 ®)
Y 2 axj axi

Also, the components of the infinitesimal
rotation  vector 6 =1/2curl(u) are
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introduced by 6. For linear isotropic elastic
materials, constitutive relations of the
symmetric part of the force stress and the
deviatoric part of the couple stress tensor
with the kinematic parameters are given as

[8]:
Jij = ﬂtr(e)&j + 2[181']' (4)
my; = 2ul?x;; )

where ¢;; and m;; are called the force and
higher-order stresses, respectively.
Furthermore, the parameters A and u in the
constitutive equation of the classical stress
o are Lame constants. The parameter [,
which appears in the constitutive equation,
is the material length scale parameter [6].
It should be noticed that the Lame
constants can be represented in terms of
the Young’s modulus E, and Poisson’s
ratio v as A1=FEv/(1+v)(1-2v) and
u=E/2(1+v).

2-3- Modeling of Functionally graded materials

For modeling non-homogeneous materials,
like FGMs usually the rule of mixtures is
used. Property A of the FG material is
stated as follows, according to the rule of
mixtures:

A=Ay Viy + AV, (6)

Equation (6) is presented for the FG
material composed of two phases. Also,
the volume percentage V and the suffixes
of m and ¢ indicate metal and ceramic,
respectively. In equation (6), we have:

N .
z+5 z+h/2
b=\ "3 ’Vc:l_Vm:l_( h )

()

Regarding equations (6) and (7) for FG
material, we will have:

+h/2\"
A:AC+(Am—AC)(Z h/) (8)
2.4 Reddy's third shear deformation model

Reddy introduced the vector displacement
field for shells, considering the shear
deformations as follows:

Uy = Up(%,y) + 2y (x,y) + 22Uy (x,y)
+ ZSBX(X' y)

uy = vo(x,y) + 20y (x,y) + 22Yy(x,y)
+2°By(x,y)

u, = w(x,y) )

(ux uy,u,) are the displacement vectors.
One can replace these components into
equation (2), to achieve the components ¢,
and e,,0f the shear strains, as follows:

1
15 = 5 (0xx 1) + 22 x)
+ 3228, (x,y) + Z—:{v)

(10)

1
€3 = E (d)y(x' Y) + ZZLlJy(X' Y)

+ 3z2B,(x,y) +0_W)
y & ay

By applying free stress on the top and
bottom surfaces, i.e. g3 = ,; =0, we will
have:

(€13),_h =0 = 0x(x,y) + hi(x,y) +
2

3h? ow _

- Bx&xy)+-—-=0

(813)2:_2 =0 = 0,(xy)—hi(xy)
2
3h? ow 0
+ TBX(le) +g =
(523)Z=h =0 = 0,(xy) +hy,(xy)
2
3h? ow 0
+— By + ay

(823), _ n =0 = @By,(xy) —hyy(xy)
2
2

e o+ =
4ByX1y ay_
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(11)
Solution of the equation (11) is:
Yy(x,y) = llJy(x. y)=0
Buy) = — 35 ((bx(x 9 + aw(’; Y))
By = = 3z 00 + 252 .

Regarding relation (13), components of the
vector field introduced in (4) are modified
as the following form:

3 ow
e = uo(03) + 20,5, ) — 17 (B + 57 )

3 ow
U, = Vo(X,y) +Z(Z)y(x,y) -z <®y + @)

u, = w(x,y) (13)
wherein, ¢; = o
Based on Reddy's third shear deformation

model, components of the displacement
vector field of the beam can be written as:

ow
u, = u(x,t) + z0,(x,t) — c;z3 <(Z)X + K)

U, = Wx 1) (14)

u(x,ty shows the in-plane displacement of
particles along the beam axis on the mid-
plane of the beam, which is perpendicular
to e; direction. The side cross-section of
the beam which is under pure bending,
only have rotation around lines on the mid-
plane.

3- Derivation of governing equations of
dynamic equilibrium

By substitution of equation (14) into
equation (2), the non-zero component of
strain was calculated as follows:

ou 00, 92w
Exx Za'l' (Z—ClZ ) ax —clz3m
aw
28, = (1 — 3¢, z* )<® +6 ) (15)

Non-zero components of rotation vector are
as follows:

6, = 1(—(1 + 3c1z2)a—w +

2 dx
(1 -3¢,29)9,). (16)
Substitution of rotation component from
equation (16) into relation (3) delivers the
non-zero components of curvature, as:

1 , 0%w
Xxy = Xyx = Z(_(l + 3¢,z )a_

x2
0,
+(1 + 3¢,z%) T )
3 adw
Xyz = Xzy = _Eclz(a‘i'(bx) (17)

In order to make sure that there is no axial
strain ¢,, in the thickness direction, no
constraint has been applied. On the other
hand, the amount of the traction of the
normal force on both top and bottom
surfaces of the beam are relatively small or
even zero. As a result, the amount of o,,
stress in all points of the plate is not
considerable in comparison to other stress
components. For the same reason, along the
width of the beam o,, = 0, = 0, which
results in the following relation for the
normal stress a,..

Opx = E€xyx (18)

From now on, equation (18) is used for
finding the o, stress. For a plate made of
FG materials, the Young's modulus E,,
shear modulus u,, length of structure
parameter 1,, and Poisson's ratio v, have
been considered as an arbitrary continuous
function of the vertical position of z. By
substituting the non-zero components of
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strain and curvature from relations (15) and
(17) into the introduced constitutive
equation, the non-zero stress components
are obtained as follows:

—E(z)< +(z—clz3)i—c1 362—W)

0x?

s = 0ux = WD~ 30127) (g + )

dx
u(2)1%(2) 5, 02w
Myy = My, = T(—(l + 3¢,z )W +
¢
— 2 x
(1-3629 55

9
my, = my, = —=3u(2)1*(2)c; 2 (% + ¢x> (19)

Using variations of strain energy based on
the modified coupled stress theory for linear
elastic material in equation (1), and the
relations of strain and curvature, changes of
the strain energy of the micro-beam is stated
as follows:

6U = fOL {Nxxa(g_Z) + (Mxx + MT% - (Pxx +
) (5 (e )0 (32
+(ox— (Re 4 B) 5 (0 + o) ax,  @O)

Stress resultants in relation (20), are
presented in Appendix A.1.

Taking part by part integration on equation
(20), results in:

U = fOL{ (aN"") Su(x,t) — (ax [Mxx +MT’%_

(P +22)] + (Re +1) = 02) 62 ()

(0x2 [Pxx + ny+Mxy] +-- [Qx (R +
Ri)]) sw(x, £)}dx

- Mm%
+(N115u(x, t))gg;é + ((Mxx Zy (Pxx +

)) S (x, t))

x=L

x=0

G Pl + M,
+<<5[Pxx +%] + Qx

- (Rx + R;")) dw(x, t))
x=0

b PR MDY ow =21
(=) 0G0)

Kinetic energy can be calculated as:
T =3 [ U@ + ) + 21 (i) + ()% -
20,131 (e +2)
ve a1+ W2 21 b+ 2]
26 Luhe (e + 507 + (D)o (e + 502 dx,
(22)
The parameter [; is defined as:

I =j p(2)z'dA (23)

Variation of  kinetic energy  after
simplification is stated as follows:

5T = fA {—(101,1 + (11 - C113)d)x C113 )Su +
a .
5[(1()” + (I, — cil3) by — 115 P> )6u]

- ((11 — )i+ (I, — 2¢11, + (¢1)?16) s
ow
—¢1(ly — ¢116) >6¢x

d .

+E [((11 —al)u+ ;- 25114 + (c1)%Is) s
el - ale) o) 6]

—(Iyw)éw +5; [(IOW)5W] (c113 a—z +
ci(ly — 5116) a — (1)l 5) Sw

a . :
+E [(C113u0 + 1y — ¢1lg) by —

2 ow ow .

(c1)ls ;) _)]} dA — (c1l3u + ¢ (14 —

C1lg) by —(€1)? 16 5 ) SV (24)

Variation of the work done by the transverse
force on the surface unit q(x, t) is achieved
as:
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o (25)
SW = fqoe_lm Sw(x, t)dx
0

Based on Hamilton principle, we have:

tz (26)
f (8T + 6W — §U)dt = 0

ty

By replacement of variations of strain
energy, kinetic energy and the work done by
external force in Hamilton principle,
differential equation governing the dynamic
equilibrium is achieved as:

I - 5113)(5x + C113 E =0, (27)

aZ 2¢x W
kg2 dx2 tks 57 0x2 + k6 0x3

+hr (¢ +6—W) — Uy - ey L)ii —
7\Px T 5 1 113
(I _25114+(C1) 16)¢x

28
+ci (I, — 61]6) ( )
3y 0y

Ko 2%+ ko 225 4 g 22 4 gy (22 4
Ow i I i
ﬁ) _OW_C13__C1(4_
C116)_+ (c 1)216 + qoe M =0
(29)

ki coefficients in above equations have been
specified in the Appendix A.2.

Similarly, for the boundary conditions at
both ends of the beam, one can write:
L S Su(x,t) = 0
Tox 2Ty TGz T O ul 8 =

k au+k a¢’”+k 0w
* ox 5 ox 6 9x2

=0, or 6 (x,t) =0
ou 0, 2w
kaa + kg a k10 axz = 0,
] ,t
6( w(x )) _ 0
ox

9%u 02¢x ’w

+k ( +aW)
11 ¢x ax

= —(c 51
1 I 2] 0w 5 =0
+ 1y — ¢116)d —(c1) ea) or dw(x,t) =
(30)

4- Solution of governing equations

In this section, governing equations for two
analyses of free and forced vibrations are
solved by means of Galerkin’s semi-
analytical method. The transverse mode
shapes of the doubly-clamped beam
assumed as follows:

P ()
= {cos (azx) — cosh (aL_x)

cos(a,) — cosh(ay,) [
B sin(a,,) — sinh(a,,) (Sl

- sink (%25

()

(1)

4-1- Analysis of free vibrations

Considering boundary conditions of doubly
clamped ends, kinematic parameters of the
free vibration of the micro-beam are:

u(x,t) = Z Upn sm

¢ (x,1)
mn
= Z ®,, sin (Tx) exp(jwp,t),

exp(1 Wnt),

w(x, t) = Z Wi U, (%) exp(fwmt). (32)

Based on the Galerkin’s method, the integral
form of the equations is stated as:

0%y
[Pl ke, 204 g 2
—lyii — (I; — C113)¢x

+cl; Z—‘:] sin (?x) dx =0, (33)
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f [k4ax2+k56 ¢x+k6
k7 (¢x _) - - 5113)u
- - 2C1I4 + (C1)216)¢x +c1(ly (34)

c116) ]sm (?x) dx =0,

a3 ¢x
f [k83x3+k9 +k10_+
Oy
ko (5 +m)

" i %
—low — 113 ax c1(Iy — c1l6) ox

(35)

,. 0%
+(€)ls 57| ¥n(x)dx
=0
Substituting the displacement components,

the following set of linear equations is
obtained.

g1+ 820f 83t g0k 85— 86Wh | (Unm
87+ 8swh 8o+ 810Whm 811 — 8120m |1 Pm
813 t g14(0r2n 815t glewrzn 817 — glswrzn W

=0 (36)

gi parameters are defined in the Appendix
A3,

Equating the determinant of the coefficients
matrix to zero, the characteristic equation is
obtained as:

a, 08 + a,wi + azw? +a, =0 37)
in equation (37):
a; = 82(812816 — 810818) + 84(8s81s —

812814) — 86(8s816 — 810814),

a, = 81(812816 — 810818)
+82(810817 — 89818 + 815812 — 811816) T

g3(8s818 — 812814)
+84(811814 — 813812 + 87818 — 88817)

+85(8s816 — 810814)
—86(87816 + 83815 — 813810 — 8o814)

as = g,(89817 — 815811)
+81(810817 — 89818 + 815812 — &11816)

+84(811813 — 87817)
+85(811814 — 813812 + 87818 — €8817)

—86(87815 — 89813)
+85(87816 + 88815 — 813810 — 89814)

ay = g1(89817 — 815811) + 83(811813 — 87817)
+85(87815 — 89813),

(38)

4-2- Analysis of forced vibrations

As mentioned earlier, external force is
assumed to be a distributed harmonic type.
The kinematic parameters for the analysis of
forced vibrations can be stated as:

u(x,t) = Y1 Un, sin(% x)et

_ Tt

P (x, 1) = z @, sin( I x)e
m=1 (39)

w(x,t) = W, P, (x)e,
The integral form of equations of forced
vibrations is like the previous state, except
that the following term associated with
external force appears in the third equation
as the non-homogeneous part:

d%u %0, a*w (6(2) *w >

kg =— + +k +
. 8 a 3 9 a 3 10 a 4 11 a axz
R di
Of —Iow — c113& —c (I, — ¢:116)ﬁ + P (x(dx)
L 0%
(cy) ooz
L
=- f qoe ™ P (x)dx
0
(40)

Substitution of displacement components
into the governing equations, delivers the set
of algebraic equations, as follows:

g7 + 9892 9o + 91092 911 — .912Qz @,
g1z + 91492 g1s + 91692 917 — .918Qz W

:{ 8 } 41)
Qm

91 + g.9° g3 + 9407 gs — 96 {Um}

where, in above we have:
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L
Qm = _‘Iof lpm (x)dx (42)

By means of Cramer's rule, solution of the
above set of equations is written as:

Tablel- mechanical properties of the micro-beam.

Pm Pc

EC Em
(kg /m3) (kg /m3)

(N/m?) (N/m?) v

c m

2700 3960 393x10° 70x10° 0.252 0.346

Un
93+ 9.Q% g5 — geQ?
-0, 9o+ 910Q° 911 — g120°
g1+ 9202 g3 + 9aQ? gs — ge?
g7 + gs? o+ g10Q* g1 — g12Q*
913 + 914 gis + 91605 917 — G182
3 asQ* + a0% + a,
= Qm a;Q6 + a,0* + a;0% + a,
@,
g1+ 9.9 gs — g
-0, g7 + 98 gi1 — 9129°
91+ 9% g3+ 0.0% g5 —ge¥?
97+ 9s*  got g10Q* g1 — 91202
913 + 914 gis + 91605 G17 — G152
3 agQ* + asQ? + ay,
= Cm a; Q6 + a,0* + a;02 + a,’
Win
g1+ 9.9% gz + 9.
o, g7+ 962 go + 9109
91+ 9% g3+ 9.0% g5 — ge?
97+ 9sQ®  go+ g0  g11 — 9120

13 + 9142 gis + 91605 17 — G182
a10% + a,0?% + a4
™a,06 + a,0* + a;02 + a,

(43)

a; parameters have been introduced in the
Appendix A4.

5- Numerical Results

In this part, free and forced vibration of a
micro-beam with height h=/e-6, width
b=3xh, length L =5xh, and b =05 x h,
have been presented. Also, mechanical
properties of the desired FG material are
shown in Table 1.

5-1- Free vibration

In order to validate the method, simple case
of a homogeneous metallic doubly clamped
beam with no length scale parameter effect
is considered. This can be achieved by
setting n=0 and I/h=0 in the developed
program. Attained value for the first
resonance frequency coincides with the

classical beam vibration theory, i.e. wﬂ =1.

First normalized resonance frequency of
olo" is shown versus L/h by changing the
value of n in figure 2. As it is seen, by the
increase of the value of n, the normalized
frequency of w/w* is decreased due to
higher volume percentage of ceramic. The
rate of decrement is much more in lower
values of L/h.

Also, variations of the normalized frequency
of wie” versus I/h with changes of the value
of n and by keeping the value of L/h=5 as a
constant is shown in figure 3. It is clear that
by increasing the value of n the value of
olo has arising trend.

Changes of the normalized frequency of
wlo” With keeping n=/ as a constant is
shown in figure 4. As we increase the value
of I/h the value of the frequency increases.

To investigate the effect of both volume
percentage and length scale effect in more
detail, first resonance frequency was
calculated for a wide range of these two
parameters. Table (2) summarizes the
results.
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x
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Fig. 3- Variations of w/"versus I/h with changes of n.
5
45 v=1=1|/h=0.1
= = =|/h=0.2 .
— |/h=0.3 gl
v" e
- "\"
e
10
L/h

Fig. 4- Variations of »/»" versus L/h with changes of I/h.
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5-2- Forced vibration

The ratio of maximum value of
displacement to the force amplitude w__/q

max 0

in terms of the dimensionless frequency for
the non-dimensional normalized length scale
parameter (I/h) has been shown in figures 5
and 6, for L/h=5, respectively. Variations of
W, /q, VErsus Q/ e with I/h=0.3.

Figure (5) depicts the frequency responses
for various I/h ratio with the fixed values
of n=0.5 and L/h=10. As can be seen, there
is a big frequency shift in fist and third
modes while the second mode seems less
sensitive to this ratio. It can be concluded
(at least for this case) that symmetric
modes are more affected by the I/h ratio.

In figure (6), n and I/h are assumed to be
0.5 and 0.2 respectively. The figure shows
frequency responses for different L/h
values. By increasing the ratio, resonance

frequencies decrease. It is not so
surprising, since with the increase in L/h,
the beam gets more flexible and its
resonance frequencies decrease
consequently.

Figure (7) shows the frequency responses
for different values of n, while I/h and L/h
are kept fixed at 0.2 and 20 respectively. As
n increases, all resonance frequencies
increase considerably. It could be predicted
because of increasing the stiffness with
higher proportion of ceramic in the mixture.
The main point in the graph is that the
responses are approximately the same in
lower frequencies. This implies that the
effect of n is more considerable in higher
frequencies.

Non-dimensional natural frequencies for
different volume percentage and length scale
ratio are shown in Table 2.
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Table 2- non-dimensional natural frequencies for different volume percentage and length scale ratio

I/h=0 1/h=0.05 I/h=0.1 I/h=0.15 I/h=0.2 I/h=0.25
n=0 1 1.008 1.034 1.076 1.134 1.208
n=0.2 1.089 1.101 1.135 1.192 1.270 1.367
n=0.4 1.107 1.119 1.158 1.221 1.307 1.415
n=0.6 1.205 1.218 1.259 1.325 1.416 1.530
n=0.8 1.274 1.288 1.330 1.399 1.493 1.611
n=1 1.337 1.351 1.394 1.464 1.560 1.681

6- Conclusions

In this study, free and forced vibration of
micro-beams composed of functionally
graded materials has been investigated based
on the modified coupled stress and the third
order shear deformation theory. The derived
equations have been solved by Galerkin’s
method. The results show that with a fixed
value of n, the value of w/»"decreases with
respect to the h/l parameter. Also, the

normalized frequency /" increases with
respect to n for constant I/h. Also, by the
increase of the value of n, the value of
W._../q, parameter decreases in different

values of Q/e". Taking into account the
results of forced vibration results, it is clear
that by the increase of the value of n, the
value of amplitude parameter w,__/q,

decreases in different values of Q/w".

The frequency responses are approximately
the same in lower frequencies with fixed
length parameters. This implies that the
effect of n is more considerable in higher
frequencies.
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Appendix A

Appendix A./ Stress resultants calculation

P dds 32
Nxx = (EA)eq 6_” + ((EQ)eq - CI(EP)eq)E - CI(EP)eqa_x‘:

x

] 26,
My, = (EQ)eq£ + ((EDgq — Cl(EH)eq)%

0*w

_Cl(EH)eq W

a 0¢x
Pxx =0 ((Ep)eqi + ((EH)eq - Cl(ES)eq)% -
32
c1(ES)eq )

d
Qx = ((#A)eq - 3C1(M1)eq) <¢x + a_‘;/)
d
Re = 36, ((al) g = 361 (et (2 + 5 )

My = = 2((Beq + 36, BDeq) s+ (~(B g +
36, (Beq) 22)
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in which
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Appendix A.2 definition of k; coefficients in
equations of motion

ky = (EA)eq

k, = (EQ)eq - Cl(EP)eq

k3 = _Cl(EP)eq

ky = (EQ)eq - Cl(EP)eq

ks = (El)eq - 2C1(EH)eq + (Cl)Z(ES)eq
1

+ Z ((ﬁA)eq - 3C1(ﬁ1)eq)
3¢

+ T (_(ﬁl)eq + 3C1(ﬁH)eq)

k6 = _Cl(EH)eq - (Cl)z(ES)eq
1

- Z ((ﬁA)eq - 3C1(ﬁ1)eq)
3¢

+ T ((ﬁl)eq + 3C1(ﬁH)eq)

k7 = 3C1((#’)eq - 3C1(HH)eq) - 9C12('81)eq
_((”A)eq - 3Cl (#I)eq)

kg = Cl(EP)eq

ko = ¢1((EH)oq — €1(ES)eq)
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1
-2 (—(BA)eq +3c1(BDeq)
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— S (< (BDeqg +3¢1(BH)eq)
1
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3¢,
~ 2 ((BDeq +3c1(BH).,)

kll = ((HA)eq - 361(#1)911)
_351((H1)eq - 361(#H)eq) + 9612(ﬂ1)eq

(A3)

Appendix A.3 Definition of free vibration
equations parameters
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Appendix
vibration equations parameters

a; = g>(812816 — 810818) + 84(8s81s —
812814) — 86(88816 — 810814)

a; = g1(812816 — 810818)

+82(810817 — 89818 + 815812 — 811816)
+83(85818 — 812814)

+84(811814 — 813812 + 87818 — 88817)
+85(85816 — 810814)

—86(87816 + 88815 — 813810 — 8o814)

a; = g,(89817 — 815811)
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+84(811813 — 87817)

+83(811814 — 813812 + 87818 — 88817)
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ay = g1(8o817 — 815811) + 83(811813 — 87817) —
85(87815 — 89813)

s = 86810 — 84812, = 81184 — 83812 T
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(A.5)

A.4 Definition of forced

(A.4)



