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Abstract. In this work, we will compare two approximation method based on hybrid Legen-
dre and Block-Pulse functions and a computational method for solving nonlinear Fredholm-
Volterra integral equations of the second kind which is based on replacement of the unknown
function by truncated series of well known Block-Pulse functions (BPfs) expansion.
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1. Introduction

Integral equation has been one of the principal tools in various areas of applied
mathematics, physics and engineering. Integral equation is encountered in a
variety of applications in many fields including continuum mechanics, poten-
tial theory, geophysics, electricity and magnetism, antenna synthesis problem,
communication theory, mathematical economics, population genetics, radiation,
the particle transport problems of astrophysics and reactor theory, fluid me-
chanics, etc. Many of these integral equations are nonlinear, see ([17]-[3]). Some
computational methods for approximating the solution of linear and nonlinear
integral equations are known. The classical method of successive approximation
for Fredholm-Hammerstein integral equations was introduced in [16]. Brunner in
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[4] applied a collocation type method and Ordokhani in [13] applied rationalized
Haar function to nonlinear Volterra-Fredholm-Hammerstein integral equations.
A variation of the Nystrom method was presented in [13]. A collocation type
method was developed in [19]. The asymptotic error expansion of a collocation
type method for volterra-Hammerstein integral equations has been considered in
[? ]. The aim of this work is to present two numerical methods for approximating
the solution of nonlinear Fredholm-Volterra integral equation of the form:

T 1
u(z) = f(x) + )\1/0 ki(x, s)1(s,u(s)) ds + )\2/0 ka(z, s)a(s,u(s)) ds, (1)

where the parameters Aj, A2 and functions f(z),¥1(s,u(s)),v2(s,u(s)) and
ki(x,s), ka(w,s) are known and in L?[0,1) and u(z) is an unknown function. In
this work we suppose ¥1(s,u(s)) = (u(s))* and (s, u(s)) = (u(s))? where «, 8
are positive integers.

2. Hybrid Functions

We use the Hybrid Legendre and Block-Pulse functions as basis for reducing these
NV-FIEs to a system of nonlinear algebraic equations. We present Hybrid Legendre
and Block-Pulse useful properties such as operational matrix of integration, prod-
uct matrix, integration of the cross product and coefficient matrix and use them
for transform our NV-FIE. As showed in our examples our method in analogy to
existed methods works better. This paper is organized as follows: In subsection 2.1
we introduce hybrid functions and its properties. In Subsection 2.2 we apply these
set of Hybrid functions for approximating the solution of NV-FIEs. Convergence
analysis is given in Subsection 2.3.

2.1 Definition of hybrid functions of Block-Pulse and Legendre

Consider the Legendre polynomials L, (z) on the interval [1, 1]
Lo(x) =1,Li(z) =x,(m+ 1) Lypt1(z) = 2m + V)a Ly, (x) — mLy,—1(x),

such that m=1,2,3,---

Set {Ly,(z) : m = 0,1,---} in Hilbert space L?[—1,1] is a complete orthogonal
set. A set of Block-Pulse functions b;(x),i = 1,2,--- ,n and the orthogonal set of
hybrid functions

hU(IE),Z:]_,Q, Iz jZO,]., ,m_]-a

that produces by Legendre polynomials and Block-Pulse functions on [0,1) are
defined as follows respectively:

1 (i_l) < T < l
b; = ’ n 3 n
(@) { 0, otherwise

n

oo () = 4 Lo(@na = 2i+1), D Crcd
" 0, otherwise
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Any function u(z) € L?[0,1) can be expanded as u(z) = EZ X2, cijhij(z),

where the hybrid coefficients are given by

(u(x), hij(x))

Cij = 7377 N 7 7 o i:1,2,...,OO, j:o,]_,...,OO,
7 (hij(2), hi(x))

so that (.,.) denotes the inner product. If u(z) is piecewise constant or may be
approximated as piecewise constant, then the sum may be terminated after nm

terms, that is u(z) = 2?212?‘;01 cijhij(z) = CTh(z), where

C= [6107 <oy Clom—1,C205 -y C2m—15 +++5 Cn0y +-+y Cn,m—l]T7 (2)

h(.Z) = [hlo(l‘), ceey hl,mfl(l'), h20($), ceey hz’mfl(l'), ceny hn7m,1($)]T. (3)
We can also approximate the function k(z,s) € L?([0,1) x [0,1)) as follows:
k(x,s) = hT(2)kh(s),

so that

hi (:E)a k(st)’h j (S)
Kij; = ( & ( v )) , 1,0 =1,2,...,nm.

(B @) @) (s (9 s ()

The integration of the vector h(z) defined in (3) is given by

/Ox h(z")dz’ = Ph(z), (4)

where P is the nm x nm operational matrix for integration and is given in [7] in
details.

The integration of the cross product of two hybrid function vectors h(z) can be
obtained as

L0 0

1 OL - 0
D_/ W) (@yde = | . L],

0 I T .

where matrix L is a m x m diagonal matrix that can be seen in [7].
It is always necessary to evaluate the product of h(z) and h” (z) that be called the
product matrix of hybrid functions. Let

H(z) = h(z)h' (z), ()

where H(x) is nm x nm matrix. By multiplying the matrix H(z) in vector C' that
defined in (2) we obtain

H(z)C = Ch(x), (6)
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where C' is nm x nm matrix and called the coefficient matrix. Basic multiplication
properties of arbitrary two hybrid function h;;(z) and hy(z) are described in [6].

2.2 OQutline of the method for NV-FIEs via Hybrid functions

Consider the nonlinear Volterra-Fredholm integral (1). We put
u(z) 2= U'h(x), (7)

where U is an unknown nm-vector and h(x) is given by (3). Likewise, ki(z,s),
ka(z,s) and f(z) are expanded into the hybrid functions as follows

ki(z,s) = h () K h(s), ke (x, s) = hT (z)Koh(s), (8)

f(z) = F"h(z), (9)

where K1, Ky are known nm-matrices and F' is a known nm-vector.
After substituting the approximate (7), (8), (9) in (1) we get

UTh(z) = FTh(z) + \hT (2) K, /0 ’ h(s)y1(s,UTh(s))ds

b (2) /0 " h(s)(s, UTh(s))ds. (10)

Functions 11 (s, UTh(s)) = (UTh(s))® and v(s,UTh(s)) = (UTh(s))? are known
which can be expanded into the hybrid functions as

(u(s))* = Uy h(s), (u(s))” = UF h(s). (11)
In the next subsection, we consider computing U, and Ug in terms of U, which

U, Upg are mn-vectors whose elements are nonlinear combination of the elements
of the vector U. Substitute (11) in (10) produces

UTh(z) = FTh(z) + \hT (2) K, / ' h(s)h? (s)U,ds
0

1
+)\2hT(x)K2/0 h(s)h” (s)Usds. (12)

Note that by use of (4) and (6) we have [ h(s)h!(s)Usds = [ Uah(s)ds =
UnPh(x), by this relation and D we get

UTh(z) = F'h(z) + Mh" (2) K Ua Ph(z) + Aoh” (z) (K2 DUp). (13)
In order to find U we collocate (13) in nm nodal points of Newton-Cotes as

2p—1
Tp =5 p=1,2,..,nm. (14)
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then we have following system of nonlinear equations

UTh(z,) = FTh(z,) + Mh” (2,) KUy Ph(z,)

+Xoh”(2,)(K2DUg) ,  p=1,2,....,nm. (15)

This nonlinear system of equations can be solved by Newton’s method. We used the
Mathematica software to solve this nonlinear system. After solving above nonlinear
system we can achieve U, then we will have our unknown u(z) as UTh(z), that is
the approximate solution of NV-FIE (1).

2.2.1 Ewvaluating U, and Ug

For numerical implementation of the method explained in section 2.2, we need
to evaluate U, and Ug, so that the elements of each one are nonlinear combination
of the elements of the vector U. From (6) and (7), We have

(w(z))? = (UTh(z))(UTh(z)) = UTh(z)h” (2)U = UTUh(z) = Ush(z),  (16)
where the vector Uy = UTU is a mn-row vector, then for (u(s))? we get
(u(2))? = (UTh(z))(Uah(2)) = UTh(a)h? (2)UF = UTUFh(z) = Ush(z), (17)

Therefore with this method we can approximate (u(s))® and (u(s))? for arbitrary
« and 3. Suppose that this method holds for a — 1 where (u(z))®*~! = U,_1h(x),
we shall obtain it for cas follows

I

(u(@)® = u(z)(u(2))*~" = (UTh(z))(Ua-1h(z))

= UTh(a)h" (2)UL_, = UTUZ h(z) = Uah(a). (18)

we have similar relation for 3. So, the components of U, and Ug can be computed
in terms of components of unknown vector U.

2.3 Convergence analysis

We assume the following conditions on ki, ko and 1,1, for (1).

1. My = supocas<ilki(z,s)] < oo,My = supoces<ilke(z,s)] < oo;
2. 1(s,z),1a(s, ) are continuous in s € [0, 1] and Lipschitz continuous in z € R,
i.e., there exists constants C1,Cy > 0 for which

[V1(s,21) — Y1(s,2)| < Crlzy —x2|  forall — x1,72 €R,

[P2(s, x1) — Pa2(s, 12)| < Colvy —x2|  forall  x1,72 €R,

THEOREM 2.1 The solution of Nonlinear Volterra-Fredholm Integral Equation by
using hybrid functions converges if 0 <~y < 1.
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Proof For NV-FIE by assumption [ |ki(x,t)|dt < fol |k1(z,t)|dt for 0 < x < 1
We see that there exists a constant v = [A1|M1Cy + [A2|M2Cy > 0 such that

[tnm (z) — w(@)|| = mazzeo)[unm () — u(z)]

< maxxe[o,l]\A1|/0 [F1 (2, 8)[|1(s, unm(s)) — (s, u(s))|ds

1
+ma$x€[0,1]|)‘2|/0 k2 (2, 8)[[92(5; unm(s)) = 1a(s, u(s))|ds

< (M MOy + [N MaCo)maz ,epo 1) [unm (T) — u(w)| < ymazepo 1) [unm(z) — u(w)].

We get (1 —7)||unm(z) —u(z)|| <0 and choose 0 < vy < 1, when n — oo, it implies
| tunm () —u(z)|| = 0 . [ |

3. Piecewise Constant Function by Collocation Method

3.1 Review of Some Related Papers

Some computational methods for approximating the solution of linear and nonlin-
ear integral equations are known. The classical method of successive approximation
for Fredholm-Hammerstein integral equations was introduced in [16]. Brunner in
[4] applied a collocation type method and Ordokhani in [13] applied rationalized
Haar function to nonlinear Volterra-Fredholm-Hammerstein integral equations. A
variation of the Nystrom method was presented in [10]. A collocation type method
was developed in [9]. The asymptotic error expansion of a collocation type method
for volterra-Hammerstein integral equations has been considered in [6]. Yousefi in
[19] applied Legendre wavelets to a special type of nonlinear Volterra-Fredholm
integral equations of the form

x 1
u(z) = f(z) + Al/o ki(z,s)F (u(s))ds +>\2/0 ko(x, )G (u(s))ds, 0<s,z<1,

(19)

where f(z) , and ki(x,s),ko(,s) are assumed to be in L?(R) on the interval
0 < s,z < 1. Yalcinbas in [16] used Taylor polynomials for solving Equation (1)
with F'(u) = wP and G(u) = u? . Orthogonal functions and polynomials receive
attention in dealing with various problems that one of those in integral equation.
The main characteristic of using orthogonal basis is that it reduces these problems
to solving a system of nonlinear algebraic equations. The aim of this work is to
present a numerical method for approximating the solution of nonlinear Fredholm-
Volterra integral equation of the form:

T 1
u(z) = f(z) + )\1/0 ki(x,s)(u(s))™ds + )\2/0 ka(z,s)(u(s))"ds, 0<s,z<1,
(20)



S. M. Mirzaei/ IJM?C, 02 - 04 (2012) 309-320. 315

where m and n are nonnegative integers and A\; and Ay are constants. For this
purpose we define a n-set of BPfs as

1, Ehggpcd
b — ) X
(@) { 0, otqflerwise "

The functions b;(z) are disjoint and orthogonal. That is,

bt ={ yy, 127

1=

< bj(z)b; >= { g’ zii

A function u(x) defined over the interval [0, 1) may be expanded as:
oo
u(@) = uibi(x), (21)
i=1
In practice, only n-term of (21) are considered, where n is a power of 2, that is

u(x) 2 up(x) = Y uibi(z), (22)
=1

with matrix from:
u(x) = up(r) = ub(z), (23)
where u = [ug, ug, ..., u,|* and
b(z) = [b1(2), ba(2), .., bn(x)]"
In a similar manner, [u(x)]™ can be approximated in term of BPfs
[u(@)]™ = @b ()

that we need to calculate vector © whose elements are nonlinear combination of
the elements of the vector u For this purpose, we can write u(x) = u*b(x) and
[u(x)]™ = a”b(x).

So,

u’b(z) = [u"b(x)]™ (24)
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now using b;(z)b;(x) leads to

bi(z) O 0
0 ba(x) . 0
b(@)b* (x) = A
0 0 bp(x)

also from b;(z) we get

0 <z < L implies that b(z) = 0 and b;(z) = 0 for i=2, ..., n.

L <2 < 2 implies that by(z) =1 and b;(z) =0 for i = 1,...,n and i # 2.

1=l <2 <1 implies that b,(z)=1and b;(x) =0 for i=1,..., n-1. Therefore,
simply we obtain

1
—1I 25
T (25)

1
/ b(z)b®(z)dz —
0

where, I is the identity matrix of order k. By incorporating these results we have

1 1
= I:n/o ub(x)b* (z)dx :n/o [u”b(z)]"b" (x)dx.

Hence,

1 n t
ut =mn / [u"b(z)"" (z)dz = n > / [u®b(2)]"b" (z)d,
0 =1
=ny_ / " [u"b ()] 'u[b(2)b” (z)]dx. (26)
=175
So using (26) leads to
1 m—1 1 0
1 0 0
u* :n/n [ul,UQ,...,un] [u17u2,_“7un] 0 dx
0 .
0
0 0 0
0\\"" 0 0
2 1 1
+n/1n [ul,UQ,---,Un] 0 [U/l,’UQ,...,’U,n] 0 dx + ...
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o))" 0 0
L 0 0
+n/ [ur, u2, ..., us) | : (U1, U2, ey Up) 0 dx
no1 0 )
1 0 1

1 2

= n/n UTfl[ul,O, oty 0]d _|_n/" ugnil[OaUZ, o Olde +
0 1

n

1
= n/q u™ 0, ..., 0, U] dx = [u, Ul ..., u™).

j— 1
T = n2, j=1,2,...,n, (27)
we may proceed as follows
/ " b(2)b (x)da = / " b(a)b® (x)ds / " b(x)b®(2)dz
0 0 0
+/" b(m)bw(x)dx+...+/ ' b(x)bm(a:)d:ch/ " b(2)b®(2)d
Jo ldx 0 0 B 0
0 Ji ldx
= + " + ...
0
0 0 0 0
0 0
0 0

0

) 0
+ T 1d + -3 = —DJ 28
Ji 1da I - (28)

0
0
0 0
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where,
D’ = Diag [1,1,...,,0,...,0] )
2 nxn

in fact, the diagonal matrix D7, j =1,2,...,n is defined as follows :

2, ,5—1

' m=n=1,
D, = m=n=j
m=n=]j

Owj—=

+1,---,n.
Also, K(x,t) € L?[0,1)? may be approximated as:
K(z,t) =Y > Kibi(z)b; (1),
i=1 j=1
or in matrix form
K(z,t) = b'(x)kb(t), (29)

where k = [Kij]lgi,jgn and Kij = 77,2 fol fol K(a:,t)Bi(x)Bj(t)d:z:dt.

3.2 Solution of the Nonlinear Fredholm-Volterra Integral Equations

In order to use BPfs for solving nonlinear Fredholm-Voterra integral equations
given in (20), we first approximate the u(s), f(s), (u(z))™, (u(x))", ki(z,s) and
ka(z, s) with respect to BPfs

u(s) = b*(s)u, (30)
f(s) =b(s)f, (31)
(u(z))™ = uj(z)b(z), (32)
(u(z))" = u3(z)b(z), (33)
ki(z, 5) = b*(s)kib(z), (34)
ka(z, 5) = b*(s)kob(2), (35)

where n-vectors u, f,uy, s and n x n matrices k1 and kg are BPfs coefficients of
u(s), f(s), (w(x))™, (u(x))™, ki(x,s) and ko(x, s) respectively. For solving (20), we
substitute (30-35) into (20), therefore

s 1
b*(s)u = b*(s)f + Albs(s)kl/o b(z)b®(z)dzu; + )\gbs(s)kg/o b(z)b’(z)drus.
(36)
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Table 1. Approximate and exact solution for u(x)

X Hybrid n=8 BPFs n=8 Hybrid n=16 BPFsn=8 Exact

0.1 -1.9904 -1.9847 -1.9901 -1.9876 -1.99
0.2 -1.9605 -1.9505 -1.9601 -1.9532 -1.96
0.3 -1.9105 -1.8857 -1.9101 -1.8905 -1.91
0.4 -1.8406 -1.7905 -1.8401 -1.8122 -1.84
0.5 -1.7507 -1.7650 -1.7501 -1.7666 -1.75
0.6 -1.6408 -1.6650 -1.6402 -1.6589 -1.64
0.7 -1.5108 -1.5091 -1.5102 -1.5080 -1.51
0.8 -1.3607 -1.3205 -1.3601 -1.3342 -1.36
0.9 -1.1905 -1.1103 -1.1901 -1.1297 -1.19

We now collocate (36) at n points s; , j = 1,2,...,n defined by (27) as

N 1
bs(sj)u:bS(s]‘)f—k>\1b“’1(sj)k1/O b(:z:)bs(:c)dxﬁl—i-)\gbs(sj)kg/0 b(z)b*(z)dzus

(37)
by using (25) and (28) and the fact that b(s;) = e; where e; is the j-th column of
the identity matrix of order n, (37) may then be restated as

A . A ~
uj = fi+ —leéleJul + lez»kQUQ s i=12..n. (38)
n n

(38) gives n nonlinear equations which can be solved for the elements u; using
Newtons iterative method.

3.3 Error in BPfs Approximation

THEOREM 3.1 If a differentiable function u(s) with bounded first derivative on
(0,1) is represented in a series of BPfs over subinterval [=2, L), we have |le(s) =

O(%)H, where e(s) = up(s) — u(s). nn
Proof See [15]. .

4. Numerical results
Consider the following nonlinear volterra-Fredholm integral equation

T 1
u(z) = —gga’ + ga = z? + gw - g + /0 (x — s)(u(s))*ds +/0 (z + s)u(s)ds,

with the the exact solution u(z) = 22 — 2 [13]. Now we can solve the equation with
these methods and the results are displayed in the Table 1.

5. Conclusion

In this paper we have presented two methods for the numerical solution of Nonlinear
Volterra-Fredholm Integral Equations based on hybrid legendre and Block-Pulse
functions. These two methods are Piecewise Constant Function by Collocation
Method and Hybrid Functions Approach. The results obtained by these two meth-
ods to solve an equation, we reach the conclusion that Hybrid Functions Approach
method is more accurate.
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