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delay-sensitive applications, time delays in priority queues have been studied extensively 

in recent years. Due to the sensitivity of the delay-sensitive traffic, it is a basic requirement 

for designing andconstructing an efficient communication network with a very small mean 

delay and delay jitter. While the values of the important performance measures of the 

delay-insensitive traffic, namely loss ratio and throughput should also be small. Priority 

scheduling scheme is an important way by which we can achieve these requirements. 

Since the research works in the field of two-class discrete queues have begun to 

proliferate only in recent years. Analysis of two-class discrete queues is not available too 

much. Two-class discrete-time systems, with service time assumed deterministically 1 slot 

have been analysed in [1-2] as well as in [4]. The systems with non-preemptive priority and 

general service times with nonhomogeneous packet arrivals have been studied in [8] and 

[11]. In a HOL non-preemptive priority scheduling, we assume that delay-sensitive traffic 

has priority over delay-insensitive traffic without preemption i.e., when a server becomes 

idle, a packet of delay-sensitive traffic, when available, will always be scheduled next but 

the service of a delay-insensitive packet which has already in service cannot be interrupted 

by a freshly arriving delay-sensitive packet. This priority scheduling scheme is not only 

very easy to implement but also provides relatively low delays for the delay sensitive 

traffic ([3] and [13]). Rubin and Tsai [9] discussed the HOL non-preemptive priority 

queues taking a variety of arrival and service time distributions (see also in [10] and [12]). 

    In this paper, we will consider a head-of-line priority scheme with priority jumps 

(HOL-PJ) in which class-2 i.e., delay-insensitive packets (at the HOL position) jump to 

(the end of) the class-1 i.e., delay-sensitive traffic queue. In literature, many jumping 

schemes with different criteria are discussed (see in [5-7]). 

 

2. Formulation of  Mathematical Model 

A discrete-time single-server queueing system with two queues having infinite buffer 

space is proposed for study. Two types of traffic are arriving in the system; viz. packets of 

class-1 that are stored in the first queue and packets of class-2 which are lined in the 

second. It is assumed that the time is slotted. We denote the number of arrivals of class-j 

during slot k by ௝ܽ,௞ሺ݆ ൌ 1, 2ሻ.  Both types of packet arrivals are assumed to be i.i.d. from 

slot-to-slot and are characterized by the joint probability mass function 

ܽሺ݉, ݊ሻ ≜ ଵ,௞ܽൣܾ݋ݎܲ ൌ ݉, ܽଶ,௞ ൌ ݊൧, 

and joint probability generating function (pgf) A(z1, z2), 
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,ଵݖሺܣ ଶሻݖ ≜ ଵݖൣܧ
௔భ,ೖݖଶ

௔మ,ೖ൧ ൌ ෍ ܽሺ݉, ݊ሻ ଵݖ
௠ݖଶ

௡

ஶ

௠,௡ ୀ଴

It is assumed that the service times of the class j packets are i.i.d. and are characterized by 

the  

 

 

probability mass function ݏ௝ሺ݉ሻand probability generating function ௝ܵሺݖሻ, 

 

௝ܵሺݖሻ ൌ ෍ ௠ݖ௝ሺ݉ሻݏ
ஶ

௠ୀଵ

with ݆ ൌ 1, 2. Also the mean service time of a class j packet is denoted by ߤ௝ ൌ ௝ܵ
ᇱሺ1ሻ. 

The total load is given by ≜ ଵߩ ൅ ௝ߩ ଶ , whereߩ ≜ ௝ሺ݆ߤ௝ߣ ൌ 1, 2ሻ. 

To analysed the system contents at the beginning of start slots, i.e., slots at the 

beginning of which a service of a packet (if present) can begin. Let us denote the system 

contents of class-j at the beginning of the l-th start slot by ௝݊,௟ሺ݆ ൌ 1, 2ሻ and their joint pgf 

is denoted by ௟ܰሺݖଵ,  ,.ଶሻ, i.eݖ

௟ܰሺݖଵ, ଶሻݖ ≜ ଵݖൣܧ
௡భ,೗ݖଶ

௡మ,೗൧. 

If ݏ௟
∗ denotes the service time of the packet that enters service at the beginning of start 

slot l. Then the system contents of both types of packets can be obtained according to the 

following system equations: 

1. If ݊1,݈ ൌ ݊2,݈ ൌ 0: 

݊ଵ,௟ାଵ ൌ ܽଵ,௞; 

݊ଶ,௟ାଵ ൌ ܽଶ,௞, 

2. If ݊1,݈ ൌ 0	ܽ݊݀݊2,݈ ൐ 0: 

݊ଵ,௟ାଵ ൌ ෍ ܽଵ,௞ା௜;

௦೗
∗ିଵ

௜ୀ଴

 

݊ଶ,௟ାଵ ൌ ݊ଶ,௟ ൅ ෍ ܽଶ,௞ା௜ െ 1,

௦೗
∗ିଵ

௜ୀ଴

 

3. If ݊1,݈ ൐ 0: 

I. ܽ1,݇ ൌ 0: 

݊ଵ,௟ାଵ ൌ ݊ଵ,௟; 
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݊ଶ,௟ାଵ ൌ ݊ଶ,௟ ൅ ෍ ܽଶ,௞ା௜ െ 1,

௦೗
∗ିଵ

௜ୀ଴

 

 

 

 

 

II. ܽ2,݇ ൐ 0: 

݊ଵ,௟ାଵ ൌ ݊ଵ,௟ ൅ ෍ ܽଵ,௞ା௜ െ 1;

௦೗
∗ିଵ

௜ୀ଴

 

݊ଶ,௟ ൌ ݊ଶ,௟ ൅ ෍ ܽଶ,௞ା௜,

௦೗
∗ିଵ

௜ୀ଴

 

where the value of ݏ௟
∗ in the three cases is given respectively as follows: 

௟ݏ
∗ ൌ 	ቐ

0; .ݕݐ݌݉݁ݏ݅ݎ݂݂݁ݑܾ݄݁ݐ݁ܿ݊݅ݏ
;ଶሺ݉ሻݏ ݏݏ݈ܽܿܽ݁ܿ݊݅ݏ 2 ݁ܿ݅ݒݎ݁ݏ݄݁ݐ݋ݐ݊݅ݏݎ݁ݐ݊݁ݐ݁݇ܿܽ݌ ,
;ଵሺ݉ሻݏ ݏݏ݈ܽܿܽ݁ܿ݊݅ݏ	 2 .݁ܿ݅ݒݎ݁ݏ݄݁ݐ݋ݐ݊݅ݏݎ݁ݐ݊݁ݐ݁݇ܿܽ݌

 

With the help of above system equations, we can derive a relation between ௟ܰሺݖଵ,  ଶሻݖ

and ௟ܰାଵሺݖଵ, ଶሻݖ . Taking into account that the random variables ௟ݏ
∗ , ൫݊ଵ,௟, ݊ଶ,௟൯ 

and൫ܽଵ,௞ା௜, ܽଶ,௞ା௜൯,݅ ൒ 0; are statistically independent, the relation is obtained as follows : 

௟ܰାଵሺݖଵ, ଶሻݖ ≜ ଵݖൣܧ
௡భ,೗శభݖଶ

௡మ,೗శభ൧ 

ൌ ଵݖൣܧ
௔భ,ೖݖଶ

௔మ,ೖ൛݊ଵ,௟ ൌ ݊ଶ,௟ ൌ 0ൟ൧ ൅ ܧ ቈݖଵ
∑ ௔భ,ೖశ೔
ೞ೗
∗షభ
೔సబ ଶݖ

௡మ,೗ା∑ ௔మ,ೖశ೔ିଵ
ೞ೗
∗షభ
೔సబ ൛݊ଵ,௟ ൌ 0, ݊ଶ,௟ ൐ 0ൟ቉ 

൅ܧ ቈݖଵ
௡భ,೗ݖଶ

௡మ,೗ା∑ ௔మ,ೖశ೔ିଵ
ೞ೗
∗షభ
೔సబ ൛݊ଵ,௟ ൐ 0, ܽଵ,௞ ൌ 0ൟ቉ 

൅ܧ ቈݖଵ
௡భ,೗	ା	∑ ௔భ,ೖశ೔ିଵ

ೞ೗
∗షభ
೔సబ ଶݖ

௡మ,೗ା∑ ௔మ,ೖశ೔
ೞ೗
∗షభ
೔సబ ൛݊ଵ,௟ ൐ 0, ܽଵ,௞ ൐ 0ൟ቉ 

Solving this equation and using the steady state condition, 

ܰ൫ݖଵ,ݖଶ൯ ≜ 	 lim௟→ஶ ௟ܰሺݖଵ, ,ଵݖଶሻ,we obtain the following formula for Nሺݖ  : ଶሻݖ

ܰሺݖଵ, ଶሻݖ ൌ 	

,ଵݖሺܣଶݖଵݖൣ ଶሻݖ െ ,ଵݖሺܣଶ൫ݏଵݖ ,ଶሻ൯൧ܰሺ0ݖ 0ሻ ൅

,ଵݖሺܣଶ൫ݏଵ൛ݖൣ ଶሻ൯ݖ െ ,ሺ0ܣଶ൫ݏ ଶሻ൯ൟݖ െ ,ଵݖሺܣଵ൫ݏଶݖ ,ଶሻ൯൧ܰሺ0ݖ ଶሻݖ

ଶݖଵݖ െ ,ሺ0ܣଶ൫ݏଵݖ ଶሻ൯ݖ െ ,ଵݖሺܣଵ൫ݏଶݖ ଶሻ൯ݖ
 

(1) 

The two unknown quantities, namely ܰሺ0, ଶሻݖ  andܰሺ0, 0ሻ , are determined by using 
Rouche’s theorem and putting ݖଵ ൌ ଶݖ ൌ 1  with the use of de l’Hospital’s rule 
respectively (see also Walraevens et al. 2003) and are given by the following expressions: 
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ܰሺ0, ଶሻݖ ൌ
ܻሺݖଶሻൣݏଶ൫ܣሺܻሺݖଶሻ, ଶሻ൯ݖ െ ,ଶሻݖሺܻሺܣଶݖ ଶሻ൧ݖ

ܻሺݖଶሻ൛ݏଶ൫ܣሺܻሺݖଶሻ, ଶሻ൯ݖ െ ,ሺ0ܣଶ൫ݏ ଶሻ൯ൟݖ െ ,ଶሻݖሺܻሺܣଵ൫ݏଶݖ ଶሻ൯ݖ
ܰሺ0, 0ሻ 

(2) 

and 

ܰሺ0, 0ሻ ൌ
1 െ ߩ

1 െ ߩ ൅ ଵߣ ൅ ଶߣ

(3) 

  

Using these two equations in eqn. (1), we finally obtain the joint pgf of the system contents 

at the beginning of a start slot in the steady state with 

ܻሺݖሻ ൌ 	
ܻሺݖሻݏଶ൫ܣሺ0, ሻ൯ݖ ൅ ,ሻݖሺܻሺܣଵ൫ݏݖ ሻ൯ݖ

ݖ
 

The marginal pgfs்ܰሺݖሻ, ଵܰሺݖሻ and ଶܰሺݖሻ of the total system contents and the 

system contents of class-j at the start slot are obtained by putting appropriate values of ݖଵ 

and ݖଶ, which are given as follows: 

்ܰሺݖሻ

≜ 	lim
௞→ஶ

௡೅,೗ሿݖሾܧ ൌ ܰሺݖ, ሻݖ

ൌ
1 െ ߩ

1 െ ߩ ൅ ଵߣ ൅ ଶߣ

ۏ
ێ
ێ
ێ
ێ
ێ
ۍ ൛்ܣݖሺݖሻ െ ሻ൯ൟݖሺ்ܣଶ൫ݏ ቄܻሺݖሻ ቀݏଶ൫ܣሺܻሺݖሻ, ሻ൯ݖ െ ,ሺ0ܣଶ൫ݏ ሻݖ

൅൛ݏଶ൫்ܣሺݖሻ൯ െ ,ሺ0ܣଶ൫ݏ ሻ൯ݖ െ ሻ൯ൟݖሺ்ܣଵ൫ݏ ቄܻሺݖሻ ቀݏଶ൫ܣሺܻሺݖ

൛ݖ െ ,ሺ0ܣଶ൫ݏ ሻ൯ݖ െ ሻ൯ൟݖሺ்ܣଵ൫ݏ ቄܻሺݖሻ ቀݏଶ൫ܣሺܻሺݖሻ, ሻ൯ݖ െ ሺ0ܣଶ൫ݏ

(5) 

ଵܰሺݖሻ ≜ lim
௞→ஶ

௡భ,೗ሿݖሾܧ ൌ ܰሺݖ, 1ሻ

ൌ
1 െ ଵߩ

1 െ ଵߩ ൅ ଵߣ
቎
ሻݖଵሺܣ െ ሻ൯ݖଵሺܣଶ൫ݏ

ݖ െ ሻ൯ݖଵሺܣଵ൫ݏ

൅ ଶߣ ቐ
ሻ൯ݖଵሺܣଶ൫ݏݖ െ ሻ൯ݖଵሺܣଵ൫ݏ

ሻ൯ݖଵሺܣଵ൫ݏ ቀݖ െ ሻ൯ቁݖଵሺܣଵ൫ݏ
െ ଶቑ቏ߤ

ሺ6ሻ 

ଶܰሺݖሻ

≜ lim
௞→ஶ

௡మ,೗ሿݖሾܧ ൌ ܰሺ1, ሻݖ

ൌ
1 െ ߩ

1 െ ߩ ൅ ଵߣ ൅ ଶߣ

ۏ
ێ
ێ
ێ
ێ
ێ
ۍ ൛ܣݖଶሺݖሻ െ ሻ൯ൟݖଶሺܣଶ൫ݏ ቄܻሺݖሻ ቀݏଶ൫ܣሺܻሺݖሻ, ሻ൯ݖ െ ,ሺ0ܣଶ൫ݏ ሻݖ

൅൛ݏଶ൫ܣଶሺݖሻ൯ െ ,ሺ0ܣଶ൫ݏ ሻ൯ݖ െ ሻ൯ൟݖଶሺܣଵ൫ݏ ቄܻሺݖሻ ቀݏଶ൫ܣሺܻሺݖ

൛ݖ െ ,ሺ0ܣଶ൫ݏ ሻ൯ݖ െ ሻ൯ൟݖଶሺܣଵ൫ݏݖ ቄܻሺݖሻ ቀݏଶ൫ܣሺܻሺݖሻ, ሻ൯ݖ െ ሺܣଶ൫ݏ

(7) 
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3. Calculation of Performance Measures 

In this section the performance measures such as mean value of the system contents and 

mean packet delay of class ݆, ݆ ൌ 1, 2 packets at the start slot are analysed.  

Let us define ߣ௜,௝ and ߤ௝௝ as 

௜,௝ߣ ൌ
߲ଶܣሺݖଵ, ଶሻݖ
௝ݖ௜߲ݖ߲

ቤ
௭భୀ௭మୀଵ

 

And 

௝௝ߤ ൌ
݀ଶ ௝ܵሺݖሻ

ଶݖ݀
ቤ
௭ୀଵ

 

respectively, with ݅, ݆ ൌ 1, 2. 

In this process, the mean values of the system contents i.e., ܧሾ݊ଵሿ and ܧሾ݊ଶሿ are obtained 

by taking the first derivative of the respective pgf’s (6), (7) for ݖ ൌ 1. Taking the first 

derivative of (6) for ݖ ൌ 1 we get the mean class-1 system content as 

ሾ݊ଵሿܧ

ൌ
ଵଵߣଵߣଵߤ ൅ ଵߤ4

ଶߣଵ
ଶ െ ଵߣଶߤଵߤ4

ଶ ൅ ଵߣଵଵߤ
ଷሺ1 ൅ ଵߤ െ ଶሻߤ ൅ 2ሺߣଵ ൅ ଵߤ

ଶߣଵ
ଷሻሺߤଶ െ ଵሻߤ

2ሺ1 െ ଵሻሺ1ߣଵߤ െ ଵߣଵߤ ൅ ଵሻߣ
	

(8) 

Also ܧሾ்݊ሿ is the mean total system content which can be obtained by taking first 

derivative of ்ܰሺݖሻ for ݖ ൌ 1 and is given by 

ሾ்݊ሿܧ ൌ ்ߣ ൅
்ܣ
ᇱᇱሺ1ሻ

2ሺ1 െ ሻ்ߣ
(9) 

and also the mean value of the system contents of class 2,	Eሾnଶሿ, can be calculated by 

taking the first derivative of the respective pgf for ݖ ൌ 1 and also by using the following 

relation: 

ሾ்݊ሿܧ ൌ ሾ݊ଵሿܧ ൅  ሾ݊ଶሿ (10)ܧ

Then the mean packet delays i.e.,ܧሾ݀ଵሿ and ܧሾ݀ଶሿ are obtained by using Little’s law 

given by 
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effect of jumping mechanism was analysed which clearly shows that the queueing system 

provides better results when the fraction of class-1 arrivals in the overall traffic mix is 

small. 
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