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Abstract.The aim of this paper is to prove new quantitative uncertainty principle for the
generalized Bessel transform Fa connected with a generalized Bessel operator A on the half
line. More precisely we prove An LP-L4-version of Morgan’s theorem for the generalized Bessel
transform.
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1. Introduction

Heisenberg in [9] proved the uncertainty principle. It states that the more precisely
the position of some particle is determined, the less precisely its momentum can
be known, and vice versa. This physical idea is illustrated by Heisenberg inequality
as mathematical formulations

~ 1
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As representation of this, one has Hardy’s theorem [1], Morgan’s theorem|[2]. These
theorems have been generalized to many other situations; see, for example, [8, 10].

*Corresponding author. Email: mehdi.loualid@gmail.com

© 2016 IAUCTB
http://www.ijm2c.ir



30 El. M. Loualid et al./ IJM?C, 06 - 01 (2016) 29-35.

In this paper we establish an analogous of LP-Li-version of Morgan’s theorem
for the generalized Bessel transform Fa associated with the Generalized Bessel
operator A introduced and studied in [4, 5]. we prove that if 1 < p,g < oo,
a>0, b>0, y>2andn= %, then for all measurable function f on R, the
conditions

ea|x|’Yf c Lg’n
and

" FA(F)(N) € LY

imply f=0if

(a7)> (bm)» > (sin (S =1)))"

The structure of the paper is as follows: In section 2, we set some notations and
collect some basic results about the Bessel operator and the Bessel transform. In
section 3, we give some facts about harmonic analysis related to the second-order
singular differential operator on the half line A and generalized Bessel transform.
In section 4, we state and prove an LP — Lf-version of Morgan’s theorem for the
generalized Bessel transform. Finally, we conclude the article in Section 5.

2. Preliminaries

In this section, we recapitulate some facts about harmonic analysis related to the
Bessel operator L£,. We cite here, as briefly as possible, some properties. For more
details we refer to [3, 11].

Throughout this paper we assume that o > %1

Defined L%, 1 < p < o0, as the class of measurable function f on [0, +oo[ for which
| fllp,a < o0, where

Hfllp,az( / |f<x>|f’w2a+ldx)p if p< o0

and

[flloca = [[flloc = €55 supazol f(2)]-
The Bessel operator L, is defined as following:

d? d
Laf() = 5 f(@) + 220

().

T dx

The Fourier transform of ordre « is defined for a function f € L. by

Ful ) = /0 " f@)iaa)a? d, A0, (2.1)
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where

fo'%s) _1\n(z)\2n
ja(z) =Tla+1) 3 — (F(ib)-i-(?l)-i- 1)

n=0

(z € C). (2.2)

is the normalized Bessel function of index «.
PROPOSITION 2.1
(i) If both f and F, are in L} then

1 > . 2a+1
f(z) = 40‘(F(a+1))2/0 Fol(f)N)ja(Az)A d\, for almost all z >0
(ii) For every f € LL, N L2 we have

- )22t gy = ; > 24 2a+1
[T uwpe - ot [T

3. Harmonic Analysis Associated with A

In this section we provide some facts about harmonic analysis related to the second-
order singular differential operator on the half line A. We cite here, as briefly as
possible, some properties. For more details we refer to [4, 5].

Consider the second-order singular differential operator on the half line

d? 2a0+1 d dn(a+n)
Af(z) = ﬁf(fc) T %f(fﬂ) - Tf(@
where o > _71 and n =0,1,2,.... For n = 0 we regain the Bessel operator L.

Let M be the map defined by
Mf(x) = 2" f(x).

Let L%, 1 < p < 0o, be the class of measurable functions f on [0, oo[ for which

1 £llp.cm = IM ™" fllpatan < 0.
and
dpie(z) = 2°de
. For A € C and x € R, put
oA(T) = %" joron (A1), (3.1)

where jo+on, is the normalized Bessel function of index « + 2n given by (3.1).
Proposition 3.1

e () possesses the Laplace integral representation

1
ox(z) = aa+2nx2"/0 cos(Atx)(1 — tQ)a+2n7§dt, (3.2)
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where

20 (o +2n + 1)
Vrl(a+2n+3)

Qo+2n =

e () satisfies the differential equation

Apy = =0,
e For all A € C and = € R,
[pa()] < a?rel e, (3.3)
Definition 3.2 The generalized Bessel transform is defined for a function f € L}Ln
by
FANIN = [ Faer@a® iz, Az 0, (3.4
0
Remark 3.3
e By (2.1) and (3.2) observe that
FA = Faton © M_la (35)

where Fy o, is the Fourier transform of order « 4 2n given by (2.1).
Theorem 3.4
(i) For every f € L}, , (L2, we have the Plancherel formula

oo 1 o
2 ,.2a+1 _ 2 y2(a+2n)+1
| 1@ Pt tae = s [T () e,

(ii) The generalized Fourier transform Fa extends uniquely to an isometric
isomorphism from L2 ,, onto L*([0, ool s sAZ(ed2n)+L Ny,

1
T(a+2n+1))

4. An LP-L9-Version of Morgan’s Theorem for Fa

We start by getting the following lemma of Phragmen-Lindl6f type using the same
technique as in [6, 7]. We need this lemma to prove the main result of this paper.

Lemma 4.1 Suppose that p €]1,2[, ¢ € [1,00], 0 > 0 and B > osin (5(p — 1)). If
g is an entire function on C verifiying:

lga + iy)| < C.e’ (4.1)
and
eB‘xlpg/R e€Li, (4.2)

for all z,y € R then g = 0.
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Theorem 4.2 Let 1 < p,g<o0o,a>0, b>0, v>2andn= %, then for all
measurable function f on R, the conditions

el ferr, (4.3)
and

A" FA(F)(N) € L

a,n

(4.4)

imply f =0 if

3=
—~~
=~
Ut
~—

(a7)* (bm)» > (sin (51— 1))
Proof The function

Fa(H)N) = /0 ¥ H@)pr@)e® e, A0,

is well defined, entirely on C, and satisfies the condition

Al =| / " (@) or@)dpa(a)],
o a2l € gy (o
</0 £ el (),

- / M P @) dpa o (2), VA = € +iC € C
0

Applying Hélder inequality, we get

Fa0 < ([ (Mt s@1e ) o)) ([ (1 1) o)

o0 5 p/
<o ([ (17 1) (o)
0

where p’ is the conjugate exponent of p.
Let C € I =|(bn) ™ sin (F(n—1))7, (ay)~|.
Applying the convex inequality

8-

e

1 1
byl < (DI + ()]l (4.6)
Y n
to the positive numbers C|z| and %, we obtain

c
allc] < (S )lal” + (=)icl” (47)
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and the following relation holds

& —ap' || p'|=||¢| p’1¢1” o —p' (a— ) |z|
e PP I d g 4 op (x) < e mem e v dptot2n(T). (4.8)
0 0

Since C' € I, then a > %, and thus the integral

/o e_p/(a_TdeﬂaMn(fU)

is finite. Moreover

p’1¢|™

| FAa(f)(N)] < Const.e ne™ , forall\ € C. (4.9)

By virtue of relations(4.3), (4.4), (4.9) and Lemma 4.1 , we obtain that Faf = 0.
Then f =0 by Theorem 3.4. |

5. Conclusion

In this paper, using a generalized Bessel transform associated with the generalized
Bessel operator, we obtained an LP-L%-version of Morgan’s. We proved that if
1<p,g<o0,a>0, b>0, y>2andn= %, then for all measurable function
f on R, the conditions

el ferr,
and
S FA(F)(N) € LE,

imply f =0 if

(@) 0m)? > (sin (T - 1))

The demonstration of this result is based on the lemma of Phragmen-Lindlof type.
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