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1. Introduction

Ecology relates to the study of living beings in connection to their living styles.
Research in the area of theoretical ecology was first studied by Volterra [29] and
Lotka [23]. Later many ecologists and mathematicians contributed to the growth
of this area of knowledge as reported in [3, 7, 12, 24, 25] and references therein.
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The ecological interactions can be broadly classified as prey-predator, competition,
commensalism, ammensalism, and neutralism etc.

A two species Commensalisms is an ecological connection between two species
where one species X gain benefits while those of the other species Y neither benfit
nor harmed. Here, X may referred as the commensal species while Y the host.
Some examples are Cattle Egret, Anemonetish and Barnacles etc. The host species
Y supports the commensal species X which has a natural growth rate in spite of
a support other than from X. The commensal species X, in spite of the limitation
of its natural resources flourishes drawing strength from the host species Y. The
model is characterized by a system of first order nonlinear differential equations. In
the last decades, commensalism model studied many researchers [8, 9, 19, 20, 32].

Chen at el. [6] proposed the following two species commensal symbiosis models
with nonmonotonic functional response,

N Cuz(zt) ’
d + us(t)

uy(t) = ua(t) [az1 — bagua(t)],

uy () =ui(t) |a1r — biau(t)

where a11,a91, b12,b22, ¢, d are all positive constants and showed that the system
admits a unique globally asymptotically stable positive equilibrium.

Zhao et al. [35] proposed and analyzed a commensalism model with nonmono-
tonic functional response and density-dependent birth rates,
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where a;; 1=1,2,j =1, 2,3,4) and by, c,d, and by are all positive constants.
Here u(t) and wua(t) are the densities of the first and second species at time t,
respectively. a1; and as; stand for the total resources available per unit time for
species u and v, respectively. By applying the differential inequality theory, they
showed that each equilibrium can be globally attractive under suitable conditions.
Xie et al. [33] derived sufficient conditions for the existence of positive periodic
solution of the following discrete Lotka-Volterra commensal symbiosis model

u(k + 1) =u(k) exp {a1(k) — by (k)u(k) + c1(k)v(k)}
k4 1) =v(k)exp {az(k) — ba(k)v(k)}

v

—

where {b;(k)}, i = 1,2, {c;(k)} are all positive w-periodic sequences, w is a fixed
positive integer, {a;(k)}, are w-periodic sequences such that @; = 1 Sy ai(k) >0,
i=1,2.

The differential, difference and dynamic equations on time scales are three equa-
tions play important role for modelling in the environment. Among them, the
theory of dynamic equations on time scales is the most recent and was introduced
by Stefan Hilger in his PhD thesis in 1988 with three main features: unification, ex-
tension and discretization. Since a time scale is any closed and nonempty subset of
the real numbers set. So, by this theory, we can extend known results from continu-
ous and discrete analysis to a more general setting. As a matter of fact, this theory
allows us to consider time scales which possess hybrid behaviours (both continuous
and discrete). These types of time scales play an important role for applications,
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since most of the phenomena in the environment are neither only discrete nor only
continuous, but they possess both behaviours. Moreover, basic results on this issue
have been well documented in the articles [1, 2] and monographs of Bohner and
Peterson [4, 5]. In the real world phenomena, since the almost periodic variation
of the environment plays a crucial role in many biological and ecological dynam-
ical systems and is more frequent and general than the periodic variation of the
environment. In this paper we systematically unify the existence of almost peri-
odic solutions of commensalism model with nonmonotic functional response and
density dependent birth rates modelled by ordinary differential equations and their
discrete analogues in the form of difference equations and to extend these results
to more general time scales. The concept of almost periodic time scales was pro-
posed by Li and Wang [13]. Based on this concept, some works have been done
(see [14-18, 21, 22, 26, 28] and references therein).

Recently, Wang [30] established a criteria for global existence of multiple periodic
solutions to the dynamic predator-prey model with delays,

Mo e el exp{2u()
uT (t) = a(t) — b(t) exp{ui(t)} mZ exp{2us(t)} + exp{2u1 ()}
Ay J@exp{w(t —7(t) +wa(t —7(t)}

(t) = m? exp{2us(t — 7(t))} + exp{2uy (t — 7(t))} (),

= h(t) exp{—u (1)},

by applying continuation theorem based on Gaines and Mawhin’s coincidence de-
gree theory, and the corresponding discrete system was studied by [11].
Wang et al. [31] considered the following competitive system on time scales,

B b1 (t) exp{ua(t)}

and established existence and uniformly asymptotic stability of unique positive
almost periodic solutions by time scale calculus theory and Lyapunov functional
method

Prasad et al. [27] studied the following 3-species predator-prey competition model
on time scales,

L) = ri(t) — exp{us(t)} — aexp{uz(t)} — Bexp{us(t)},
up (1) = r2(t) — Bexp{ui(t)} — exp{ua(t)} — aexplus(t)},
5 3(t) — avexp{ui(t)} — Bexp{ua(t)} — exp{us(t)},

—
~
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and established sufficient conditions for the existence and uniform asymptotic sta-
bility of unique positive almost periodic solution of system.

Motivated by the aforementioned reasons in this paper we study commensalism
model with nonmonotic functional response and density dependent birth rates on
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time scales,

A a11(t)
wt (1) _alg(t) + a13(t) exp{w1(t)}

—ay4(t) — b1 (t) exp{wi(t)}

c(t) exp{wa(t)}
d(t) + exp{2wa(t)}’

2t) = a21(t) —a — ex
W) = e ey — alt) — ba(t) exp{wa (1))

where w;(t) are the densities of the i*"species at time t € T+ (']I”r is a nonempty
closed subset of Rt = [0, +00)) and w;(0) > 0. w?* express the delta derivative of
the functions w;(t),7 = 1,2. a;5(t),i = 1,2, = 1,2,3,4 and by (t), ba(t), c(t), d(t)
are bounded positive almost periodic functions. Clearly, if we set wu;(t) =
exp{w;},i = 1,2 and choose TT = R the system (2) is reduced to the model
(1) and T+ = Z* (Z* is the set of nonnegative integer numbers), then the system
(2) is reduced to the following discrete system,

c(t)wa(t)

an(t :|
d(t) + wj(t) |’

)
ar2(t) + ais(
agl(t)

(

aga(t) + ags(t)

wl(t + 1) :wl(t) exp |: — a14(t) — bl(t)wl(t) +

t)wa(t)
t

(t)

w1
wg(t + 1) :wg(t) exp |: w05 — a24(t) — bg(t)wg(t):| s
The paper is organized in the following way. In Section 2, we provide some defi-
nitions and lemmas which are useful in establishing our main results. In Section
3, we derive sufficient conditions for the permanence of system (2). The sufficient
conditions for the existence and uniform asymptotic stability of unique positive
almost periodic solution of system (2) are derived in Section 4. In final section, the
numeric simulations are given to illustrate the feasibility of the main results.

2. Preliminaries

In this section, we give some definitions and developed lemmas which are useful in
the next sections.
As we assumed almost periodic functions on T are bounded, we use the notations

FE = inf{f(t) te T*},
and
F s {0 e}
where f(t) is an almost periodic function. We use the following notations in the

paper:
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Definition 2.1 [5] A time scale T is a nonempty closed subset of the real numbers
R. T has the topology that it inherits from the real numbers with the standard
topology. It follows that the jump operators o,p : T — T, and the graininess
p: T — Rt are defined by

ot)=inf{r e T:7 > t},

p(t) =sup{r € T: 7 < t},
and

u(t) = p(t) —t,

respectively.

e The point ¢ € T is left-dense, left-scattered, right-dense, right-scattered if p(t) =
t, p(t) <t,o(t) =t, o(t) > t, respectively.

e If T has a right-scattered minimum m, then Ty, = T\{m}; otherwise T = T.

e If T has a left-scattered maximum m, then T* = T\ {m};otherwise T* = T.

e A function g : T — R is called rd-continuous provided it is continuous at right-
dense points in T and its left-sided limits exist (finite) at left-dense points in
T.

Definition 2.2 [5] A function f : T — Ris called regressive provided 1+pu(t) f(t) #
0 for all t € T. The set of all regressive and rd-continuous functions f : T — R
will be denoted by R = R(T,R). Also, we denote the set

Rt =RT(T,R) = {f € R: u(t)f(t) >0,vt € T}.
Lemma 2.3 [10/ Ifa > 0,b> 0 and —b € R". Then
w?(t) < (>)a — bw(t), w(t) >0, t € [ty,00)r

implies

wit) < ()5 [1+ (bwff(’) ~1)ecn(tto)], ¢ € ffo,00)r.

Definition 2.4 [13] A time scale T is called an almost periodic time scale if

[[={ceR:t+keTvteT} {0}
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Definition 2.5 [13] Let T be an almost periodic time scale. Then a function
w € C(T,R™) is called an almost periodic function if the e-translation set of w i.e.,

Ele,w) = {K e[ : lwtt+ ) —w(t)] <evie ’]I‘}

is a relatively dense set in T for any positive real number e.

Definition 2.6 [13] Let T be a positive almost periodic time scale. Then a function
¢ € C(T xD,R"™) is called an almost periodic function in ¢ € T uniformly for w € D
if the e-translation set of ¢

£1e,0,8} = {x e [T : o(t +0) — 9(t)] < &,¥(t,w) € T x S}
is a relatively dense set in T for any positive real number ¢, and for each compact
subset S of .

Next, consider the system

wh(t) = Y(t,w), 3)

and its associate product system
wh(t) = Y(t,w), 22(t) =y(t,2), (4)
where ¢ : Tt x Sg — R", Sg = {w € R" : |Jw|| < B}, ¥(t,w) is almost periodic in

t uniformly for w € Sp and is continuous in w.

Lemma 2.7 [34] Let V(t,w,z) be Lyapunov function defined on T+ x S% and
satisfies the following conditions

(i) a(Hw — zH) < V(t,w,z) < ﬂ(”w — z||), where o, B € P,
P={vy€CR"R"):4(0)=0 and v is increasing };
(it) V(t,w,z) = V(t, w1, 21)] < L(||lw—wi] + ||z — z1]|), where L > 0 is a constant,

(ii) DYVA(t,w, z) < —AV(t,w, ), where A > 0, -\ € RT.

Further, if there exists a solution x(t) € S of system (3) fort € TT, where SUSg is
a compact set, then there exist a unique almost periodic solution f(t) € S of system
(8), which is uniformly asymptotically stable.

Definition 2.8 System (2) is said to be permanent, if there exist positive constants
£, k such that

¢ <liminf w;(t) < limsup w;(t) <k, i = 1,2,
t—+o0 t—+00

for any solution (w1 (t), wa(t)) of (2).

3. Permanence

In this section, we derive the sufficient conditions for the system (2) to be perma-
nent.
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Lemma 3.1 Suppose that
u u_ L L L1 L
ayp +ctap > [014 + bl]a12 }
u L L] L
asq > [a24 + b2]d22.

Then any positive solution (w1(t), ws(t)) of the dynamic system (2) satisfies
: V[dy  r u ¢
lim sup w1 (t) < k1 =z — —ap+c —by
t—r+oo 1 LA

and

: 1 [y o p
lim sup wa(t) < Ko := —<= —az — by |.

t—+00 b§ a§2

Proof 1t follows from the first equation of the system (2) that

uﬁ@):mﬂﬂ+agzgmﬂwuw}‘“M“V—M@hmﬂwﬂw}
c(t) exp{wa(t)}
d(t) + exp{2wa(t)}
< Zzgg —ay4(t) — b1 (t) exp{wi(t)} + c(t)
= Lz,gl —afy + H — b exp{wi(t)}
a1
Saic{l —afy + ¢ = b [wi (1) + 1]
a1

By using Lemma 2.3 we have

1 u

. a

limsup wy(t) < Ky := — | — —ak, + H — k| .
e L

t—+o00 1 LAT2

Similarly from the second equation of the system (2) that

At) = ax () —a - ex
PO = i+ e 0 RO o0}
< an(t) _ az4(t) — ba(t) exp{wa(t)}
ag(t)
g%_@_@mwﬂy

From Lemma 2.3, we get

: 1[dy,  , .r
limsup wa(t) < kg := W | oL 02 by | .
—+00 2 LA

This completes the proof. |
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Lemma 3.2 If the inequalities (5) and

afl > a1144 (‘12142 + eXp{Kl}) }

agl > ag{4 (azé{Q + eXp{K2})

hold, then any positive solution (w1 (t),wa(t)) of system (2) satisfies

liminf wi(t) > 01 := 1 afy oy
im in :=1In — ==,
tsqoo 1v . = W (dd, + exp{ki}) Y
a% a4
liminf wy(t) > 4y :=In 21 — 24
t—+00 2(t) 2 2 [bg’ (a4, +exp{xa}) B4

Proof From Lemma 3.1, we know that

lim sup w () < Ky,
t—+o0

which means that for any € > 0, there exists a tg € TT such that wi(t) < k1 + ¢
for all t > to. Then for t > ¢, it follows from the first equation of system (2) that

M) = au(t) —a — ex
W) = oty — an(t) — bi(t) exp(w (1))

c(t) expfws (1))
a(t) + exp{2ws (1)}

c
> an o
~ d¥, + exp{x; + ¢}

afly — b exp{an (1)}
Now we claim that for t > ¢,

aﬁ B
a4, + exp{ky + ¢}

affy — v exp{wi (1)} < 0. (7)

By way of contradiction, assume that there exists a £ > ¢ such that

c
an

afy + exp{ky + ¢} B

aiy — b exp{ws(t)} > 0

and for any t € [tg, )7+,

c
any

af, + exp{k; +¢}

a4, — B exp{w1(t)} < 0.
Then

wi(f) <1 i) it
1 n -7
W (%, + exp{ki +¢}) o




K. R. Prasad et al./ IJM?C, 10 - 01 (2020) 77-94. 85

and for any t € [to, )1+,

w (t) >1 afl a%
1(t) = In 7w |
W (% +exp{ki +¢}) oY

which implies w?(£) < 0. It is contradiction, and hence the inequality in (7) holds

for all ¢ > ¢y, and

aty afy
wl(t) > In - T |
W (afl, + exp{ki +¢}) b
consequently
L Uu
a a
liminf wi(t) > In 1 -4
t—+00 Vi (ddy + exp{ks +¢}) Y

Since ¢ is arbitrary small and from the first inequality in (6), we have

afy aly
ggniglo 1(t) > In blll (aZ{IQ + exp{Kl}) bzi{

Analogously, by the second inequality in (6), we obtain that

liminf wsy(t) > In afy o
imin - ==
oo 2V = W (a4, + exp{ko}) 4
This completes the proof. |

Theorem 3.3 Under the assumptions (5) and (6), the system (2) is permanent.
Proof From Lemmas 3.1 and 3.2, the system (2) is permanent. ]

4. Positive almost periodic solution

In this section, we establish sufficient conditions for the existence, uniqueness and

uniform asymptotic stability of positive almost periodic solution of system (2).
Define

A= {(wl(t), wa(t)) : (wi(t), wa(t)) is a solution of (2)
and 0 < ¢; < wz(t) <Ki, T = 1,2}.

It is clear that A is invariant set of system (2).

Theorem 4.1 Suppose that (5) and (6) are satisfied, then A # @.

Proof The almost periodicity of a;;(t), i = 1,2,3,4;j = 1,2 implies that there is
a sequence {0} C Tt with 0, — +oo such that

aij(t +0;) = a;;(t), as k — 400,01 =1,2,3,4;j =1,2.



86 K. R. Prasad et al./ IJM2C, 10 - 01 (2020) 77-94.

From Lemma 3.1 and 3.2, for each sufficiently small ¢ > 0, there exists a 7 € TT
such that

li—e<wi(t)<xkj+e forallt>rT,i=1,2.

Set w;k(t) = w;(t +0f) for t > 17— 0, k = 1,2,--- . For any positive integer m,
there exists a sequence {w;x(t) : k > m} such that the sequence {w;;(¢)} has a
subsequence, denoted by {w}, (t)}(w (t) = w;(t + 65)), converging on any finite
interval of TT as k — +o00. So we have a sequence {w;(t)} such that for t € T,

Wiy (t) = wi(t), as k — 400, i=1,2. (8)

It is easy to see that the above sequence {65} C T* with 6} — +oo for k — +00
such that

aij(t+0;) = aij(t), as k — +oo,i=1,2,3,4;j =1,2.
Which, together with (8) and

ail (t + HZ)

wTA(t) :CLlQ(t + 0;;) + a13(t + 9;;) eXp{wl(t)} - Cl14(t + 9;::) - bl(t + 0;:') exp{wl(t)}
c(t + 0;) exp{wa(t)}
d(t + 65) + exp{2w2(t)}’
WA (t) :a22(t . +a2; S(ft—i_—i—gg,%) —rOTE aga(t + 05) — ba(t + 05) exp{wa(t)},
yields
A(f) = au(t) —an(t) — byt t
W) = i T o) epfan @y ) b explwi()}
n c(t) exp{wa(t)}
d(t) + exp{2w(t)}’
wh(t) = azl?) ~ ana(t) — bo() expun(t)},

"~ aga(t) + azs(t) exp{wa(t)}
It is clear that (wq(t), wa(t)) is a solution of system (2) and
b —e<wi(t) <x;j+e forteTh i=1,2.
Since € was arbitrary, it follows that
O <wi(t) < kg, forteTh i=1,2.

This completes the proof. |
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Theorem 4.2 Assume that (5), (6), I'1 > 0 and I's > 0, where
I = [(Qbfegl + 265 athet + uﬁbfeéh%’g)
— (224 + M (b%’)2 e 4 1Mt + M an By + 1@1)} ;
Iy = [(ucblﬁeélﬁg + 205 et (1+ ,uc‘é))
— (W B + 1Mot By + By + 261 + )M CE + M”(b?)QGZKQ)] ’

are satisfied. Then the dynamic system (2) has a unique almost periodic solution
(w1(t), wa(t)) € A and is uniformly asymptotically stable.

Proof From Theorem 4.1 that there exists a solution (w1 (), ws(t)) of system (2)
such that

4 < wi(t) < g,

for teTt,i=1,2.
Define

H(w1(t), wa(®)) | = lwi ()] + wa()],  (wi(t), wa(t)) € RE.

Assume that Wi (t) = (w1 (t), wa(t)), Wa(t) = (wi(t), ws(t)) are any two positive
solutions of system (2), then

Wi < k1 + k2
and
Wl < k1 + Ka.

We consider the associate product system of system (2) as follows

At) = au(t) —a — ex
Wi (t) = ana(l) + ars(t) explar (0] 14(t) — b1 (t) exp{wi(?)}
c(t) exp{wa(t)}
d(t) + exp{2wa(t)}’
Aty = a21(t) —a — ex
w3 (t) aga(t) + azs(t) exp{wa(t)} 24(t) — b2(t) exp{wa(t)}, o)
Bt) = au () —a - exp{w
wy (1) = o) + ars (D) explon ()} 14(t) — b1 (t) exp{w1(t)}
c(t) exp{wz(t) }
d(t) + exp{2w(t)}’
At) = a21(t) —a — exp{w
wy (1) = am () + azs () explun (D)} 24(t) — ba(t) exp{wa(t)}.
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Construct the following Lyapunov function V (¢, Wi (t), Wa(t)) on T x Q x Q by

V(£ Wi (£), Wa(t)) = (wi(t) — wi(1))? + (walt) — wa(t))”.
It is obvious that the norm
Wi () = Wat)|| = |1 (t) — wi(t)] + |wa(t) — wa(t)]

is equivalent to

WA (t) = Wa(8) [l = [(wr(t) — wi (1)) + (wa(t) — wa(t)) ]2,
in other words, there exist two constants &; > 0, 62 > 0 such that
S1lWi(t) = Wa(t)]] < [Wa(t) = Wa(t)[l« < S2lWi(t) — Wa(t)]],
and hence we have
(SLWA(E) = Wa(D))* < V(£ Wa(0), Wa(®) < (82 W () = Wa()]])

Let a, 8 € C(RT,RT), a(w) = d2w?, B(w) = 83w?, then the assumption (i) of
Lemma 2.7 is satisfied. On the other hand, we have

1]+ [ ()] + [wi (@) + !wT(t)D

—
€

g

2 ()] + [wa ()] + w3 ()] + IwS(t)l)
w1 (t) = wi()] + |w2(t) = ws ()] + |wi () — wi ()] + |w2(t) - wé(t)l)

= £(IWae) ~ Wil + () - Wi )],

where Wi (t) = (w5, w3), Ws(t) = (wf,w}), and £ = 4max{k;, i = 1,2}. Hence,
the assumption (iz) of Lemma 2.7 is satisfied.
Now, estimating the right derivative DTV? of V along with associate product
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system (9), we obtain

DTVA(t, Wi (1), Wa(t))
= (w1 (t) —wi(t)) )+
+ (wat) — wa(t)) ™ (wa(t) — wa(t)) + [wa((t)) — walo(t))] (walt) — wa(t))
)+

= (wi(t) — wi(t))™ (wi () — wit

>

So,
DIVA (8, Wi (t), Wa(t)) = Vi + Vs, (10)
where
V) = [2(w1(t) —wy () + pt) (wi () — wl(t))A] (w1 (t) — wi(1))®,

Vs = [Z(wg(t) — wy(t)) + pt) (walt) — wg(t))ﬂ (ws(t) — wa(t))™.

From the system (9), we have

A a 1 B 1
(@18) —w1(®)” = an(®) [fm(t) T () exp{@r(®)  ana(d) T an(0) exp{wmt)}}
exp{wa(t)} exp{wa(t)}
~ (Ofexp e (0} — expfun ()] + o) | el ewlinlO) ]
and
a_, 1 - 1
(w2t) = wa())” =an(?) Lm(t) T ans(D) exp{wa ()] am(®) + ans(l) exp{m(t)}}

— ba(t)[exp{wa(t)} — exp{wa(t)}].

By mean value theorem, there exit &;(¢),n;(t), i = 1,2 lie between w;(t) and w;(t),
and £(t) lie between wa(t) and wa(t) such that

exp{w;(t)} — exp{w;(t)} = exp{&(t)}Hwi(t) — wi(t)],

exp{ws(t)} B exp{wa(t)} [ d—exp{3¢(t)} o
d(t) + exp{2w2 (1)} d(t) + exp{2w2(t)} | (d + exp{2€(t)})2 [wa(t) — wa(t)],
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1 1
a;9 (t) + a;3 (t) exp{wi (t)} B a;9 (t) + a3 (t) exp{wi (t)}
_ [ a3 (t) exp{n;(t)}
(aiz(t) + ais(t) exp{ni(t)})?

} as(t) — wilt)].

Therefore,

A _ | an(t)as(t) exp{ni(t)} —w
(@10 - wi(0)* = | ot ] 1)~ 0
- bt expea (O on (1) — wa (0] + | “ ST () — wato]
and
A _ | a2(t)ags(t) exp{na(t)} —w
(walt) — ) = [ (e (420~ vt

— ba(t) exp{&2(t) Hwa(t) — wa(t)].

Now from (10), we have

o1 0[]

o(t)(d — exp{3£(1))
= o) expes (0 fon (1) — wa ]+ | S ) - w0
a11(t)a13(t) exp{ni(t)}
<[+ exsomam ] 1~ 0
o(t)(d — exp{3¢(1))
(d+ oxp(2(1)})?

;0 (1) )

2
(1) (01 ()2 exp{264 (0} + p() ((alzzl)“)aw(t exp{m(t)}})z)

)
t) + a13(t) exp{mi(t)
 2b1(t)ann (t)ars(t) exp{&i(t) + m(t)}
(a12(t) + a13(t) exp{n1(t)})?

[ct t) — exp{3¢( )})] [wa () — wa(t)]?

d(t) + exp{2£(t)})?
[ ( a11 Jai3(t) exp{ni(t)} ) <C(t)(d(t) — eXP{3§(t)})>
(a12(t) + a13(t) exp{n1(t)})? (d(t) + exp{2¢(t)})?
c(t)(d(t) — GXP{35(75)})) }
(d(t) + exp{2£(t)})?
x [wi(t) — wi(t)][wa(t) — wa(t)]

~n() esp{es (O} 0) ~ wr 0] + |

_ [2 < ar1(t)ars(t) exp{ni(t)}
(a12(t) + a13(t) exp{ni(?)})

| watt) — ]

][wmf) —w ()P

+ (1 = p(t)b1(t) exp{&1(t)}) (
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< [wl —2bFel 4 M ()2 2 4 o — Qbf%ezl] (w1 (t) — wy(t)]?

+ M B[ (t) — wa(t)]?
+ 2 By + By — pFbT el Bol[w (t) — wi(8)][wa(t) — wa(t)]

Since 2ab < a? + b? for any a,b € R, it follows that
Vi < — [(Qbfeel + 265 athe™ + ,Ltﬁbfe&%’g)

— (20 + i ()7 2 4 it 4 Mt By + @1)] [wi(t) —wi()]* ¢ (D)

+ [uEbfet By — (413 + ik By + 1) | [walt) — wa (D),
Similarly, we can find

Vo < — [21)56‘32(1 + LG — (26 + uHEE + u“(bg’)%?“)} [wa(t) — wa(t)]2.
(12)

From (10), (11) and (12), we get
DYVA (LW (L), Wa(t)) = Vi + Vs
= - {(Qbfeel + 20 ahe’ + pofe By)
— (2 + p () 2 4+ it 4 Mt By + %’1)} (w1 (t) —wi(t)]”
— [(,uﬁbfeelﬂg + 2b5 et (1+ ,LLE%Q))
4W%+W%%+%+%wWﬁ+W%%Mmmwﬂmw

= —Ti[wi(t) — wi(t)]* = Tafws(t) — wa(t)]?

< =AV(t, Wi (L), Wh(t)).
where A = min{I'; : i = 1,2} > 0 and —\ € R". Thus, the assumption (iii) of
Lemma 2.7 is satisfied and hence, it follows from Lemma 2.7 that there exists a

unique uniformly asymptotically stable almost periodic solution (w1 (t), wa(t)) of
dynamic system (2) and (w1 (t), w2(t)) € A. This completes the proof. [ |

5. Numerical simulations

In this section we present an example to check the validity of our main results.
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Example 5.1 Consider the following system for TT = R™.

) — a1 (?) Cans(t) — b (E) c(t)ua(t)
w0 =0 |y g~ 0~ 0+ s 13
) — a (t) aon(8) — b ()
wl0) =alt) | O ) = b
where
ann am 50 + 0.1sin(v/3t) 48 + 0.1 sin(v/5t)
a2 az | | 15+ 0.2sin(v/2t) 28 + 0.1sin(v/3t)
a3 ag | | 0.2+ 0.1sin(v/5t) 120 + 0.2 sin(v/2t)
ayy a4 0.03 4+ 0.01sin(v/2t) 0.002 4 0.01 sin(+/3t)

R et R R E

By calculating, we get
57.5 = aty + Hafy > 19.536 = [af, + b ]a,
48.1 = a4 > 36.0468 = [a%, + b5 ]af,,

which shows that (5) holds and k; = 1.973180873, k2 = 0.3323187208. Now we
check (6),

49.9 = af; > 0.8957408724 = a¥,(a%} + exp{K1}),
47.9 = a§; > 0.3539303657 = a¥, (a5 + exp{r2}).

So, /1 = 0.3776703951, £5 = 0.07204048280. From these values we obtain,

o/ = 0.4840130676, o = 0.02416120093, % = 0.05685627445,
Py = 0.04254742499, ¢ = 0.3284875457, 62 = 0.1610553506.

By above values (note that for T =R, u(t) =0), we get
I’y = 2.859856503, I'e = 2.080385645.

A =min{l; : ¢ = 1,2} > 0 and -\ € R*. From Fig. 1-3, it is easy to see
that for system (13) there exists a positive almost periodic solution denoted by
(w3 (t), ws(t)). Moreover, Fig. 4-5 shows that any positive solution (w1 (t), wa(t))
tends to the above almost periodic solution (w¥(t), wj(t)).
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