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Expansion of Bessel and g-Bessel sequences to
dual frames and dual g-frames
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Abstract. In this paper we study the duality of Bessel and g-Bessel sequences in Hilbert
spaces. We show that a Bessel sequence is an inner summand of a frame and the sum of any
Bessel sequence with Bessel bound less than one with a Parseval frame is a frame. Next we
develop this results to the g-frame situation.
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1. Introduction

Let H denote a separable Hilbert space. A sequence {fi}i∈I in H is called a frame if there
exist constants 0 < A ⩽ B < ∞ such that

A∥f∥2 ⩽
∑
i∈I

|⟨f, fi⟩|2 ⩽ B∥f∥2 ∀f ∈ H. (1)

We call A and B the lower and upper frame bounds, respectively. The sequence {fi}i∈I
is a Bessel sequence if at least the upper bound in (1) is satisfied. For any frame {fi}i∈I
there exists at least one dual frame, i.e., a frame {gi}i∈I for which f =

∑
i∈I⟨f, gi⟩fi

for all f ∈ H. If {fi}i∈I is a Bessel sequence with bound B < 1, how can we find two
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sequences {gi}i∈I and {pi}i∈I such that {fi + gi}i∈I and {pi}i∈I are dual frames, i.e.,
such that

f =
∑
i∈I

⟨f, pi⟩(fi + gi) =
∑
i∈I

⟨f, fi + gi⟩pi. (2)

In this paper we aim at the more general results of the type in (2). For any Bessel
sequence F = {fi}i∈I the synthesis operator is defined as follows:

TF : ℓ2(I) → H, with TF ({ci}i∈I) =
∑
i∈I

cifi.

The analysis operator for F is T ∗
F and is given by T ∗

Ff = {⟨f, fi⟩}i∈I . The frame op-
erator is the positive self-adjoint invertible operator SF = TFT

∗
F and satisfies SFf =∑

i∈I⟨f, fi⟩fi. The reconstruction formulas are as follows:

f =
∑
i∈I

⟨f, fi⟩S−1
F fi =

∑
i∈I

⟨f, S−1
F fi⟩fi ∀f ∈ H. (3)

Frames were first introduced in 1952 by Duffin and Schaeffer [4] in the study of non-
harmonic Fourier series, reintroduced in 1986 by Daubechies, Grossman and Meyer in
[3]. G-frames for Hilbert spaces first formally were defined by Sun in [6].

LetH,K be two separable Hilbert spaces and {Wi}i∈I be a sequence of closed subspaces
of K, where I is a subset of Z. Let L(H,Wi) be the collection of all bounded linear
operators from H into Wi. Recall that a family of operators Λ = {Λi ∈ L(H,Wi) : i ∈ I}
is said to be a generalized frame, or simply a g-frame for H with respect to {Wi}i∈I if
there exist constants 0 < C ⩽ D < ∞ such that

C∥f∥2 ⩽
∑
i∈I

∥Λif∥2 ⩽ D∥f∥2 ∀f ∈ H. (4)

The constants C and D are called g-frame bounds and supi∈I Λi is called the multiplicity
of the g-frame. We call Λ a tight g-frame if C = D and it is a Parseval g-frame if
C = D = 1. If the right-hand side of (4) holds, then Λ is said a g-Bessel sequence for H
with respect to {Wi}i∈I . The representation space associated with a g-Bessel sequence
Λ = {Λi}i∈I is defined by(∑

i∈I
⊕Wi

)
ℓ2
=

{
{gi}i∈I |gi ∈ Wi and

∑
i∈I

∥gi∥2 < ∞
}
. (5)

The synthesis operator of Λ given by

TΛ :
(∑

i∈I
⊕Wi

)
ℓ2
→ H TΛ({gi}i∈I) =

∑
i∈I

Λ∗
i gi.

The adjoint operator of TΛ, which is called the analysis operator also obtain as follows

T ∗
Λ : H →

(∑
i∈I

⊕Wi

)
ℓ2

T ∗
Λf = {Λif}i∈I .
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By composing TΛ with its adjoint T ∗
Λ, we obtain the g-frame operator

SΛ : H → H SΛf = TΛT
∗
Λf =

∑
i∈I

Λ∗
iΛif,

which is a bounded, self-adjoint, positive and invertible operator and CIH ⩽ SΛ ⩽ DIH.
The canonical dual g-frame for {Λi}i∈I is defined by {Λ̃i}i∈I where Λ̃i = ΛiS

−1
Λ , which

is also a g-frame for H with g-frame bounds 1
D and 1

C , respectively. The reconstruction
formulas are also as follows:

f =
∑
i∈I

Λ∗
i Λ̃if =

∑
i∈I

Λ̃∗
iΛif ∀f ∈ H.

For more details about the theory and applications of frames we refer the readers to
[1, 5], about g-frames to [5, 6].

For using of the reconstruction formulas we need to invert the g-frame operator, which
can be complicated. In the following similar to frame algorithm we use a g-frame algo-
rithm to obtain approximations of linear operator U ∈ B(H,K).

Theorem 1.1 Let Λ = {Λi}i∈I be a g-frame with g-frame bounds C,D. For every
U ∈ B(H,K), we define the sequence {Un}n∈N by

Un =

{
0 n = 0
Un−1 +

2
C+D (U − Un−1)SΛ n ⩾ 1

Then we have U = limn→∞ Un with the error estimate

∥U − Un∥ ⩽
(D − C

D + C

)n
∥U∥.

Proof. By the g-frame condition for each f ∈ H we have

−D − C

D + C
∥f∥2 ⩽ ⟨(IH − 2

C +D
SΛ)f, f⟩ ⩽

D − C

D + C
∥f∥2.

Thus

∥∥IdH − 2

C +D
SΛ

∥∥ ⩽ D − C

D + C
.

Using the definition of {Un}n∈N we obtain

U − Un = (U − U0)
(
IdH − 2

C +D
SΛ

)n
.

Hence,

∥U − Un∥ ⩽
(D − C

D + C

)n
∥U∥.

■
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A family of operators Λ = {Λi ∈ L(H,Wi) : i ∈ I} is called an orthonormal g-basis
for H if it holds in the following conditions.

(1) f =
∑

i∈I Λ
∗
iΛif ∀f ∈ H.

(2) ⟨Λ∗
i g,Λ

∗
jg

′⟩ = δij⟨g, g′⟩ ∀g, g′ ∈ Wi , ∀i, j ∈ I.

Lemma 1.2 Let Λ = {Λi ∈ L(H,Wi) : i ∈ I} be a collection of partial isometries. Then
the sequence {Λi}i∈I is a Parseval g-frame for H, if and only if the sequence {Λ∗

iΛi}i∈I
be an orthonormal g-basis for H.

Proof. First note that Λi is a partial isometry, if and only if Λ∗
iΛi is an orthogonal

projection on H. Now the claim follows from

∥f∥2 =
∑
i∈I

∥Λif∥2 =
∑
i∈I

⟨Λ∗
iΛif, f⟩ =

∑
i∈I

∥Λ∗
iΛif∥2 ∀f ∈ H.

■

2. Duality of Bessel and g-Bessel sequences

Li and Sun in [5] expanded every Bessel sequence to a tight frame by adding some
elements. In this section we show that the sum of any Bessel sequence with Bessel bound
less than one with a Parseval frame is a frame for H and we prove that a Bessel sequence
is an inner summand of a frame.

Let F = {fi}i∈I and G = {gi}i∈I be two Bessel sequences for H with synthesis op-
erators TF and TG respectively. Then we say that F and G are dual frames for H if
TFT

∗
G = IH or TGT

∗
F = IH, i.e.,

f =
∑
i∈I

⟨f, gi⟩fi =
∑
i∈I

⟨f, fi⟩gi ∀f ∈ H.

Notation 2.1 For every countable(or finite) index set I, we define the space ℓ(I,H) by

ℓ(I,H) =
{
{fi}i∈I : fi ∈ H, and sup

i∈I
∥fi∥ < ∞

}
.

It is easy to check that ℓ(I,H) with the pointwise operations and norm defined by

∥{fi}i∈I∥ = sup
i∈I

∥fi∥,

is a Banach space. Let B(I,H) be the set of all Bessel sequences, F(I,H) be the collection
of all frames and P(I,H) denote the set of all Parseval frames indexed by I for H
respectively. Then B(I,H) is a subspace of ℓ(I,H) and P(I,H) ⊂ F(I,H) ⊂ B(I,H) ⊂
ℓ(I,H).

The following theorem shows that the sum of any Bessel sequence with Bessel bound
less than one with a Parseval frame is a frame for H.

Theorem 2.2 Let F = {fi}i∈I ∈ B(I,H) with Bessel bound B < 1. Then

F + P(I,H) ⊂ F(I,H).
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Proof. Let G = {gi}i∈I ∈ P(I,H). Then for all f ∈ H we have

∥TFT
∗
Gf∥2 = sup

∥g∥=1

∣∣⟨TFT
∗
Gf, g⟩

∣∣2 = sup
∥g∥=1

∣∣∣∑
i∈I

⟨f, gi⟩⟨fi, g⟩
∣∣∣2

⩽ sup
∥g∥=1

∑
i∈I

|⟨f, gi⟩|2
∑
i∈I

|⟨g, fi⟩|2 ⩽ B∥f∥2.

Thus ∥TFT
∗
G∥ ⩽

√
B < 1, and so IH + TFT

∗
G an invertible operator in L(H). If we set

Θ = (IH + TFT
∗
G)

−1 and U = F + G with U = {ui}i∈I . Then we compute

f = (IH + TFT
∗
G)Θf

=
∑
i∈I

⟨Θf, gi⟩fi +
∑
i∈I

⟨Θf, gi⟩gi

=
∑
i∈I

⟨f,Θ∗gi⟩ui,

for all f ∈ H. This shows that U ∈ F(I,H) with frame bounds ∥Θ∥−2 and (1+
√
B)2. ■

The next result shows that a Bessel sequence is an inner summand of a frame.

Corollary 2.3 Let F ∈ B(I,H) be a Bessel sequence. Then there exists a tight frame
G ∈ F(I,H) such that F + G ∈ F(I,H).

Proof. Let B be the Bessel bound for F = {fi}i∈I , then { 1√
2B

fi}i∈I is a Bessel sequence

with the Bessel bound less than one. By Theorem 2.2 { 1√
2B

fi + ei}i∈I is a frame for H,

where {ei}i∈I is an arbitrary Parseval frame. Define gi =
√
2Bei for all i ∈ I, then

G = {gi}i∈I is a tight frame and F +G =
{√

2B( 1√
2B

fi+ ei)
}
i∈I is also a frame for H .■

The next theorem changes every Bessel sequence to a dual frame by summing it with
any Parseval frame.

Theorem 2.4 Let F ∈ B(I,H) with Bessel bound B < 1 and let E ∈ P(I,H). Then
there exists a G ∈ B(I,H) such that F + E and G + E are dual frames.

Proof. Let F = {fi}i∈I and E = {ei}i∈I . Since B < 1, hence IH +TFT
∗
E is an invertible

operator in L(H). If we define Θ = −(IH + TFT
∗
E )

−1TFT
∗
E and gi = Θ∗ei for all i ∈ I.

Then G = {gi}i∈I is a Bessel sequence for H and for all f ∈ H we have

f = (IH + TFT
∗
E )Θf + TET

∗
E f + TFT

∗
E f

= TET
∗
EΘf + TET

∗
E f + TFT

∗
EΘf + TFT

∗
E f

=
∑
i∈I

⟨Θf, ei⟩ei +
∑
i∈I

⟨f, ei⟩ei +
∑
i∈I

⟨Θf, ei⟩fi +
∑
i∈I

⟨f, ei⟩fi

=
∑
i∈I

⟨f, gi + ei⟩(fi + ei),

which this finishes the proof. ■

Corollary 2.5 Let F ∈ B(I,H) with Bessel bound B < 1 and let E ∈ P(I,H). Then
there exists a G ∈ B(I,H) such that F + E and G are dual frames.



56 M. S. Asgari et al. / J. Linear. Topological. Algebra. 02(01) (2013) 51-57.

Proof. Suppose that F = {fi}i∈I and E = {ei}i∈I . Since IH + TFT
∗
E is invertible on H.

Thus if we set Θ = (IH + TFT
∗
E )

−1 and gi = Θ∗ei for all i ∈ I. Then for all f ∈ H we
have

f = (IH + TFT
∗
E )Θf = TET

∗
EΘf + TFT

∗
EΘf

=
∑
i∈I

⟨Θf, ei⟩ei +
∑
i∈I

⟨Θf, ei⟩fi =
∑
i∈I

⟨f, gi⟩(fi + ei).

From this completes the proof. ■

Corollary 2.6 For every F ∈ B(I,H) there exist G ∈ B(I,H) and a tight frame U ∈
F(I,H) such that F + U and G are dual frames for H.

Proof. Let B be the Bessel bound of F = {fi}i∈I and let {ei}i∈I denote any Parseval
frame for H. By Theorem 2.4 there exists a Bessel sequence {vi}i∈I for H such that
{ 1√

2B
fi + ei}i∈I and {vi + ei}i∈I are dual frames for H. Put G = {gi}i∈I ,U = {ui}i∈I

with gi =
1√
2B

vi +
1√
2B

ei and ui =
√
2Bei for all i ∈ I. Then for all f ∈ H we have

∑
i∈I

⟨f, gi⟩(fi + ui) =
∑
i∈I

⟨f, 1√
2B

vi +
1√
2B

ei⟩(fi +
√
2Bei)

=
∑
i∈I

⟨f, vi + ei⟩(
1√
2B

fi + ei) = f.

From this the claim follows immediately. ■

In the following theorem we show that every Bessel sequence can be expanded to a
dual frame by adding it to a Parseval frame. Another form of this result can be found in
[5] Corollary 3.2.

Theorem 2.7 Let F = {fi}i∈I be a Bessel sequence with Bessel bound B and E =
{ei}i∈I be a Parseval frame for H. Then for all α > B, there exists a Bessel sequence
{gi}i∈I for H such that {fi, ei}i∈I and { 1

αfi, gi}i∈I are dual frames for H.

Proof. Since α > B, hence Θ = IH − 1
αTFT

∗
F is a linear bounded and positive operator

on H. Thus if we define gi = Θ∗ei for all i ∈ I. Then {gi}i∈I is a Bessel sequence for H
and for all f ∈ H we have

∑
i∈I

⟨f, 1
α
fi⟩fi +

∑
i∈I

⟨f, gi⟩ei =
∑
i∈I

⟨f, 1
α
fi⟩fi +

∑
i∈I

⟨Θf, ei⟩ei

=
1

α
TFT

∗
Ff +Θf = f

which this finishes the proof. ■

Let Λ = {Λi}i∈I and Γ = {Γi}i∈I be g-Bessel sequences for H with synthesis operators
TΛ and TΛ respectively. Then we say that Λ and Γ are dual g-frames for H if TΛT

∗
Γ = IH

or TΓT
∗
Λ = IH. In the following we show that any pair of g-Bessel sequences can be

extended to pair of dual g-frames. This result, generalizes a result of Christensen, Oh
Kim and Young Kim [2] to the situation of g-frames.
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Theorem 2.8 Let Λ = {Λi}i∈I and Γ = {Γi}i∈I be two g-Bessel sequences for H with
respect to {Wi}i∈I . Then there exist g-Bessel sequences {Ξj}j∈J and {Ωj}j∈J for H with
respect to {Vj}j∈J , such that {Λi}i∈I ∪ {Ξj}j∈J and {Γi}i∈I ∪ {Ωj}j∈J form a pair of
dual g-frames for H with respect to {Wi}i∈I ∪ {Vj}j∈J .

Proof. Assume that {Φj}j∈J and {Ψj}j∈J are any pair of dual g-frames for H respect
to {Vj}j∈J and let Θ = IH − TΓT

∗
Λ. Then for any f ∈ H we have

f = Θf + TΓT
∗
Λf =

∑
j∈J

Ψ∗
jΦjΘf +

∑
i∈I

Γ∗
iΛif.

If we set Ξj = ΦjΘ and Ωj = Ψj for all j ∈ J . Then {Λi}i∈I ∪ {Ξj}j∈J and {Γi}i∈I ∪
{Ωj}j∈J are dual g-frames for H with respect to {Wi}i∈I ∪ {Vj}j∈J . ■

The following corollaries are generalizations of the above results to the g-frames situ-
ation. We leave the proofs to interested readers.

Corollary 2.9 Let Λ = {Λi}i∈I be a g-Bessel sequence for H with respect to {Wi}i∈I
with g-Bessel bound B < 1. Then there exists g-Bessel sequence {Γi}i∈I for H with
respect to {Wi}i∈I , such that {Ξi+Λi}i∈I and {Ξi+Γi}i∈I are dual g-frames for H with
respect to {Wi}i∈I , where {Ξi}i∈I is a Parseval g-frame for H with respect to {Wi}i∈I .

Corollary 2.10 For every g-Bessel sequence Λ = {Λi}i∈I with Bessel bound B < 1 and
each Parseval g-frame Ξ = {Ξi}i∈I for H with respect to {Wi}i∈I , there exists g-Bessel
sequence {Γi}i∈I for H with respect to {Wi}i∈I such that {Λi + Ξi}i∈I and {Γi}i∈I are
dual g-frames for H with respect to {Wi}i∈I .

Corollary 2.11 For every g-Bessel sequence {Λi}i∈I for H with respect to {Wi}i∈I there
exist g-Bessel sequence {Γi}i∈I and a tight g-frame {Ξi}i∈I for H with respect to {Wi}i∈I
such that {Λi + Ξi}i∈I and {Γi}i∈I are dual g-frames for H with respect to {Wi}i∈I .

3. Conclusions

In this paper, using of g-frame algorithm we obtain an approximation of a bounded
linear operator U(H,K). We also show that the sum of any Bessel sequence with Bessel
bound less than one with a Parseval frame is a frame for H and we prove that a Bessel
sequence is an inner summand of a frame. The important result of this paper changing
every Bessel sequence to a dual frame by summing it with any Parseval frame.
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