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Abstract. In this work, we first introduce the concept of weighted sequence space
mω(∆

ς
v, ψ, q). Then, we construct a Hausdorff measure of noncompactness on this sequence

space. Furthermore, by employing this measure of noncompactness we discuss the solvability
of an infinite system of nonlinear third-order differential equations with initial conditions in
the weighted sequence space mω(∆

ς
v, ψ, q). Eventually, we demonstrate an example to show

the usefulness of the obtained result.
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1. Introduction and preliminaries

Third-order differential equations occur in some fields of physics like electromagnetic
waves, the deflection of curved beams with varying cross or constant sections, gravity
driven flows and three-layer beams [13]. Therefore, third-order differential equations with
different initial conditions have been attracted a lot of attention during the recent several
decades (see [6, 8–10, 12, 18] and the references therein). On the other hand, we encounter
many problems in the mechanics, the branching processes and neural nets, and so on
[7, 23]. These problems can be modelled and described using infinite systems of ordinary
differential equations (IODEs). The measure of noncompactness (MNC), which was first
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introduced by Kuratowski [16], is a powerful tool for studying IODEs. In recent times,
the MNC has been effectively applied in sequence spaces for some classes of differential
equations [5, 15, 20, 22, 24]. Ghanenia et al. [11] studied the existing results for an infinite
system of second-order BVP in the space m(∆ς

v, ψ, q). Motivated by the above papers, in
this work, we first introduce the concept of weighted sequence space mω(∆

ς
v, ψ, q). Then,

we construct a Hausdorff measure of noncompactness in this sequence space. Employing
this Hausdorff MNC, we study the existence of solutions of the infinite system of third-
order differential equations with initial conditions (IDE for short)


−Z ′′′

i (τ) = ai(τ)fi(τ, Z(τ),W (τ)), 0 < τ < 1

−W ′′′
i (τ) = bi(τ)gi(τ, Z(τ),W (τ)), 0 < τ < 1

Zi(0) = Z ′
i(0) = 0, Z ′

i(1) = αZ ′
i(ζ),

Wi(0) =W ′
i (0) = 0, W ′

i (1) = αW ′
i (ζ), i = 1, 2, . . .

(1)

in the weighted sequence space mω(∆
ς
v, ψ, q), where fi, gi ∈ C([0, 1] × R∞

+ × R∞
+ ,R+),

i = 1, 2, . . ., 0 < ζ < 1, 1 < α < 1
ζ , ai, bi ∈ C([0, 1],R+) such that they are different

from zero on any subinterval of [0, 1]. Eventually, we present an example illustrating the
main result. Here, we preliminarily collect some definitions and auxiliary facts applied
throughout this paper.

Suppose that (Λ, ∥ · ∥) is a real Banach space containing zero element. We mean by
D(z, r) the closed ball centered at z with radius r. For ∅ ̸= U ⊂ Λ, the symbols U and
ConvU denote the closure and closed convex hull of U , respectively. We denote by MΛ

the family of all non-empty, bounded subsets of Λ and by NΛ its subfamily consisting of
non-empty relatively compact subsets of Λ.

Definition 1.1 [1] The function µ̃ : MΛ → R+ = [0,+∞) is called a measure of
noncompactness (MNC) in Λ if for any U ,V1,V2 ∈ MΛ, the following conditions hold:

(i) ∅ ̸= ker µ̃ = {U ∈ MΛ : µ̃(U) = 0} ⊆ NΛ.
(ii) If V1 ⊂ V2, then µ̃(V1) ⩽ µ̃(V2).
(iii) µ̃(U) = µ̃(ConvU) = µ̃(U).
(iv) For each ℓ ∈ [0, 1], µ̃(ℓV1 + (1− ℓ)V2) ⩽ ℓµ̃(V1) + (1− ℓ)µ̃(V2).
(v) If for each natural number n Un is a closed set in MΛ, Un+1 ⊂ Un, and

lim
n→∞

µ̃(Un) = 0, then U∞ =

∞⋂
n=1

Un is non-empty.

In the sequel, MY is the family of bounded subsets of the metric space (Y, d).

Definition 1.2 [4] Suppose that (Y, d) is a metric space. Also, suppose that P ∈ MY .
The Kuratowski MNC of P, which is denoted by α(P), is defined by

α(P) = inf
{
ε > 0 : P ⊂

n⋃
i=1

Ki,Ki ⊂ Y, diam(Ki) < ε (i = 1, . . . , n); n ∈ N
}
,

where diam(Ki) = sup{d(ς, ν) : ς, ν ∈ Ki}.

The Hausdorff MNC (ball MNC) of the bounded set P, which is denoted by β(P), is
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defined by

β(P) = inf
{
ε > 0 : P ⊂

n⋃
i=1

D(zi, ri), zi ∈ Y, ri < ε (i = 1, . . . , n); n ∈ N
}
.

Here, we quote the following result contained in [4].

Lemma 1.3 Let (Y, d) be a metric space and P,P1,P2 ∈ MY . Then

(i) β(P) = 0 ⇔ P is totally bounded,
(ii) P1 ⊂ P2 ⇒ β(P1) ⩽ β(P2),
(iii) β(P) = β(P),
(iv) β(P1 ∪ P2) = max{β(P1), β(P2)}.

The notion of Meir–Keeler contractive mapping was first introduced by Meir and
Keeler [19]. They studied some fixed point theorems using such mappings. After that
Aghajani et al. [2] generalized this notion via MNC.

Definition 1.4 [2] Suppose that Λ is a Banach space and ∅ ̸= F ⊂ Λ. Also, suppose
that µ̃ is an arbitrary MNC on Λ. An operator S : F → F is said to be a Meir–Keeler
condensing operator if for each ε > 0, δ > 0 exists such that ε ⩽ µ̃(U) < ε + δ implies
µ̃(S(U)) < ε for each bounded subset U of F.

Theorem 1.5 [2] Assume that D is a non-empty closed, bounded and convex subset
of a Banach space Λ, µ̃ is a MNC in Λ and S : D → D is a continuous Meir–Keeler
condensing operator. Then S has fixed point and the set of fixed points of S is compact.

Suppose that K = [0, s] is a closed bounded interval, and Λ is a Banach space. Con-
sider the Banach space C(K,Λ) with the norm ∥z∥C(K,Λ) := sup{∥z(ρ)∥ : ρ ∈ K, z ∈
C(K,Λ)}.

Proposition 1.6 [4] Suppose that Ω ⊆ C(K,Λ) is equicontinuous and bounded. Then
µ̃(Ω(.)) is continuous on K and

µ̃(Ω) = sup
ρ∈K

µ̃(Ω(ρ)), µ̃
( ∫ ρ

0
Ω(ϱ)dϱ

)
⩽

∫ ρ

0
µ̃(Ω(ϱ))dϱ.

We terminate this section with a remark concerning the construction of a MNC in a
product space.

Remark 1 [3] Suppose that µ̃ is a MNC on a Banach space Λ. Then, µ(U) = µ̃(U1) +
µ̃(U2) is a MNC in the product space Λ× Λ where U1,U2 denote the natural projections
of U .

2. Weighted Sequence space mω(∆
ς
v, ψ, q)

Suppose that S denote the set of real sequences and c0 is the set of null sequences
z = (zk) with complex terms, normed by ∥z∥∞ = sup

k∈N
|zk|. Let 1 ⩽ q < ∞. By a weight

we mean a positive, measurable, and locally q-summable function on the locally compact
group Z. Assume that F is the family of finite subsets of different natural numbers. For
each element ϑ of F, we consider the sequence c(ϑ) = (cn(ϑ)), where the terms of the
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sequence are given by cn(ϑ) = 1 if n ∈ ϑ and cn(ϑ) = 0, otherwise. Moreover, take
Fϱ =

{
ϑ ∈ F :

∑∞
n=1 cn(ϑ) ⩽ ϱ

}
and

Ψ =
{
ψ = (ψk) ∈ S : ψ1 > 0, ∆ψk ⩾ 0 and ∆

(ψk
k

)
⩽ 0 (k = 1, 2, . . .)

}
,

when ∆ψk = ψk−ψk−1 [21]. Now, suppose that ς ∈ N, v = (vk) is a sequence of nonzero
complex numbers and ψ ∈ Ψ. The weighted sequence space mω(∆

ς
v, ψ, q) is defined by

mω(∆
ς
v, ψ, q) =

{
z = (zk) ∈ S : sup

ϱ1⩾1
sup
ϑ∈Fϱ1

( 1

ψϱ1

∑
k∈ϑ

|∆ς
vzk|qω

q
k

)
<∞, 1 ⩽ q <∞

}
,

where ω is a weight, ωk = ω(k) for each k ∈ ϑ and

∆0
vzk = vkzk,

∆1
vzk = vkzk − vk+1zk+1,

∆ς
vzk = ∆ς−1

v zk −∆ς−1
v zk+1,

such that

∆ς
vzk =

ς∑
i=0

(−1)i
[
ς
i

]
vk+izk+i.

Similar to procedure presented in [25], we get the following result.

Theorem 2.1 Suppose that ψ ∈ Ψ and 1 ⩽ q < ∞. Then the weighted sequence space
mω(∆

ς
v, ψ, q) is a Banach space with the norm given by

∥z∥mω(∆
ς
v,ψ,q) =

ς∑
i=1

|zi|ωi + sup
ϱ1⩾1

sup
ϑ∈Fϱ1

( 1

ψϱ1

∑
k∈ϑ

|∆ς
vzk|qω

q
k

) 1

q .

From now on, it is supposed that 1 ⩽ q < ∞. We describe the Hausdorff MNC χ in
the Banach space mω(∆

ς
v, ψ, q). For, we quote the following result.

Theorem 2.2 [21] Suppose that Υ is a normed space and ∅ ̸= P ⊂ Υ is bounded,
where Υ is c0 or lq (the space of all absolutely q-summable series). Also, suppose that
Tn : Υ → Υ is the operator given by Tn(z) = (z0, z1, . . . , zn, 0, . . .), then

χ(P) = lim
n→∞

{
sup
z∈P

∥(I − Tn)z∥
}
.

Hence, for P ∈ Mlq , we get

χ(P) = lim
n→∞

{
sup
z∈P

(
∑
k⩾n

|zk|q
) 1

q }.

Theorem 2.3 Suppose that ∅ ̸= P ⊂ mω(∆
ς
v, ψ, q) is bounded. Then the Huasdorff
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MNC χ on mω(∆
ς
v, ψ, q) can be defined as the following form:

χ(P) := lim
n→∞

{
sup
z∈P

(
sup
ϱ1⩾n

sup
ϑ∈Fϱ1

( 1

ψϱ1

∑
k∈ϑ

|∆ς
vzk|qω

q
k

) 1

q
)}
. (2)

Proof. It can be achieved with slight modification from [11, Theorem 2.3]. ■

We terminate this section by describing the unique positive solution of the IDE (1).
Set I = [0, 1]. Suppose that C3(I,R) is the space of functions with continuous third
derivative defined on I. According to [17],

(Z,W ) =
(
(Zi), (Wi)

)
∈
(
C3(I,R+)

)∞
×
(
C3(I,R+)

)∞

is a solution of (1) if and only if (Z,W ) is a solution of the following infinite system of
integral equations 

Z(τ) =

(∫ 1
0 A(τ, ϱ)ai(ϱ)fi(ϱ, Z(ϱ),W (ϱ))dϱ

)
,

W (τ) =

(∫ 1
0 A(τ, ϱ)bi(ϱ)gi(ϱ, Z(ϱ),W (ϱ))dϱ

)
,

(3)

when the Green’s function A associated with (1) is given by

A(τ, ϱ) =
1

2(1− αζ)


(2τϱ− ϱ2)(1− αζ) + τ2ϱ(α− 1), ϱ ⩽ min{ζ, τ},
τ2(1− αζ) + τ2ϱ(α− 1), τ ⩽ ϱ ⩽ ζ,

(2τϱ− ϱ2)(1− αζ) + τ2(αζ − ϱ), ζ ⩽ ϱ ⩽ τ,

τ2(1− ϱ), max{ζ, τ} ⩽ ϱ.

(4)

Now, we reveal a property of the function A which will be needed later.

Lemma 2.4 [14] For all (τ, ϱ) ∈ I × I, 0 ⩽ A(τ, ϱ) ⩽ β(τ), when β(τ) = 1+α
1−αζ ϱ(1− ϱ).

3. Solvability of infinite systems of third-order differential equations
in mω(∆

ς
v, ψ, q)

In this section, we establish some sufficient conditions to discuss the existence of solutions
of IDE (1) in the space mω(∆

ς
v, ψ, q).

Here, we consider some assumptions.
(B1) Suppose that fi, gi ∈ C(I × R∞

+ × R∞
+ ,R+), i ∈ N. The mapping Λ : I ×

mω(∆
ς
v, ψ, q)×mω(∆

ς
v, ψ, q) → mω(∆

ς
v, ψ, q)×mω(∆

ς
v, ψ, q) is defined by

(ϱ, Z(ϱ),W (ϱ)) → Λ(Z,W )(ϱ) =

((
fi(ϱ, Z(ϱ),W (ϱ))

)
,
(
gi(ϱ, Z(ϱ),W (ϱ))

))

in which the family
(
Λ(Z,W )(ϱ)

)
ϱ∈I

is equicontinuous at any point of mω(∆
ς
v, ψ, q) ×

mω(∆
ς
v, ψ, q).
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(B2) The following inequalities hold:

|fk(ϱ, Z(ϱ),W (ϱ))| ⩽ |hk(ϱ)|(|Zk(ϱ)|+ |Wk(ϱ)|), k ∈ N,

|gk(ϱ, Z(ϱ),W (ϱ))| ⩽ |hk(ϱ)|(|Zk(ϱ)|+ |Wk(ϱ)|), k ∈ N,(∑
k∈ϑ

ωqk|∆
ς
vfk(ϱ, Z(ϱ),W (ϱ))|q

) 1

q ⩽
(∑
k∈ϑ

ωqk|ϕk(ϱ)|
q|∆ς

vZk(ϱ)|q
) 1

q

+
(∑
k∈ϑ

ωqk|ϕk(ϱ)|
q|∆ς

vWk(ϱ)|q
) 1

q

,

(∑
k∈ϑ

ωqk|∆
ς
vgk(ϱ, Z(ϱ),W (ϱ))|q

) 1

q ⩽
(∑
k∈ϑ

ωqk|ϕk(ϱ)|
q|∆ς

vZk(ϱ)|q
) 1

q

+
(∑
k∈ϑ

ωqk|ϕk(ϱ)|
q|∆ς

vWk(ϱ)|q
) 1

q

,

where ϑ ∈ F, hk, ϕk : I → R are continuous and the sequences (hk(ϱ)) and (ϕk(ϱ)) are
equibounded on I.
(B3) Assume that the sequence (ai(τ)) and (bi(τ)) are Riemann integrable on I and they
are equibounded. Put

M ′ = max{sup
i∈N

sup
ϱ∈I

ai(ϱ), sup
i∈N

sup
ϱ∈I

bi(ϱ)},

H = sup
i∈N

sup
ϱ∈I

|hi(ϱ)|,

Φ = sup
i∈N

sup
ϱ∈I

|ϕi(ϱ)|.

Theorem 3.1 Assume that the IDE (1) fulfills the hypotheses (B1)-(B3), and
(1+α)M ′(Φ+H)

2(1−αζ) < 1, then it has at least one solution

(Z,W ) ∈ C(I,mω(∆
ς
v, ψ, q))× C(I,mω(∆

ς
v, ψ, q)).

Proof. Suppose that (Z,W ) = ((Zi), (Wi)) satisfies the initial conditions of the IDE
(1) and also, suppose that each Zi and Wi is continuous on I. Take the mapping F :
C(I,mω(∆

ς
v, ψ, q))×C(I,mω(∆

ς
v, ψ, q)) → C(I,mω(∆

ς
v, ψ, q)×mω(∆

ς
v, ψ, q)) defined by

(F (Z,W ))(τ) =

((∫ 1

0
A(τ, ϱ)ai(ϱ)fi(ϱ, Z(ϱ),W (ϱ))dϱ

)
,
(∫ 1

0
A(τ, ϱ)bi(ϱ)gi(ϱ, Z(ϱ),W (ϱ))dϱ

))
.

The product space C(I,mω(∆
ς
v, ψ, q)) × C(I,mω(∆

ς
v, ψ, q)) is furnished with the sum

norm

∥(Z,W )∥C(I,mω(∆
ς
v,ψ,q))×C(I,mω(∆

ς
v,ψ,q)) = ∥Z∥C(I,mω(∆

ς
v,ψ,q)) + ∥W∥C(I,mω(∆

ς
v,ψ,q))

for each (Z,W ) ∈ C(I,mω(∆
ς
v, ψ, q)) × C(I,mω(∆

ς
v, ψ, q)). Applying the assumptions
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(B1)-(B3) and Lemma 2.4, we get

∥F (Z,W )(τ)∥mω(∆ς
v,ψ,q)×mω(∆ς

v,ψ,q)

=
∥∥∥(∫ 1

0
A(τ, ϱ)ai(ϱ)fi(ϱ, Z(ϱ),W (ϱ))dϱ

)∥∥∥
mω(∆ς

v,ψ,q)
+

∥∥∥(∫ 1

0
A(τ, ϱ)bi(ϱ)gi(ϱ, Z(ϱ),W (ϱ))dϱ

)∥∥∥
mω(∆ς

v,ψ,q)

=

ς∑
i=1

|
∫ 1

0
A(τ, ϱ)ai(ϱ)fi(ϱ, Z(ϱ),W (ϱ))dϱ|ωi + sup

ϱ1⩾1
sup
ϑ∈Fϱ1

(
1

ψϱ1

∑
k∈ϑ

|∆ςv(
∫ 1

0
A(τ, ϱ)ak(ϱ)fk(ϱ, Z(ϱ),W (ϱ))dϱ)|qωqk)

1
q

+
ς∑
i=1

|
∫ 1

0
A(τ, ϱ)bi(ϱ)gi(ϱ, Z(ϱ),W (ϱ))dϱ|ωi + sup

ϱ1⩾1
sup
ϑ∈Fϱ1

(
1

ψϱ1

∑
k∈ϑ

|∆ςv(
∫ 1

0
A(τ, ϱ)bk(ϱ)gk(ϱ, Z(ϱ),W (ϱ))dϱ)|qωqk)

1
q

⩽ β(ϱ)M ′
(
(
ς∑
i=1

ωi

∫ 1

0
|fi(ϱ, Z(ϱ),W (ϱ))|dϱ+ sup

ϱ1⩾1
sup
ϑ∈Fϱ1

(
1

ψϱ1

∫ 1

0

∑
k∈ϑ

|∆ςvfk(ϱ, Z(ϱ),W (ϱ))|qωqkdϱ)
1
q

)

+ β(ϱ)M ′
(
(

ς∑
i=1

ωi

∫ 1

0
|gi(ϱ, Z(ϱ),W (ϱ))|dϱ+ sup

ϱ1⩾1
sup
ϱ∈Fϱ1

(
1

ψϱ1

∫ 1

0

∑
k∈ϑ

|∆ςvgk(ϱ, Z(ϱ),W (ϱ))|qωqkdϱ)
1
q

)

⩽ 2(1 + α)M ′

4(1− αζ)

( ς∑
i=1

ωi

∫ 1

0
|hi(ϱ)|(|Zi(ϱ)|+ |Wi(ϱ)|)dϱ+ sup

τ∈I
sup
ϱ1⩾1

sup
ϑ∈Fϱ1

( 1

ψϱ1

∑
k∈ϑ

|ψk(τ)|q |∆ςvZk(τ)|qω
q
k

) 1
q

+ sup
τ∈I

sup
ϱ1⩾1

sup
ϑ∈Fϱ1

( 1

ψϱ1

∑
k∈ϑ

|ϕk(τ)|q |∆ςvWk(τ)|qωqk
) 1

q

)

⩽ (1 + α)M ′

2(1− αζ)

(
H(sup

τ∈I

ς∑
i=1

ωi|Zi(τ)|+ sup
τ∈I

ς∑
i=1

ωi|Wi(τ)|)

+ Φ
(
sup
τ∈I

sup
ϱ1⩾1

sup
ϑ∈Fϱ1

(
1

ψϱ1

∑
k∈ϑ

|∆ςvZk(τ)|q × ωqk)
1
q + sup

τ∈I
sup
ϱ1⩾1

sup
ϑ∈Fϱ1

(
1

ψϱ1

∑
k∈ϑ

|∆ςvWk(τ)|q × ωqk)
1
q
))

⩽ (1 + α)M ′

2(1− αζ)
(H +Φ)(∥Z∥C(I,mω(∆ς

v,ψ,q))
+ ∥W∥C(I,mω(∆ς

v,ψ,q))
)

=
(1 + α)M ′

2(1− αζ)
(H +Φ)∥(Z,W )∥C(I,mω(∆ς

v,ψ,q))×C(I,mω(∆ς
v,ψ,q))

.

Accordingly, we obtain

∥F (Z,W )∥C(I,mω(∆ς
v,ψ,q)×mω(∆ς

v,ψ,q))
⩽ (1 + α)M ′

2(1− αζ)
(H +Φ)∥(Z,W )∥C(I,mω(∆ς

v,ψ,q))×C(I,mω(∆ς
v,ψ,q))

.

It implies that

r ⩽ (1 + α)M ′

2(1− αζ)
(H +Φ)r. (5)

Let r0 denote the optimal solution of the inequality (5). Take

D = D((u0, u0), r0) =
{
(Z,W ) : Z = (Zi) and W = (Wi) are in C(I,mω(∆

ς
v, ψ, q)),

∥(Z,W )∥C(I,mω(∆
ς
v,ψ,q))×C(I,mω(∆

ς
v,ψ,q)) ⩽ r0, and Zi(0) = Z ′

i(0) = 0,

Z ′
i(1) = αZ ′

i(ζ),Wi(0) =W ′
i (0) = 0, W ′

i (1) = αW ′
i (ζ), ∀i ∈ N

}
where u0(τ) = (u0i (τ)) and u0i (τ) = 0 for any τ ∈ I. Evidently, D is bounded, closed
and convex, and also F is bounded on D. We prove that F is continuous. For, let
(Z1,W1) ∈ D × D and let ε > 0 be arbitrarily fixed. Employing assumption (B1), a
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real number δ > 0 exists such that if (Z2,W2) ∈ D ×D and

∥(Z1,W1)− (Z2,W2)∥C(I,mω(∆
ς
v,ψ,q))×C(I,mω(∆

ς
v,ψ,q)) ⩽ δ,

then

∥Λ(Z1,W1)− Λ(Z2,W2)∥C(I,mω(∆
ς
v,ψ,q)×mω(∆

ς
v,ψ,q)) ⩽

4ε(1− αζ)

(1 + α)M ′ .

Therefore, for any τ in I, we have

∥F (Z1,W1)(τ)− F (Z2,W2)(τ)∥mω(∆ς
v,ψ,q)×mω(∆ς

v,ψ,q)

=
ς∑
i=1

ωi|
∫ 1

0
A(τ, ϱ)ai(ϱ)

(
fi(ϱ, Z1(ϱ),W1(ϱ))− fi(ϱ, Z2(ϱ),W2(ϱ))

)
dϱ|

+ sup
ϱ1⩾1

sup
ϑ∈Fϱ1

( 1

ψϱ1

∑
k∈ϑ

|
∫ 1

0
A(τ, ϱ)∆ςv

(
ak(ϱ)(fk(ϱ, Z1(ϱ),W1(ϱ))− fk(ϱ, Z2(ϱ),W2(ϱ)))

)
ds|qωqk

) 1
q

+
ς∑
i=1

ωi|
∫ 1

0
A(τ, ϱ)bi(ϱ)

(
gi(ϱ, Z1(ϱ),W1(ϱ))− gi(ϱ, Z2(ϱ),W2(ϱ))

)
dϱ|

+ sup
ϱ1⩾1

sup
ϑ∈Fϱ1

( 1

ψϱ1

∑
k∈ϑ

|
∫ 1

0
A(τ, ϱ)∆ςv

(
bk(ϱ)(gk(ϱ, Z1(ϱ),W1(ϱ))− gk(ϱ, Z2(ϱ),W2(ϱ)))

)
dϱ)|qωqk

) 1
q

⩽ (1 + α)M ′

4(1− αζ)

( ς∑
i=1

ωi sup
τ∈I

(
fi(τ, Z1(τ),W1(τ))− fi(τ, Z2(τ),W2(τ))

)

+ sup
τ∈I

sup
ϱ1⩾1

sup
ϑ∈Fϱ1

( 1

ψϱ1

∑
k∈ϑ

|∆ςv
(
fk(τ, Z1(τ),W1(τ))− fk(τ, Z2(τ),W2(τ))

)
|qωqk

) 1
q

)

+
(1 + α)M ′

4(1− αζ)

( ς∑
i=1

ωi sup
τ∈I

(
gi(τ, Z1(τ),W1(τ))− gi(τ, Z2(τ),W2(τ))

)

+ sup
τ∈I

sup
ϱ1⩾1

sup
ϑ∈Fϱ1

( 1

ψϱ1

∑
k∈ϑ

|∆ςv
(
gk(τ, Z1(τ),W1(τ))− gk(τ, Z2(τ),W2(τ))

)
|qωqk

) 1
q

)

=
(1 + α)M ′

4(1− αζ)
∥Λ(Z1,W1)− Λ(Z2,W2)∥C(I,mω(∆ς

v,ψ,q)×mω(∆ς
v,ψ,q))

⩽ ε.

Accordingly, we get

∥F (Z1,W1)− F (Z2,W2)∥C(I,mω(∆
ς
v,ψ,q)×mω(∆

ς
v,ψ,q)) ⩽ ε.

Therefore, F is continuous. Now, we are going to show that (F (Z,W )) is continuous on
(0, 1). For this, let τ1 ∈ (0, 1) and let ε > 0. Applying the continuity of A(τ, ϱ) w.r.t. τ ,
we are able to find δ = δ(τ1, ε) > 0 such that if |τ − τ1| < δ, then

|A(τ, ϱ)−A(τ1, ϱ)| <
ε

2M ′(H +Φ)∥(Z,W )∥C(I,mω(∆
ς
v,ψ,q))×C(I,mω(∆

ς
v,ψ,q))

.

Using Minkowski’s inequality, we can write
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∥(F (Z,W ))(τ)− (F (Z,W ))(τ1)∥mω(∆ς
v,ψ,q)×mω(∆ς

v,ψ,q)

=

ς∑
i=1

ωi

∣∣∣ ∫ 1

0

(
A(τ, ϱ)−A(τ1, ϱ)

)
ai(ϱ)fi(ϱ, Z(ϱ),W (ϱ))dϱ

∣∣∣
+ sup
ϱ1⩾1

sup
ϑ∈Fϱ1

( 1

ψϱ1

∑
k∈ϑ

∣∣∣ ∫ 1

0
(A(τ, ϱ)−A(τ1, ϱ))∆

ς
v

(
ak(ϱ)fk(ϱ, Z(ϱ),W (ϱ))

)
dϱ

∣∣∣qωqk) 1
q

+
ς∑
i=1

ωi

∣∣∣ ∫ 1

0
(A(τ, ϱ)−A(τ1, ϱ))bi(ϱ)gi(ϱ, Z(ϱ),W (ϱ))dϱ

∣∣∣
+ sup
ϱ1⩾1

sup
ϑ∈Fϱ1

( 1

ψϱ1

∑
k∈ϑ

∣∣∣ ∫ 1

0
(A(τ, ϱ)−A(τ1, ϱ))∆

ς
v

(
bk(ϱ)gk(ϱ, Z(ϱ),W (ϱ))

)
dϱ

∣∣∣qωqk) 1
q

<
2M ′Hε

2M ′(H +Φ)∥(Z,W )∥C(I,mω(∆ς
v,ψ,q))×C(I,mω(∆ς

v,ψ,q))

( ς∑
i=1

ωi sup
τ0∈I

|Zi(τ0)|+
ς∑
i=1

ωi sup
τ0∈I

|Wi(τ0)|
)

+
M ′ε

2M ′(H +Φ)∥(Z,W )∥C(I,mω(∆ς
v,ψ,q))×C(I,mω(∆ς

v,ψ,q))

×

(
sup
ϱ1⩾1

sup
ϑ∈Fϱ1

( 1

ψϱ1

∫ 1

0

∑
k∈ϑ

|∆ςvfk(ϱ, Z(ϱ),W (ϱ))|qdϱωqk
) 1

q

+ sup
ϱ1⩾1

sup
ϑ∈Fϱ1

( 1

ψϱ1

∫ 1

0

∑
k∈ϑ

|∆ςvgk(ϱ, Z(ϱ),W (ϱ))|qdϱωqk
) 1

q

)

⩽ ε

∥(Z,W )∥C(I,mω(∆ς
v,ψ,q))×C(I,mω(∆ς

v,ψ,q))

( ς∑
i=1

ωi sup
τ0∈I

|Zi(τ0)|+
ς∑
i=1

ωi sup
τ0∈I

|Wi(τ0)|
)

+
M ′ε

2M ′(H +Φ)∥(Z,W )∥C(I,mω(∆ς
v,ψ,p))×C(I,mω(∆ς

v,ψ,q))

×

(
sup
τ0∈I

sup
ϱ1⩾1

sup
ϑ∈Fϱ1

( 1

ψϱ1

∑
k∈ϑ

|∆ςvfk(τ0, Z(τ0),W (τ0))|qωqk)
1
q

+ sup
τ0∈I

sup
ϱ1⩾1

sup
ϑ∈Fϱ1

( 1

ψϱ1

∑
k∈ϑ

|∆ςvgk(τ0, Z(τ0),W (τ0))|qωqk)
1
q

)

⩽ ε

∥(Z,W )∥C(I,mω(∆ς
v,ψ,q))×C(I,mω(∆ς

v,ψ,q))

( ς∑
i=1

ωi sup
τ0∈I

|Zi(τ0)|+
ς∑
i=1

ωi sup
τ0∈I

|Wi(τ0)|
)

+
2ε

2(H +Φ)∥(Z,W )∥C(I,mω(∆ς
v,ψ,q))×C(I,mω(∆ς

v,ψ,q))

×

sup
τ0∈I

sup
ϱ1⩾1

sup
ϑ∈Fϱ1

( 1

ψϱ1

) 1
q

(
(
∑
k∈ϑ

ωqk|ψk(τ0)|
q |∆ςvZk(τ0)|q)

1
q

+(
∑
k∈ϑ

ωqk|ϕk(τ0)|
q |∆ςvWk(τ0)|q)

1
q

)

⩽ ε

∥(Z,W )∥C(I,mω(∆ς
v,ψ,q))×C(I,mω(∆ς

v,ψ,q))

( ς∑
i=1

ωi sup
τ0∈I

|Zi(τ0)|+
ς∑
i=1

ωi sup
τ0∈I

|Wi(τ0)|
)

+
εΦ

(H +Φ)∥(Z,W )∥C(I,mω(∆ς
v,ψ,q))×C(I,mω(∆ς

v,ψ,q))

(
sup
τ0∈I

sup
ϱ1⩾1

sup
ϑ∈Fϱ1

( 1

ψϱ1

∑
k∈ϑ

ωqk|∆
ς
vZk(τ0)|q

) 1
q

+ sup
τ0∈I

sup
ϱ1⩾1

sup
ϑ∈Fϱ1

( 1

ψϱ1

∑
k∈ϑ

ωqk|∆
ς
vWk(τ0)|q

) 1
q

)

⩽ ε

∥(Z,W )∥C(I,mω(∆ς
v,ψ,q))×C(I,mω(∆ς

v,ψ,q))

(
∥Z∥C(I,mω(∆ς

v,ψ,q))
+ ∥W∥C(I,mω(∆ς

v,ψ,q))

)

=
ε

∥(Z,W )∥C(I,mω(∆ς
v,ψ,q))×C(I,mω(∆ς

v,ψ,q))

(∥(Z,W )∥C(I,mω(∆ς
v,ψ,q))×C(I,mω(∆ς

v,ψ,q))
)

= ε.
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Eventually, we are going to verify that F is a Meir–Keeler condensing operator w.r.t.
the Hausdorff MNC χ on the space C(I,mω(∆

ς
v, ψ, q)) × C(I,mω(∆

ς
v, ψ, q)). Due to

the formula (2) and Proposition 1.6, it can be concluded that the Hausdorff MNC for
D ⊂ C(I,mω(∆

ς
v, ψ, q))× C(I,mω(∆

ς
v, ψ, q)) is defined as

χC(I,mω(∆
ς
v,ψ,q))×C(I,mω(∆

ς
v,ψ,q))(D) = sup

τ∈I
χmω(∆

ς
v,ψ,q)×mω(∆

ς
v,ψ,q)(D(τ)),

where D(τ) = {(Z,W )(τ) : (Z,W ) ∈ D}. Therefore, we deduce

χmω(∆
ς
v,ψ,q)×mω(∆

ς
v,ψ,q)(F (D))(τ)

= lim
n→∞

{
sup

(Z,W )∈B

(
sup
ϱ1⩾n

sup
ϑ∈Fϱ1

( 1

ψϱ1

∑
k∈ϑ

|∆ς
v

( ∫ 1

0
A(τ, ϱ)ak(ϱ)fk(ϱ, Z(ϱ),W (ϱ))dϱ

)
|qωqk

) 1

q
)}

+ lim
n→∞

{
sup

(Z,W )∈B

(
sup
ϱ1⩾n

sup
ϑ∈Fϱ1

( 1

ψϱ1

∑
k∈ϑ

|∆ς
v

( ∫ 1

0

(
A(τ, ϱ)bk(ϱ)gk(ϱ, Z(ϱ),W (ϱ))dϱ

)
|qωqk

) 1

q
)}

⩽ (1 + α)M ′

4(1− αζ)

(
lim
n→∞

{
sup
τ0∈I

sup
(Z,W )∈B

(
sup
ϱ1⩾n

sup
ϑ∈Fϱ1

( 1

ψϱ1

∑
k∈ϑ

|∆ς
vfk(τ0, Zk(τ0),Wk(τ0))|qωqk

) 1

q
)
}
)

+
(1 + α)M ′

4(1− αζ)

(
lim
n→∞

{
sup
τ0∈I

sup
(Z,W )∈B

(
sup
ϱ1⩾n

sup
ϑ∈Fϱ1

( 1

ψϱ1

∑
k∈ϑ

|∆ς
vgk(τ0, Zk(τ0),Wk(τ0))|qωqk

) 1

q
)
}
)

⩽ 2(1 + α)M ′

4(1− αζ)

(
lim
n→∞

{
sup
τ0∈I

sup
(Z,W )∈B

(
sup
ϱ1⩾n

sup
ϑ∈Fϱ1

( 1

ψϱ1

) 1

q (
(∑
k∈ϑ

|ϕk(τ0)|p|∆ς
vZk(τ0)|qω

q
k

) 1

q

+
(∑
k∈ϑ

|ϕk(τ0)|q|∆ς
vWk(τ0)|qωqk

) 1

q )
)})

⩽ (1 + α)M ′Φ

2(1− αζ)
(χC(I,mω(∆

ς
v,ψ,q))×C(I,mω(∆

ς
v,ψ,q))(D)).

Hence, we get

χmω(∆
ς
v,ψ,q)×mω(∆

ς
v,ψ,q)(F (D)) = sup

τ∈I
χmω(∆

ς
v,ψ,q)×mω(∆

ς
v,ψ,q)(F (D))(τ)

⩽ (1 + α)M ′Φ

2(1− αζ)
χC(I,mω(∆

ς
v,ψ,q))×C(I,mω(∆

ς
v,ψ,q))(D)

< ε.

Then

χC(I,mω(∆
ς
v,ψ,q))×C(I,mω(∆

ς
v,ψ,q))(D) <

2(1− αζ)ε

(1 + α)M ′Φ
.

Let us take δ = ε( 2(1−αζ)
(1+α)M ′Φ−1). It easily can be verified that F is a Meir–Keeler condens-

ing operator on D ⊂ C(I,mω(∆
ς
v, ψ, q))×C(I,mω(∆

ς
v, ψ, q)). Owing to the Theorem 1.5,

we conclude that F has a fixed point in D, and hence the IDE (1) admits at least one
solution in C(I,mω(∆

ς
v, ψ, q))× C(I,mω(∆

ς
v, ψ, q)). ■
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Example 3.2 Consider the IDE



−Z′′′
i (τ) = 1

τ2+240000

∞∑
j=i

arctan
( 4

1 + (4j + 3)(4j − 1)

)
e−2τ ln

( 9

10
+ |Zj(τ) +Wj(τ)|

)
, 0 < τ < 1

−W ′′′
i (τ) = 1

τ2+240001

∞∑
j=i

3π

(4j − 3)(4j + 1)
| sin(Zj(τ) +Wj(τ) +

1

8
)−

1

8
| cos2(2τ + 1), 0 < τ < 1

Zi(0) = Z′
i(0) = 0, Z′

i(1) = 99.9Z′
i(

1
100

),

Wi(0) =W ′
i (0) = 0, W ′

i (1) = 99.9W ′
i (

1
100

), i = 1, 2, . . . .

(6)

By taking ai(τ) =
1

τ2+240000 , bi(τ) =
1

τ2+240001 , α = 99.9, ζ = 1
100 ,

fi(τ, Z(τ),W (τ)) =

∞∑
j=i

arctan
( 4

1 + (4j + 3)(4j − 1)

)
e−2τ ln

( 9

10
+ |Zj(τ) +Wj(τ)|

)
,

and

gi(τ, Z(τ),W (τ)) =

∞∑
j=i

3π

(4j − 3)(4j + 1)
| sin(Zj(τ) +Wj(τ) +

1

8
)− 1

8
| cos2(2τ + 1),

the system (6) is a special case of IDE (1). Clearly, for each i ∈ N, fi, gi ∈
C([0, 1] × (R+)

∞ × (R+)
∞,R+). Notice that, for each τ ∈ I, if (Z(τ),W (τ)) ∈

mω(∆
ς
v, ψ, q)×mω(∆

ς
v, ψ, q), then Λ(Z,W )(τ) =

(
(fi(τ, Z(τ),W (τ)), (gi(τ, Z(τ),W (τ))

)
is in mω(∆

ς
v, ψ, q) × mω(∆

ς
v, ψ, q). We claim that the hypothesis (B1) of Theorem

3.1 holds. Indeed, let ε > 0 be given and let (Z(τ),W (τ)) = ((Zi(τ)), (Wi(τ))) ∈
mω(∆

ς
v, ψ, q) × mω(∆

ς
v, ψ, q). Then, by taking (Z1(τ),W1(τ)) ∈ mω(∆

ς
v, ψ, q) ×

mω(∆
ς
v, ψ, q) with

∥(Z(τ),W (τ))− (Z1(τ),W1(τ))∥mω(∆
ς
v,ψ,q)×mω(∆

ς
v,ψ,q) ⩽ δ(ε) :=

2ε

3π
,

we get

∥Λ(Z(τ),W (τ))− Λ(Z1(τ),W1(τ))∥mω(∆
ς
v,ψ,q)×mω(∆

ς
v,ψ,q)

⩽ 3π

2
∥(Z(τ),W (τ))− (Z1(τ),W1(τ))∥mω(∆

ς
v,ψ,q)×mω(∆

ς
v,ψ,q) = ε,

which implies the equicontinuity of Λ. Now, we prove condition (B2). We can write

|fi(τ, Z(τ),W (τ))| = |
∞∑
j=i

arctan
( 4

1 + (4j + 3)(4j − 1)

)
e−2τ ln

( 9

10
+ |Zj(τ) +Wj(τ)|

)
|

⩽ 3π

4
e−2τ

(
|Zi(τ)|+ |Wi(τ)|

)
,
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and(∑
k∈ϱ

ωqk|∆
ς
vfi(τ, Z(τ),W (τ))|q

) 1
q

=

(∑
k∈ϑ

ωqk|∆
ς
v

∞∑
j=i

arctan
( 4

1 + (4j + 3)(4j − 1)

)
e−2τ ln

( 9

10
+ |Zj(τ) +Wj(τ)|

)
|q
) 1

q

⩽
(∑
k∈ϑ

ωqk(
3π

4
e−2τ )p∆ςv

(
|Zi(τ)|+ |Wi(τ)|

)q) 1
q

⩽ 3π

4
e−2τ

((∑
k∈ϑ

ωpk∆
ς
v|Zi(τ)|q

) 1
q +

(∑
k∈ϑ

ωqk∆
ς
v|Wi(τ)|q

) 1
q

)
.

Hence, the function hi(τ) = 3π
4 e

−2τ is continuous and the sequence (hi(τ)) is equi-

bounded on I and also H = 3π
4 . Also, we have

|gi(τ, Z(τ),W (τ))| = |
∞∑
j=i

3π

(4j − 3)(4j + 1)
| sin(Zj(τ) +Wj(τ) +

1

8
)− 1

8
| cos2(2τ + 1)|

⩽ 3π

4
cos2(2τ + 1)

(
|Zi(τ)|+ |Wi(τ)|

)
.

Moreover, we obtain(∑
k∈ϑ

ωqk|∆
ς
vgi(τ, Z(τ),W (τ))|q

) 1
q

=

(∑
k∈ϑ

ωqk|∆
ς
v

∞∑
j=i

3π

(4j − 3)(4j + 1)
| sin(zj(τ) + wj(τ) +

1

8
)−

1

8
| cos2(2τ + 1)

)
|q
) 1

q

⩽
(∑
k∈ϑ

ωqk(
3π

4
cos2(2τ + 1))q∆ςv

(
|Zi(τ)|+ |Wi(τ)|

)q) 1
q

⩽ (
3π

4
cos2(2τ + 1))

((∑
k∈ϑ

ωqk∆
ς
v|Zi(τ)|q

) 1
q +

(∑
k∈ϑ

ωqk∆
ς
v|Wi(τ)|q

) 1
q

)
when ϕi(τ) = 3π

4 cos2(2τ + 1) is continuous and the sequence (ϕi(τ)) is equibounded

on I and also Φ = 3π
4 . Trivially the condition (B3) holds. On the other hand, we get

(1+α)M ′(H+Φ)
2(1−αζ) = 4752.39

4800 < 1. Thus, infinite system (6) fulfils the hypotheses of Theorem

3.1. So the (6) has at least one solution in C(I,mω(∆
ς
v, ψ, q))× C(I,mω(∆

ς
v, ψ, q)).

Acknowledgments

The authors would like to thank the anonymous referee for his/her comments that
helped us improve this article.

References
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