Journal of ————
. , J
Linear and Topological Algebra Topelsicl Aluches

Vol. 08, No. 03, 2019, 191- 202
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Abstract. Cohn called a ring R is reversible if whenever ab = 0, then ba = 0 for a,b € R.
The reversible property is an important role in noncommutative ring theory. Recently, Abdul-
Jabbar et al. studied the reversible ring property on nilpotent elements, introducing the
concept of commutativity of nilpotent elements at zero (simply, a CNZ ring). In this paper,
we extend the CNZ property of a ring as follows: Let R be a ring and a an endomorphism
of R, we say that R is right (resp., left) a-nil-shifting ring if whenever aca(b) = 0 (resp.,
a(a)b = 0) for nilpotents a,b in R, ba(a) = 0 (resp., a(b)a = 0). The characterization of
a-nil-shifting rings and their related properties are investigated.
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1. Introduction

Throughout this paper all rings are associative with identity. Let R be a ring. N*(R)
and N (R) denote the upper nilradical (i.e., sum of nil ideals) and the set of all nilpotent
elements in R, respectively. Note that N*(R) C N(R). Denote the n by n (n > 2)
full (resp., upper triangular) matrix ring over R by Mat,(R) (resp., Un(R)). Denote
{(aij) € U,(R) | the diagonal entries of (a;;) are all equal} by D, (R). Use e;;, a matrix
unit, for the matrix with (¢, 7)-entry 1 and elsewhere 0. The polynomial (resp., power
series) ring with an indeterminate x over R is denoted by R[x] (resp., R[[z]]). Z,, denotes
the ring of integers modulo n.
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A ring is called reduced if it has no non zero nilpotent elements. Cohn [6] called a ring
R reversible if ab = 0 implies ba = 0 for a,b € R. Recently, a ring R is said to satisfy the
commutativity of nilpotent elements at zero (simply, R is called a CNZ ring) [1] if ab =0
implies ba = 0 for a,b € N(R). Reversible rings are clearly CNZ, but not conversely as
in [1, Example 1.1].

According to Krempa [14], an endomorphism « of a ring R is called rigid if aa(a) =
0 implies a = 0 for @ € R, and a ring R is called a-rigid [9] if there exists a rigid
endomorphism « of R. Note that any rigid endomorphism of a ring is a monomorphism
and a-rigid rings are reduced rings by [9, Proposition 5]. Following [8], a ring R is said to
be a-compatible if for each a,b € R, ab = 0 < a«a(b) = 0. If R is an a-compatible ring,
then the endomorphism « is clearly a monomorphism. The notion of an a-compatible
ring is a generalization of a-rigid rings to the more general case where the ring is not
assumed to be reduced.

In [4, Definition 2.1}, an endomorphism « of a ring R is called right skew reversible if
whenever ab = 0 for a,b € R, ba(a) = 0, and the ring R is called right a-skew reversible if
there exists a right skew reversible endomorphism « of R. Similarly, left a-skew reversible
rings are defined. A ring R is called a-skew reversible if it is both left and right a-skew
reversible. Note that R is an a-rigid ring if and only if R is semiprime and right a-skew
reversible for a monomorphism « of R by [4, Proposition 2.5(iii)]. We change over from
“an a-reversible ring” in [4] to “an a-skew reversible ring” to cohere with other related
definitions.

An endomorphism « of a ring R is called a right (resp., left) skew CNZ if whenever
ab =0 for a,b € N(R), ba(a) = 0 (resp., a(b)a = 0), and the ring R is called right (resp.,
left) a-skew CNZ if there exists a right (resp., left) skew CNZ endomorphism « of R; the
ring R is called a-skew CNZ if it is both left and right a-skew CNZ [2, Definition 2.1].

In [5, Definition 2.1], a ring R with an endomorphism « is called right (resp., left)
a-shifting if whenever aa(b) = 0 (resp., a(a)b = 0) for a,b € R, ba(a) = 0 (resp.,
a(b)a = 0); and the ring R is called a-shifting if it is both right and left a-shifting. It
is shown that R is an a-rigid ring if and only if R is right a-shifting and aRa(a) = 0
implies a = 0 for any a € R in [5, Proposition 1.2].

Note that reversible rings are CNZ, and right a-skew reversible rings are right a-skew
CNZ, but each converse does not hold by [1, Example 2.2] and [2, Example 2.6]. The
concepts of reversible rings and right a-skew reversible rings do not imply each other
by [4, Examples 2.2 and 2.3], and the concepts of CNZ rings and right a-skew CNZ
rings are independent on each other by [1, Example 2.2] and [2, Example 2.6], using [1,
Theorem 2.7]. Furthermore, the right a-skew reversible condition and the right a-shifting
condition of a ring do not dependent on each other by [5, Example 1.1].

The following diagram shows all implications among the concepts above.

e {reduced rings} — {reversible rings} — {CNZ rings}

{a-compatible rings}
S
e {a-rigid rings} — {right a-skew reversible rings} — {right a-skew CNZ
rings}
N\
{right a-shifting rings}

Proposition 1.1 Let R be an a-compatible ring. Then
(1) R is reversible if and only if R is right (left) a-skew reversible if and only if R is
right (left) a-shifting.



C. A. K. Ahmed and R. T. M. Salim / J. Linear. Topological. Algebra. 08(03) (2019) 191-202. 193

(2) [2, Theorem 2.3(4)] R is CNZ if and only if R is right (left) a-skew CNZ.
Proof. (1) This is routine, noting that ab =0 < aa(b) =0 < a(a)b =0 in R. [ |

Based on the arguments above, in this paper, we introduce the notation of an «-nil-
shifting ring for an endomorphism « of a ring as a generalization of a-shifting rings and
study its related properties. Throughout this paper, a denotes a nonzero endomorphism
of a given ring, unless specified otherwise. We denote idg for the identity endomorphism
of a given ring R.

2. Right a-nil-shifting rings

We begin with the following definition.

Definition 2.1 An endomorphism « of a ring R is called right (resp., left) nil-shifting
if whenever ac(b) = 0 (resp., a(a)b =0 ) for a,b € N(R), ba(a) = 0 (resp., a(b)a = 0),
and the ring R is called a right (resp., left) a-nil-shifting if there exists a right (resp.,
left) nil-shifting endomorphism « of R. A ring R is called a-nil-shifting if it is both left
and right a-nil-shifting.

Any right a-shifting ring is clearly right a-nil-shifting but not conversely by next
example.

Exzample 2.2 Consider a ring R = Uy(Z) with an endomorphism « defined by

(62)- )

Then R is obviously right a-nil-shifting, since N(R) = 00 |be Z}. For A =

11 11 : 11\ /00

(0 1) and B = (0 O> € R, we obtain Aa(B) = (0 1) <0 0> = 0, but Ba(a) =
11 00 01 ) _ ' o

(() ()> <0 1> = <O 0) % 0, showing that R is not right a-shifting.

A ring R is a CNZ ring if R is one-sided idg-nil-shifting. Every subring S with «(S) C S
of a right a-nil-shifting is also right a-nil-shifting. We use this fact freely. It is easily
checked that R is CNZ if and only if R is right (left) a-skew CNZ if and only if R is right
(left) c-nil-shifting when R is an a-compatible ring, but there exists an a-nil-shifting
ring which is not right a-skew CNZ ring as follows.

Exzample 2.3 Let K be a field and A = K (a,b) be the free algebra with noncommuting
indeterminates a,b over K. Define an automorphism ¢ of R by a — b and b — a. Let [
be the ideal of A generated by ab,ba,a® and b>. Set R = A/I. Since §(I) C I, we can
obtain an automorphism « of R by defining a(s + I) = 6(s) + I for s € A. We identify
every element of A with its image in R for simplicity. Then R is not right a-skew CNZ.
For a,b € N(R), ab = 0 but ba(a) = b*> # 0 by the construction of I.
Now, we show that R is right a-nil-shifting. Note that

N(R) = {ha + ka*+ sb+tb? | h,k,s,t € K}. Let za(y) =0 for z = hya + kia® + s1b +
t16%,y = haa + koa® + sob + tab? € N(R) where hi,kj,s1,tm € K. Then 0 = za(y) =
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(h1a + k1a® + s1b + t16%)(hab + kob? + soa + t2a?) = hissa® + s1hab? implies that
(h1=0,s1 =0),(h1 = 0,hy = 0), (s2 = 0,51 = 0) or (s5 =0, ha = 0).

(i)h1 = 0,51 = 0: Since x = k1a® + t1b* and y = hoa + kaa® + s9b + t2b%, ya(x

(

(h2a + koa? +32b+t2b2)(k:16( )+t15(b2)) (h2a+k2a2+82[)+t252)(k152+t1a2)
(11) hi = 0,hy = 0: Since x = kia® + s1b + t10? and y = kga® + s9b + t2b?, yo az

)

(

~—

~—

(koa® —|—32b+t2b2)(kz16( )+315(b)+t15(62)) (koa? +32b+tgbz)(klbz+sla+t1a
(iii) s3 = 0,51 = 0: Since = hia + k1a® + t16? and y = hoa + koa® + t2b%, ya(x

(h2a+koa? +t2b2)(h16( )+k10(a )+t16(b2)) (hoa+ koa? +t2b2)(h1b+/<:1b +t1a?)
(1V)82 = 0,hg = 0: Since & = hia + k1a® + s1b + t1b? and y = kqa® + tob?, ya(x

(koa? +t2b2)(h15( )+k16(a?)+516(b)+t10(b?)) = (kaa®+t2b?)(h1b+k1b*+s1a+t1a?)
Therefore R is right a-nil-shifting. The proof for the left case is similar.

Sl ol @1 <21

The next example shows that the concept of an a-nil-shifting ring is not left-right
symmetric.

Ezample 2.4 We adapt [2, Example 2.2]. Consider a ring R = Us(Z4) and
an endomorphism of R defined by « 8€>> = <g 8> Note that N(R) =

ab ab CL, b/
{(0 c) | a,c e {0,2},()624}. Let Aa(B) = 0 for A = <Oc> and B = (O c’> €
N(R). Then aa’ = 0 and it implies that Ba(A) = 0. Hence R is a right a-nil-shifting ring.

Next, we show that R is not a left a-nil-shifting ring. To see this, take A = <2 1> ,B =

02
<3 8) € N(R). Then a(A)B =0, but a(B)A = <g 8) (0 2) (8 ?)) 2.

Note that any domain with a monomorphism « is obviously a-nil-shifting, but the
converse is not true by Example 2.4.

Proposition 2.5 For a ring R with an endomorphism «, we have the following state-
ments.

(1) If N(R)? =0, then R is an a-nil-shifting ring.

(2) Let R be a CNZ ring. Then (i) R is right a-nil-shifting if and only if R is a-nil-
shifting; and (ii) if R is right a-skew CNZ and « is a monomorphism, then R is right
a-nil-shifting.

(3) Let R be a right a-nil-shifting ring with a monomorphism a. Then ab = 0 if and
only if ba?(a) = 0.

(4) Let a? = idg. Then R is right a-nil-shifting if and only if R is CNZ.

Proof. (1) It follows from the fact that a(N(R)) C N(R).

(2) (i) Suppose that R is a right a-nil-shifting ring and let a(a)b = 0 for a,b € N(R).
Then ba(a) = 0 and so aa(b) = 0. Thus a(b)a = 0 since R is CNZ and a(b) € N(R).
Hence R is left a-nil-shifting, entailing that R is a-nil-shifting.

(ii) Suppose that R is right a-skew CNZ with an monomorphism « and let aa(b) = 0
for a,b € N(R). Then 0 = a(b)a(a) = a(ba) and so ba = 0 since « is a monomorphism.
So ab = 0 and hence ba(a) = 0 by hypothesis, showing that R is right a-nil-shifting.

(3) For a,b € N(R), ab = 0 if and only if a(a)a(b) = 0 if and only if ba®(a) = 0.

(4) Suppose that R is right a-nil-shifting and let ab = 0 for a,b € N(R). By (3), we
have ba?(a) = 0 and so ba = 0. Thus, R is CNZ.

Conversely, assume that R is CNZ and let aa(b) = 0 for a,b € N(R). Then a(b)a = 0,
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since a(b) € N(R). Hence, 0 = a(a(b))a = a?(b)a(a) = ba(a) showing that R is right
a-nil-shifting. [ |

The converse of Proposition 2.5(1) does not hold by Example 2.4(1). Example 2.4
shows that the condition “R is a CNZ ring” in Proposition 2.5(2) cannot be dropped. In
fact, the ring R = Us(Z4) is right a-skew CNZ but not CNZ by [2, Example 2.4].

Theorem 2.6 (1) Let o, be an endomorphism of a ring R, for each v € I'. Then the
following are equivalent:

(i) Ry is a right c,-nil-shifting ring for each v € T".

(ii) The direct sum EB'yEF R, of R, is right a-nil-shifting for the endomorphism a :
D, cr By = D, er By defined by a((ay)yer) = (ay(ay))qer-

(iii) The direct product Hwer R, of R, is right a-nil-shifting for the endomorphism
a: [ er By = [, er By defined by a((ay)yer) = (ay(ay))qer-

(2) Let S be aring and o : R — S a ring isomorphism. Then R is a right a-nil-shifting
if and only if S is a right cao~!-nil-shifting.

Proof. (1) It is enough to show (i))=-(iii), since the class of a-nil-shifting rings is closed
under subrings. Note that N([[,cpr Ry) C [[,er N(R,) and ay(R,) C R, for each
v € T'. Suppose that R, is right a-nil-shifting for each v € I' and let Aa(B) = 0
where A = (ay)yer; B = (by)yer € N([[,er By). Then aya(by) = 0 for each v € T’
and bya(ay) = 0 since R, is right a-nil-shifting and a,,b, € N(R,). Thus Ba(A) =0,
entailing that the direct product HveF R, of R, is right a-nil-shifting.

(2) Clearly, N(S) = o(N(R)). Then a,b € N(R) if and only if o’ = o(a), V' = o(b)
N(S). So, aa(b) = 0 < o(aa(b)) = 0 < 0 = o(a)oa(b)) = o(a)oao (o (b))
a'cac™1(b') = 0. The proof is complete.

mln

Corollary 2.7 Let R be a ring with an endomorphism «. If e is a central idempotent of
aring R with a(e) = e and a(1 —e) = 1 —e¢, then eR and (1 —e)R are right a-nil-shifting
if and only if R is right a-nil-shifting.

Proof. It comes from Theorem 2.6(1), since R = eR & (1 — e)R and the class of right
a-nil-shifting rings is closed under subrings. [ |

Recall that for a ring R with an endomorphism « and an ideal I of R, if I is an a-ideal
(i.e., a(I) C 1) of R, then & : R/I — R/I defined by a(a+I) = a(a)+1 for a € R is an
endomorphism of a factor ring R/I.

Ezxzample 2.8 (1) Let K be a field and R = K(a,b) be the free algebra with non-
commuting indeterminates a,b over K. Then R is a domain. Define an automorphism
a of R by a — b and b — a. Then R is obviously an a-nil-shifting ring. Now, let
I be the ideal of R generated by ab,a? and b3. For a + I,b + 1 € N(R/I), we get
(a+Da(b+1)=(a+)(ad)+1)=a*+I=1Ibut (b+DNa((a+1)=b*+1#1
by the construction of I. Thus, R/I is not right @-nil-shifting. This concludes that the
class of right a-nil-shifting rings is not closed under homomorphic images.

(2) We refer to [2, Example 2.8]. Let A be a reduced ring and consider a ring R = Us(A)
with an endomorphism « defined by

abc 000
« Ode =[0de
00 f 00 f
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0bc 001 011
Then N(R) = 00d| |byec,de Ay.Forx=[001]) andy= |001]| € N(R),
000 000 000
001
we obtain za(y) = 0, but ya(x) = {000 | # 0. Thus, R is not right a-nil-shifting.
000
00A
Now, for a nonzero proper ideal I = [ 00 A | of R, R/I = Us(A) is right a-nil-shifting
00A

by Proposition 2.5(1) and obviously, a([) C I.

Theorem 2.9 Let R be a ring with an endomorphism «. For an a-ideal I of R, let R/I
be a right @-nil-shifting ring for some ideal I of a ring R with a(I) C I. If I is an a-rigid
as a ring without identity, then R is a right a-nil-shifting ring.

Proof. Let aa(b) =0 for a,b € N(R). Then ba(a) € I since R/I is a right a-nil-shifting
ring. Then ba(a)a(ba(a)) = 0 and so ba(a) = 0, since ba(a) € I and I is an a-rigid (and

so reduced). Thus, R is right a-nil-shifting. [ |
The condition “I is a-rigid as a ring without identity” in Theorem 2.9 is not superfluous
010
by Example 2.8(2): In fact, (x + [)a(z +1) =1, wherex = [ 000 | ¢ I.
000

For a ring R with an endomorphism a and n > 2, the corresponding (a;;) — (a(asj))
induces an endomorphism of Mat, (R), Up(R) and D, (R), respectively. We denote them
by @. Notice that for a reduced ring R, both Uz(R) and Dy(R) are a@-nil-shifting for
any endomorphism « of R by Proposition 2.5(1). We will freely use these facts without
reference.

However, there exists a reduced ring A with an endomorphism « such that Maty(A)
is not right @-nil-shifting as follows.

Ezxample 2.10 Define an automorphism « of Zs by 0 — 1 and 1 — 0. Consider R =

Mats(Zs2). For a = <8 (1)> b= <1 1) € N(R), we have

- ()14 - 0 () -
= (1) GB138) - (1) (19~ o

Thus, Mata(A) is not right a-nil-shifting.

Remark 1 Note that Mat,(R), Dy(R) and Up(R), for n = 3 are not right a-nil-shifting
for any ring R with an endomorphism « such that (1) # 0 (e.g., a is a monomorphism).
Let R be a ring with an endomorphism « such that a(1) # 0. For the ring D3(R), consider

but

00a(l)
€12,€23 € N(Dg((R))) Then 6235&(612) =0, but 6125[(623) =100 O 75 0 showing
00 O

that D3(R) is not right a-nil-shifting.
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Similarly, we can show that Dy, (R) for m > 4 is not right a-nil-shifting. Consequently,
it can be obtained that Mat,(R) and Up(R) for n > 3 are not right a-nil-shifting, since
the class of a-nil-shifting rings is closed under subrings S with a(S) C S.

One may ask whether both Dy(R) and Us(R) are right a-nil-shifting when either R
is a reversible ring or R is a right a-nil-shifting ring with an endomorphism «. However
the answer is negative by the following example.

Example 2.11 (1) We apply the ring construction and argument in [13, Example 2.1].
Consider the free algebra A = Zs(ao, a1, a2, by, b1, b, ¢) with noncommuting indetermi-
nates ag, a1, as, by, b1, ba, c over Zs. Define an automorphism ¢ of A by

ap, a1, az, by, by, by, ¢ = by, b1, b2, ap, a1, as, c,

respectively. Let B be the set of all polynomials with zero constant terms in A and
consider the ideal I of A generated by

apag, apal + aiag, apbo, apb1 + a1bg, apba + a1b1 + azbg, a1ba + azb1, asba, agrbg, asrbs,
boao, boa1 + biag, boaz + brar + baag, bras + baay, baas, borag, baras,

(ap + a1 + a2)r(bo + b1 + ba), (bo + b1 + b2)r(ap + a1 + a2) and rirarsry,

where r,71,79,73,74 € B. Then clearly B* C I. Set R = A/I. Since §(I) C I, we
can obtain an automorphism « of R by defining a(s + I) = d(s) + I for s € A. We
identify every element of A with its image in R for simplicity. Then R is a reversible
ring by the argument in [13, Example 2.1]. Note that R is not right a-nil-shifting, since
aoa(bo) = a05(b0) = apag = 0 for ag, by € N(R), but boa(ao) = boé(ao) = b% #0.
Now, we show that Ds(R) is not right a-nil-shifting. For x = (%0 Zl> and y = (%0 Zl>
0 0
in N(Dz(R)), we have za(y) = 0 by the construction of I. But

_ o bo b1 _ ap aj o b() b1 (5(&0) 5(&1) o b() b1 2
ya(x) o (0 b(]) @ <<0 aq o 0 bo 0 5(&0) o 0 bo 7& 0’
entailing that Da(R) is not right a-nil-shifting. Therefore, we conclude that both D, (R)
and U, (R) for n > 2 need not be right a-nil-shifting.

(2) We use [2, Example 3.5]. Consider a ring R = U(A) over a reduced ring A and an
endomorphism « of R is defined by

ol (@ b\\ [(a—b
0c)) \0O ¢ )
Then R is right a-nil-shifting by Proposition 2.5(1). Clearly R is not reversible. For

(o) (1) (59) (6

A= and B = € N(Dy(R

(50) (00 (50) (50)
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O ()Y (€6
e ) ey e e

Thus, D2(R) is not right a-nil-shifting, and it implies that D, (R) and U, (R) for n > 2
need not be right a-nil-shifting, when R is right a-nil-shifting with an endomorphism «.

Theorem 2.12 For a ring R with an endomorphism «, the following are equivalent:
(1) R is a-rigid,;
(2) U2(R) is a-nil-shifting;
(3) U2(R) is right a-nil-shifting.

Proof. Recall that if R is an a-rigid ring, then R is reduced and «(1l) = 1 by [9,

Proposition 5. So, it is enough to show that (3)=(1). Let Uz(R) be right a-nil-shifting

and assume on the contrary that R is not a-rigid. Then there exists 0 # a € R with

ac(a) = 0. For A = <g (1)> and B = <8 8) € N(Uz(R)), we have Aa(B) = 0 but

Ba(A) = 8 8) # 0, entailing that Us(R) is not right a-shifting. This induces a contra-

diction, and so such a cannot exist. Thus R is a-rigid. |
As a corollary of Proposition 2.5(4) and Theorem 2.12, we get the following.

Corollary 2.13 [1, Theorem 2.7] A ring R is reduced if and only if Us(R) is a CNZ
ring.

The ring “Uz(R)” in Theorem 2.12 cannot be replaced by the ring “D2(R)” as follows.

Ezxample 2.14 Consider the direct sum R = Zy ¢ Zo and the endomorphism defined by
a((a,b)) = (b,a). Then R is a commutative reduced ring, and so Da(R) is a-nil-shifting.
But R is not a-rigid, since (1,0)a((1,0)) = (0,0) for (1,0) € R.

For a ring R and n > 2, let V,,(R) be the ring of all matrices (a;;) in D, (R) such that

ast = A(sp1)(e+1) for s = 1,...,m —2and t = 2,...,n — 1. Note that V,,(R) = WL;[};@'
Note that V,,(R) over an a-rigid ring R is a-shifting by [5, Theorem 3.13(2)] and hence

a-nil-shifting.

3. Extensions of right a-nil-shifting rings

For a ring R with an endomorphism «, we denote R[z;a| a skew polynomial ring
(also called an Ore extension of endomorphism type) whose elements are the polynomials
> a;x',a; € R, where the addition is defined as usual and the multiplication subject
to the relation za = a(a)r for any a € R. The set {27};5¢ is easily seen to be a
left Ore subset of R[z;a|, so that one can localize R[x;a] and form the skew Laurent
polynomial ring R[x,z~!; a]. Elements of R[x, 27 !;a] are finite sums of elements of the
form z7az’ where a € R and 4 and j are nonnegative integers. The skew power series
ring is denoted by R[[z;]], whose elements are the series > oo a;z" for some a; € R and
nonnegative integers i. The skew Laurent power series ring R[[x,z~!; a]] which contains
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R[[z;a]] as a subring, arises as the localization of R[[z;a]] with respect to the Ore
set {z7 }i>0, and when « is an automorphism of R, it consists elements of the form
asz® + ag125tt + -+ by + by + -+, for some a;,b; € R and integers s,1,j, where
the addition is defined as usual and the multiplication is defined by the rule za = a(a)z
for any a € R. Note that «(1) = 1 for any skew Laurent power series (skew Laurent
polynomial) ring R[[z,z~%; a]](R[z,z71;a]), since 12" = 2™ = x12"~! = a(1)2" for any
n > 1 where 1 is the identity of R. For a ring R with endomorphism ¢, the corresponding
S axt — Y a(a;)z’ induces an endomorphism of R[z;a], R[r,z71;a], R[[r;a]] and
R[[x, 2% a]], respectively. We denote them by a.

The concept of a right a-nil-shifting ring does not go up to skew polynomial rings
(skew power series rings) by next example.

Example 3.1 We adapt the ring in [12, Example 2.8], based on [13, Example 2.1]. Take
the same A and the automorphism § of A as in Example 2.11. Let C' be the set of all
polynomials with zero constant terms in A and consider the ideal I of A generated by

apbo, apby + a1by, agbs + a1by + azbo, a1bz + azby, azbe, agrbo, azrba,

boag, bpa1 + biag, bpas + bia + baag, bias + baay, baag, borag, baras,

(ap + a1 + a2)r(bo + by + ba), (by + b1 + ba)r(ap + a1 + az),

apag, a2a2, agrag, azrasz, bobg, baba, borb, barba, r11rorsry,

apay + ajag, agaz + aia1 + agag, ajas + asal, boby + bi1bg, boba + b1b1 + babg, b1ba + baby,

(ap + a1 + a2)r(ap + a1 + az), (bo + b1 + b2)r(bo + by + b2),

where 7,71,72,73,74 € C. Then clearly C* C I. Set R = A/I. Since §(I) C I, we can
obtain an automorphism « of R by defining a(s + I) = d(s) + I for s € A. We identify
every element of A with its image in R for simplicity. For p(z) = ag+ a12? +agz?, q(z) =
boc + bicx? + bacax* € N(R[z;al]), since C* C I we have

p(z)a(q(x)) = (ap + a12? + asz*)(agc + arcx? + agcx*) =0
but, since bychby + bichy # 0 we have
q(z)a(p(z)) = (boc + bica® + bocz*)(bo + brx? + boxt) # 0.

Thus R[z;«] is not right @-nil-shifting ring. Notice that R is reversible and right a-
skew CNZ by [13, Example 2.1] and [2, Example 3.6], respectively. Thus R is a right
a-nil-shifting ring by Proposition 2.5(2-ii), since « is an automorphism of R.

Following (3], a ring R is called skew power-serieswise a-Armendariz if a;b; = 0 for all
i and j whenever p(z)g(z) = 0 for p(z) = > 2  aiz’, q(x) = >0 bjx) € R[[z;a]]. It is
shown that R is a a-rigid ring if and only if R is reduced and skew power-serieswise a-
Armendariz in [3, Theorem 3.3(1)]. It is obvious that skew power-serieswise a-Armendariz
property of a ring is inherited to its subrings, and « is clearly a monomorphism by help
of [3, Theorem 3.3(3)]. (We also change over from “a skew power series Armendariz ring
with the endomorphism «” in [3] to “a skew power-serieswise a-Armendariz ring”.)

Note that every skew power-serieswise a-Armendariz ring is a-compatible by help of
[12, Proposition 3.14], and thus the concepts of CNZ rings, right a-skew CNZ rings and
right c-nil-shifting rings are coincided in skew power-serieswise a-Armendariz rings.

Lemma 3.2 [16, Theorem 2.13] Let R be a skew power-serieswise a-Armendariz ring
and o an automorphism of R. If we let S is one of symbols R[x;a], R[z, 7 1; o], R[[z; a]]
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or R[[z,z7%;a]], then N(RS) = N(R)S.

Theorem 3.3 Let R be a skew power-serieswise a-Armendariz ring and « an automor-
phism of R. Then the following are equivalent:

(1 ) R is right a-nil-shifting.

(2) R[x; a] 1s a right a-nil-shifting.

(3) R[z,x71;a] is a right a-nil-shifting.

(4) R[[x; ]] is a right a-nil-shifting.
(5) R[[z,z~1;a]] is a right a-nil-shifting.

Proof. It suffices to show that (1)=(5): Assume that (1) holds R is right a-nil-shifting.
Let p(z)a(q(z)) = 0 for p(x) = Y72, aix’, q(x) = >0 bjzl € N(R[[z,z~';a]]). Then
a;,bj € N(R) by Lemma 3.2 and so a;a(b;) = 0 for all 4, j. Thus, bja(a;) =0 by (1) and
bja"(a;) = 0 for any non negative integer n, since R is a-compatible as noted above.
This yields q(x)a(p(x)) = 0, and thus, R[[z,2~!;a]] is right a-nil-shifting. [ |

Let R be a ring and o a monomorphism of R. Now, we consider the Jordan’s con-
struction of an over-ring of R by « (see [11] for more details). Let A(R,«) be the
subset {z‘rz’|r € Rand i >0} of the skew Laurent polynomial ring R[z,z~%;al.
Note that for j > 0, 2/r = o/ (r)2’ implies 7o~/ = 279aJ(r) for r € R. This yields
that for each j > 0 we have z~%ra’ = 2=+ ad(r)2?H. Tt follows that A(R ) forms
a subring of R[z,r ';a] with the following natural operations: z™'rz' + x “Tspl =
=D (ad (r) + af(s))z'7 and (2 rat)(z 7 sz?) = a2~ FDad (r)ad(s)z' T for r,s € R
and 7,7 > 0. Note that A(R, «) is an over-ring of R, and the map & : A(R,a) - A(R, a)
defined by a(z~‘rz') = r~'a(r)x! is an automorphism of A(R, ). Jordan showed, with
the use of left localization of the skew polynomial R[x; «| with respect to the set of pow-
ers of x, that for any pair (R, «), such an extension A(R, «) always exists in [11]. This
ring A(R, «) is usually said to be the Jordan extension of R by a.

Proposition 3.4 For a ring R with a monomorphism «, R is right a-nil-shifting if and
only if the Jordan extension A = A(R, «) of R by « is right a-nil-shifting.

Proof. It is sufficient to show the necessity. Suppose that R is right a-nil-shifting and
ca(d) = 0 for ¢ = a7 'ra',d = 27 Isx/ € N(A) for i,j > 0. Then r,s € N(R) obviously.
From ca(d) = 0, we get o/ (r)a’*l(s) = 0 and so 0 = a‘(s)a(a? (1)) = ai(s)a?t(r) by
hypothesis. Hence,

da(c) = (x 77 sz))a(z"'ra’) = (277527 (z  a(r)2?)
—(+i) i(s

=z ) (Oé(T))xH_j — 37_(j+i)04i(8)04j+1(7’)>mi+j —0.

Therefore, the Jordan extension A is right @-nil-shifting. [ |

Let R be an algebra over a commutative ring S. Due to Dorroh [7], the Dorroh extension
of R by S is the Abelian group R x S with multiplication given by (r1,s1)(re, s2) =
(rirg+ 8179+ 8211, 8182) for r; € R and s; € S. We use D to denote the Dorroh extension
of R by S. For an S-endomorphism « of R and the Dorroh extension D of R by S,
a: D — D defined by a(r,s) = (a(r), s) is an S-algebra homomorphism.

Theorem 3.5 Let R be an algebra over a commutative reduced ring S with an S-
endomorphism «. Then R is a right a-nil-shifting ring if and only if the Dorroh extension
D of R by S is a right a-nil-shifting.

Proof. It can be easily checked that N (D) = (N(R),0) since S is a commutative reduced
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ring. Then every nilpotent element D is of the form (r,0) for some nilpotent element r
of R. Thus, (r1,0)a((r2,0)) = (0,0) if and only if ma(r2) = 0. This implies that R is
right a-nil-shifting if and only if the Dorroh extension D is &-nil-shifting. [ |

An element u of a ring R is right regular if ur = 0 implies » = 0 for r € R. Similarly,
left regular is defined, and regular means if it is both left and right regular (and hence
not a zero divisor). Assume that M is a multiplicatively closed subset of R consisting of
central regular elements. Let a be an automorphism of R and assume «a(m) = m for every
m € M. Then a(m™') = m~! in M~'R and the induced map am : M~'R — M~'R
defined by a(u~'a) = v 'a(a) is also an automorphism.

Proposition 3.6 Let R be a ring with an automorphism a and assume that there
exists a multiplicatively closed subset M of R consisting of central regular elements and
a(m) = m for every m € M. Then R is a right a-nil-shifting ring if and only if M 'R is
a right a-nil-shifting ring.

Proof. It suffices to prove the necessary condition. First, note that N(M~ R) =
M~IN(R). Suppose that R is right a-nil-shifting. Let Aa(B) = 0 with 4 = u~la,
B = v7'b € N(M~'R) where u,v € M and a,b € N(R). Then aa(b) = 0 and so
ba(a) = 0 by assumption. Thus,

Ba(A) = v tba(uta) = v iu"tba(a) = 0
showing that M 'R is a right @-nil-shifting ring. [ |

Let R be a ring with an endomorphism a. Recall that the map R[z] — R[z] (resp.,
Rlz,z7'] = Rz,z7']) defined by > " aiz’ — Y. "gala;)z’ (resp., Y ooqaz’ —
Yo ala;)z?) is an endomorphism of R[z] (resp., R[z,z7']), and clearly the map ex-
tends . We still denote the extended maps R[z] — R[z] and R[z,2"1] — Rlx,z~!] by
a.

Corollary 3.7 Let R be a ring with an endomorphism « such that a(1) = 1. Then R[z]
is a right @-nil-shifting if and only if R[z;x~!] is a right a-nil-shifting.

Proof. It directly follows from Proposition 3.6. For, lettlng M ={l,z,2%,---}, M is a
multiplicatively closed subset of R[z] such that R[z,z~'] = M~!R[z] and a( ) = x since
a(l) =1. [ |

A ring R is called right Ore if for given a,b € R with b is regular, there exists a;,b; € R
with by regular such that aby = ba;. It is well-known fact that R is a right Ore ring if
and only if the classical right quotient ring Q(R) of R exists. Let R be a ring with the
classical right quotient ring Q(R). Then each automorphism « of R extends to Q(R)
by setting a(ab™!) = a(a)(a(b))~! for a,b € R, assuming that «(b) is regular for each
regular element b € R.

Recall that a ring R is called NI [15] if N*(R) = N(R). Note that R is NI if and only
if N(R) forms an ideal if and only if R/N*(R) is reduced.

Theorem 3.8 Let R be a right Ore ring with the classical right quotient ring Q(R) of
R and a an automorphism of R. If Q(R) is an NI ring, then R is a right a-nil-shifting
ring if and only if Q(R) is a right a-nil-shifting ring.

Proof. It suffices to establish the necessity. Let Q(R) be an NI ring and R be a right
a-nil-shifting. Then R is NI by [10, Lemma 2.1]. We freely use these assumption without
reference in the following procedure. Let Aa(B) = 0for A =ab™!, B=cd™! € N(Q(R)),
where a,b,c,d € R with b, d regular. Set I and J be the ideals of Q(R) generated by
A and @(B), respectively. Then both I and J are nil with a = Ab € I and a(c) =
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Ba(d) € J, and so a,a(c) € N(R) and moreover ¢ € N(R). Since R is right Ore,
there exist ¢1,b1 € R with by regular such that be; = a(c)b; and clbl_1 = b lale).
Here note that ¢; € N(R). Indeed, bc; = a(c)by € J and so ¢; = b~ 1(bey) € J. From
0= Aa(B) = ab~'a(cd™') = ab~ta(c)a(d) ™! = aciby ta(d1), we have 0 = ac; = aa(c)
putting ¢; = a(c) for some ¢/ € N(R) and so da(a) = 0 implies ca(a)a(b) = 0. Thus
da(ab) =0 = aba(d) =0 = abe; = 0 = aa(c)by = 0 = aa(c) =0 and ca(a) = 0.

Now for a € N(R), d € R with d regular, there exist a; € N(R), di € R with
dy regular such that da; = a(a)d; where a(a) € N(R) and a1d;* = d~'a(a) by the
same computation as above. Then a; = d ta(a)d; € N(R) because a(a) € N(R). Put
a; = a(a’) for some a’ € N(R). Then, we have

0 = ca(a) = cala)dy = cda; = cda(a’)

= 0=dalc)a(d) = dalc)=0, since a(d) is regular

= 0=ca(d) = ca;.

Thus,

Ba(A) = cd 'a(ab™!) = c¢(d ala))a(d) ™ = card; ta(d)~! =0,
concluding that Q(R) is right a-nil-shifting. ]
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