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Abstract. The present paper is devoted to the existence and uniqueness result of the frac-
tional evolution equation Diu(t) = g(t,u(t)) = Au(t) + f(t) for the real ¢ € (0,1) with the
initial value u(0) = uo € R, where R is the set of all generalized real numbers and A is an
operator defined from G into itself. Here the Caputo fractional derivative DY is used instead
of the usual derivative. The introduction of locally convex spaces is to use their topology
in order to define generalized semigroups and generalized fixed points, then to show our re-
quested result.
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1. Introduction

Fractional calculus is a generalization of ordinary differentiation and integration to
arbitrary non integer order. Moreover fractional processes have been increased many de-
velopments in the last decade. For instance, they are suitable for describing the long
memory properties of many time series. A strong motivation for investigating fractional
differential equations comes from physics. Fractional diffusion equations describe anoma-
lous diffusion on fractals (physical objects of fractional dimension, like some amorphous
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semiconductors or strongly porous materials; see [5, 9]. Colombeau algebras (usually de-
noted by the letter G) are differential (quotient) algebras with unit, and were introduced
by Colombeau [2, 3]. This algebra plays a crucial role in order to give a sense of multi-
plication of distributions [4, 9]. As a nonlinear extension of distribution theory to deal
with nonlinearities and singularities of data and coefficients in PDE theory [9]. These
algebras contain the space of distributions D’ as a subspace with an embedding real-
ized through convolution with a suitable mollifier. Elements of these algebras are classes
of nets of smooth functions. The reason for introducing fractional derivatives was the
possibility of solving nonlinear problems with singularities and derivatives of arbitrary
real order. Fixed point theory has fascinated many researchers since 1922 with the cele-
brated Banach fixed point theorem. There exists a vast literature on the topic field and
this is very active field of research at present. Fixed point theorems are very important
tools for proving the existence and uniqueness of the solutions to various mathematical
models (integral and partial equations, variational inequalities, etc). It can be applied to
for example: variational inequalities, optimization, and approximation theory. The fixed
point theory has been continually studied by many researchers (see [3]). It is rare to find
a paper that presented the fixed point theory in Colombeau algebra. We will rely on the
work of Martin in [7] and we will used the topology of locally convex spaces in order to
give a sense of the concept of fixed point in the such algebra. In this paper, we investigate
the existence and uniqueness of solutions to the following problem.

{Dgu(t) = g(t,u(t)) = Au(t) + f(1), t €[0,b)], O

u(0) = up € R

where A is an operator defined from G into itself and f : [0,b] — R is a continuous
function. We give a definition of generalized semigroup for study the integral solution of
a such equation.

The present paper is organized as follows: after this introduction, we will recall some
concept concerning the Colombeaus algebra and fractional calculus in section 2. The
new notion of generalized semigroup and some properties take place in section 3. In
section 4, we provided the theorem of fixed point in Colombeau algebra. Finally, the
existence-uniqueness result for a fractional differential equation is proven in section 5.

2. Preliminaries

Here we list some notations and formulas to be used later. The elements of Colombeau
algebras G are equivalence classes of regularizations, i.e., sequences of smooth functions
satisfying asymptotic conditions in the regularization parameter €. Therefore, for any set

X, the family of sequences (ue)cc(o,1) of elements of a set X will be denoted by X o1,
such sequences will also be called nets and simply written as u.. Let n € N*, as in [4] we

define the set £(R™) = (C*> (R") )(0’1). The set of moderate functions is given as follows:

En(R™) = {(u5)5>0 C E(R")| VK CC R"&¥a € Nj 3N € Nist. sup [ Due ()] = OHO(E—N)}.

The ideal of negligible functions is defined by

N(R") = {(u5)5>0 C ER™)|VE CC R"&Va € NI&Wp € N, sup [ D (z)| = oﬁo(ep)}.
rzeK
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The Colombeau algebra is defined as a factor set G(R™) = &y (R™) /N (R™). Also, we set
[Enr (R = { (Jucl). , uc € En(®™)} and [NR?)] = { (jucl), . uc € N(R™)}. Moreover,
the set of all generalized real numbers is defined by R = & (R) /N (R), where

ER) = {(z)e € R)®V|3m € N, |z = Ocso(e™™) },

N(R) := {(xg)a e (R)OV|Vm e N, |z.| = oﬁo(em)}.

Note that R is a ring obtained by factoring moderate families of real numbers with
respect to negligible families.

Proposition 2.1 The space £(R) is an algebra and N(R) is an ideal of £(R).

In the same, we set |E(R)| = { (Irel)e re € S(R)} and |[N(R)| = { (|7e])e s re € N(R)}.
A fractional integral is defined by
JOf(t) = piby Jat =) f(n)dr a> 0.

Fractional calculus is a branch of mathematlcal analysis that studies the several different
possibilities of defining real number powers or complex number powers of the differenti-
ation operator D. For example, one may ask the question of meaningfully interpreting
D>. It is known that there are many types of derivatives of non-integral order, but in
this time we will work with Caputo approach. The fractional derivative of order a > 0
in the Caputo sense is defined by

Def(t) [ m—1<a<m.

(m—a) 0tT”+1"’

Let (f:) is a representative of F' € G. Then

a EI’T dr
D fa(t) = 1“(11,04) ()t{t(,T))a 0<a<l.

Now, we have

AT P — A

te[0,7) @) te(0,1]

t—T

1 todr
— . sup / —dr
F(l )H HL ([0,17) re0.1] (t—T)O‘

1 N Tlfa _N
< <C
Tl-a) 1-a > ¢

In general, for m — 1 < a < m, we have

sup Do‘fe(t)’ < F(l sup /t (f(m)(T)‘dT

t€[0,T) m—a) o) Jo (t— 7)™

1 t 1
F(’I?’L—Oé)”f ||L ([0,77) GS[%%]/ (t_T)CYJrl*m T

1 Tm—c
EfN

<
I'(m—a) m—«

-N
< Ca,T€ )



74 M. Elomar et al. / J. Linear. Topological. Algebra. 08(01) (2019) 71-84.

where constant C,, 7 depends on two parameters o and 7. In order to prove moderateness
for higher derivatives a similar calculation is applied.

Let G1,G2 € G(R™) and Gi., Gy, their representatives, respectively. We say that
G1,G9 € G(R™) are associated and write G ~ G if

lime 0 [ (G1,e — Goe)p(x)dr = 0.

for every ¢ € D(R"™).
We will end this preliminaries by the Gronwall’s inequality.

Lemma 2.2 Let §, n and u be three functions defined on an interval I = (a,b) such
that 1 and u are continuous. Moreover, suppose that ¢ is locally integrable on I.

(1) If n is non-negative and u satisfies the integral inequality
u(t) < O(t) + [In(s)u(s)ds
for all t € I, then
u(t) < 8(t) + J 6(s)n(s) exp (f{ n(r)dr)ds.

(2) In addition, if the function § is non-decreasing, then

u(t) < 8(t)exp ([Ln(s)ds), tel.

3. Generalized semigroups

The notion of a semigroup plays a crucial role in order to study an evolutionary
problem. As we have known a lot of research is devoted to the linking relationship between
semigroups of an operator and its infinitesimal generator, the famous relationship is given
by Theorem 3.1 in [10]. In this section we will benefit the classical case and the method
of building the Colombeau algebra for giving a sense of the generalized semigroups. We
will start by some properties of locally convex spaces.

3.1 Locally convex spaces

In this subsection, we recall the concept of locally convex spaces and the notion of
completeness in this type of space.

Definition 3.1 Let X be a vector space with a seminorms family (p;);cs. For all i € I,
we denote 7; the topology defined by the seminorm p;, and 7 the topology generated by
the classes | J;c; 7. The couple (X , 7') is called a locally convex space.

A basis of 0-neighborhood is the set of all “balls” of the seminorms (p;);cr is
B(i,r) = {33 € X| pi(x) < r} Vie I and r > 0.
Also, (z,)n € N is a Cauchy sequence if and only if

Ve > 0,Vi € I3dng € Ns.t. Vn,p € Nif n > ng = pi(xptp — 2n) <e.

X is sequentially complete if any Cauchy sequence converges to an element e in X.

Definition 3.2 We said that D is dense in locally convex space X if and only if
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Vee X JyeDst.Ve>0&Viel: pi(z—y) <e.

3.2 Generalized semigroups

As we known the semigroup of operator is defined on Banach spaces, but so far we haven’t
this concept in algebra of Colombeau. So, in order to define this concept we needed to
exploit the previous subsection for manipulating such notion. This subsection is devoted
to defining the generalized semigroups and its properties.

Definition 3.3 Let X be a locally convex space with a seminorm family (p;);c;. We
define
En(X) = {(a:a)a e (X)OD|3m € N,Vi € I, pi(z.) = oﬁo(e*m)},

N(X) = {(l's)s € (X)(O’I)Wm eN,Viel, pi(xe) = OEHO(Em)}'

Also, we define the Colombeau algebra type by X = Ey(X)/N3(X).

First, we are looking if it is possible to define a map A : X —» X by means of a given
family (A:)ce(o,1) of maps A : X — X where A. is a linear and continuous operator.
The general requirement is given in the following lemma

Lemma 3.4 Let (Ac).c0,1) be a given family of maps A. : X — X. For each (z.). €
Em(X) and (ye)e € N(X), suppose that

(1) (Aa:rg)a € En(X),
@ (Aclae+))_ - (Acr:) eN(X).

Then

is well defined.

Proof. From the first property we see that the class [(Agxg)g} € X. Let ZTe + ye be
another representative of x = [z.]. From the second property, we have (A[_:(:QE + yg)) —
15

<A5x€> € N(X) and [(Ag(:(:a + ye))a] = [(Asxg))a} € X. Thus, A is well defined. M|
€
Now, we will give the definition of generalized semigroups on the Colombeau’s algebra.

Definition 3.5 We define S€ (R+ : EC(X)) as the space of all nets (Sf)e of strongly
continuous mappings S; : Ry — L.(X), € € (0,1), with the property that, for every
T > 0, there is a € R such that

sup p; (Se(t)) = Ocso(e”) (2)
tel0,T)

for all i € I and SN(R; : L.(X)) is the space of nets (V). of strongly continuous
mappings N : Ry — L.(X), € € (0,1) with the properties:



76 M. Elomar et al. / J. Linear. Topological. Algebra. 08(01) (2019) 71-84.

For every be R and T > 0

sup p; (Ne(t)) = OE—>0(€b)- (3)
tel0,T)

There exist tg > 0 and a € R such that

sup p; <N€(t)> = Oc—0(e”) (4)

t<to t

for all i € I.
There exists a net (H.)_in L.(X) and g € (0,1) such that

N,
lim () _ H.x, v € X. (5)
t—0 ¢
For all b > 0 and ¢ € I,
pi (He) = Ocso(e”). (6)

Remark 1 Let us remark that, because of (4), it is enough that (5) holds for all x € D
where D is a dense subspace of X.

The following proposition show that the previous notion is in type Colombeau’s alge-
bra. Namely this concept take place in our context.

Proposition 3.6 S&), (]R+ s Lo(X )) is algebra with respect to composition and
SN (R4 : Lo(X)) is an ideal of SEp (R4 : Lo(X)).

Proof. Let (S:(t)). € SEm(Ry : Lo(X)) and (Nc(t)), € SNy (Ry = Le(X)). We will
prove only the second assertion, i.e., that
(Se(t)N=(t))_, (N=(t)S=(t)), € SN m(Ry : Lo(X)),

where S (t)N:(t) denotes the composition. Let € € (0,1). By the properties (2) and (5)
of the Definition 3.5, for some a € R and every b € R, we have

Pi (Se()N: (1)) < pi (Se(t)) pi (Ne(t)) = Ocso ()

for all ¢ € I. The same holds for p; (IN:(t)S(¢)) for all ¢ € I. Further, the properties (2)
and (5) of the definition yield

supp; (S“’N“)) < suppi (S:(t)) sup pi (Ne(t)) = Oso(e)

t<to t t<to t<to

for some tg > 0, a € R and for all 7. Also,

Sup pi

t<to t

<S‘°'(t)N€(t)) = Oc0(e”)
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for some typ > 0, a € R and for all i. Now, let € € (0,1) be fixed. For all i € I, we have

(Sa(t)Na(t)

t

Ne(t)

Di

- 56(0)H5x> = p; (Sg(t) z— S.(t)Hox + S (t)Hox — 56(0)H€x>

Ne(t)
St

< pi (Se(1)) ( T — Sg(t)HEa:> + i (Sc(t)Hex — S:(0)Hx) .

By the (2) and (4) of the Definition 3.5 as well as by the continuity of t — S.(t)(H.x)
at zero, it follows that the last expression tend to zero as t — 0. Similarly, we have

) <Ns(t)th(t)x o 55(0)x> _ <Nst@>5€(t>x - NET@SE(O);U + NsT(t)SE(O)x - HESE(O)x)

t t

<p (N“)) pi (S. () — S.(0)2) + ps (N 0 (5. (0)z) - H€<ss<o>x>) |

Assumptions (2), (4) and (5) imply that the last expression tends to zero as t — 0.
Thus, (5) is proved in both cases. [ |

Now, we define Colombeau type algebra as the factor algebra
SG(Ry : L(X)) =SEn (R4 : L(X)) /SN (Ry : L(X)).
Elements of SG (R4 : £(X)) will be denoted by S = [S.], where (S;)- is a representative

of the above class.

Definition 3.7 S € SG(Ry : £(X)) is a called a Colombeau Cop-Semigroup if it has a
representative (S)e such that for some gy > 0, S- is a Cy-semigroup for every € < &y.

In the sequel, we will use only representatives (SE)8 of a Colombeau Cy-semigroup S
which are Cy-semigroups for € small enough.
Proposition 3.8 Let (5’5)6 and (gg)s be representatives of a Colombeau Cy-semigroup

S with the infinitesimal generators A. for ¢ < g9 and A, for e < &y, respectively, where
go and &y correspond (in the sense of Definition 3.7) to (Sg)s and (5’5)8, respectively.

Then, D(AE) = D(AE) for every € < & = min {z—:o,éo} and A. — A. can be extended to
an element of £(X), denoted again by A. — A.. Moreover, for every a € R,

pi (4 = Ao) = Oco(e), Vi (7)

Proof. Denote N.(S. — S.). € SN (R, L(X)). Let € < & be fixed and € X. we have
3

S.(t)z—x Sc(t)z—z _ N(t)
¢ = i xZ.

¢
This implies by letting ¢ — 0, that D(A.) = D(A.). Now, for € D(A.), we have

(AS_AS)x: i ez -z Set)r—z

t—0 t t—0 t t—0

Ne(t)

x = Hcx. (8)

(5) and (7) imply that for every a € R,

Since D(A;) is dense in X, properties (4),
Di (As - As) = Oeao(Ea)-
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Now, we define the infinitesimal generator of a Colombeau Cy-semigroup S. Let A be
the set of pairs ((Ac)e, (D(Ae)):), where A. is a closed linear operator on X with the
dense domain D(A.) C X for all € € (0,1). We introduce an equivalence relation in A

((42).. (D(42).) ~ ((42)... (D(A2))..).

If there exist 9 € (0,1) such that D(A.) = D(Ag), for every e < gg, and for every
a € R there exist C' > 0 and &, < ¢p such that, for x € D(A.), p; (AE —/ng)x) <
Cep; (z), Yix € D(A:), € < g4. Since A has a dense domain in X, R, := A, — A,
ca, be extended to be an operator in L.(X) satisfying p; <(AE — fla)a:> = Oc0(e%), for

every a € R. such an operator R, is called the zero operator.
We denote by A the corresponding element of the quotient space A/ ~. Due to Propo-
sition 3.8, the following definition makes sense.

Definition 3.9 A € A/ ~ is the infinitesimal generator of a Colombeau Cy-semigroup
S if there exists a representative (A.). of A such that A, is the infinitesimal generator
of S, for € small enough.

By Pazy [10], we have the following proposition.

Proposition 3.10 Let S be a Colombeau Cy-semigroup with the infinitesimal generator
A. Then there exists g9 € (0,1) such that

Mapping t — Sc(t)z : Ry — X is continuous for every z € X and ¢ < ey;
For e < gpg and z € X,

t+h
lim Se(s)xds = Sc(t)x;

h—0 t

e Fore <e¢gand x € X,

/t Se(s)xds € D(Ap);
0

e Forall z € D(A;) and ¢t > 0, S.(t)x € D(A;) and

d

ZS:(a = ASe(t)r = Se(H)Aex, € < o 9)

e Let (Sf)a and (55)5 be representative of Colombeau Cy-semigroup S, with infinitesimal
generators A. and A, e < e, respectively. Then, for all a € R ¢ > 0 and for all i,

Di (CZSE(t) — Agse(t)> = Oc0(€%). (10)

e For every z € D(AE) and every t,s > 0,

S.(t)z — Se(s)x = / t S.(7)Acadr = / t A.S.(7)adr.

Now, we will discuss a condition given the equality between two generalized semigroups.
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Theorem 3.11 Let S and S be Colombeau Cp-semigroups with infinitesimal generators
A and A, respectively. If A = A, then § = S.

Proof. Let ¢ be small enough and x € D( ) ( ) Proposmon 3.10 implies that
for t > 0, the mapping s — S (¢t — 5)S-(s)x is differentiable t > s > 0 and

%(5’ (t—s)Ss(s)x):—ZlS’(t—s) ():C+S(t—s)AS() t>s>0.

The assumption A = A implies that A. = A. + R., where R, is a zero operator. Since
A. commutes with Sg, for every x € D(AE) andt > s >0,

d% (S’E(t - S)SE(S)I‘) = Se(t — s)RS:(s)z,
which implies that

S.(t — 8)S.(s)7 — Se(t)a = / G (t — u) RS, (w)adu. (1)
0
Let s =t in (11). Then, for t > 0 and = € D(A.), we obtain
S.(t)z — 5. (t)e = / S.(t — u)R.S.(u)zdu. (12)
0

Since D(A.) is dense in X, uniform boundedness of S and S on [0, ¢] implies that (9) holds
for every y € X. Let us prove that (N;). = (S: — S:)e € SN(R; : L.(X)). Proposition
3.10 and (10) imply that for some C' > 0, a,a € R, z € X and for all i,

t
sup pi (N(t)z) < sup / pi (S:(t = w) pi (Re) (S:(w) pi () du < T C ey (Rea)
te[0,T) t€[0,T)

Since p; (R:) = Oc_0(e?) for all b € R, (Ns(t))a satisfies (3) in Definition 3.7. Condition

(3) follows from the boundedness of (S.).,(S:). on bounded domain [0, %), the properties
of (R:): and the following expression:

i (W) =pi G /Ot S.(t— u)RSSE(u)ﬂiu) < pi (S*E(t)) pi (R:) (S.) < const

for some tg > 0, x € X, t < tg and for all 7. Also, for all x € D(AE), we have

. Nt .S
lim = lim —F——
t—0 ¢ t—0 t t—s0 t

Since it is enough that (5) holds for a dense subset of X see Remark 1, this completes
the proof. m

4. Generalized fixed points

In this section we will presented the notion of fixed point in Colombeau algebra.
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4.1 Contractions in locally convexr and complete spaces

This subsection is devoted to discuss the contraction map in locally convex spaces, which
led us to define the contraction map in type Colombeau’s algebra. Through this section
X is also a locally convex space.

Definition 4.1 A map A, : X — X is called a contraction if there exists k; < 1 for all
i € I such that for all (z.,y:) € X x X, pi(Acxe — Acye) < ki pi(Te — ye).

We have the following result.

Theorem 4.2 Any contraction A. : X — X has a fixed point. If X is Hausdorff, this
fixed point is unique.

Proof. Start from zo. € X and define x(,11). = Ac(zne) by induction. It is easy to
verify that x,. is a Cauchy sequence in the complete space X and converges to some
ze € X. The contraction property of the map A. implies obviously its continuity. Then,
passing to the limit in x(,11). = Ac(2ne), we obtain that . is a fixed point of X. If X
is Hausdorff, then there exists V' € V(0) such that z. ¢ V for all z. # 0. Hence, there
exists ¢ (depending on z.) such that pi(z:) > 0. If z. and y. are two different fixed points
of X, then there exists j (depending on z. — y.) such that

0< pj (xz-: - ye) =DPj (As(xs) - Az—:(ys)) < kj bj (xs - ys) < pi(% - ye)-

4.2 Contraction operator in X
We will give a notion of contraction map in type Colombeau algebra.

Definition 4.3 A map A : X — X is called a contraction if only if

a) for each (z¢)c € Ep(X), (Acze)e € En(X).

b) each A. is a contraction in (X , 7'5) endowed with the family Q. = (¢-;)ier and the
corresponding contraction constants are denoted by [.; < 1,

c) for each i € I and € € (0, 1] there exists ac ;, b-; > 0 such that a.; p; < ¢ei < bz pi-
d) for each i € I and € € (0,1], (ZST)E, (ﬁ)s € &€ (R)|.

The essential result given in this theorem.
Theorem 4.4 Any contraction A : X — X has a fixed point in X.

Proof. Consider condition (a) which is (1) in Lemma 3.4. Let (i.). € N(X) and (z.): €
En(X). Then we have

Pi(Ac(we +ic) — Acze) = pi(Ac(we +ic — xc)) = pi(Acic) < C pilic).

Thus, (A:(xe+i:)—A:cxe). € N(X) and the condition (2) in Lemma 3.4 is verified. Hence,
A is well defined. From Theorem 4.2, we know that each A, has a fixed point z. obtained
from limit of the Cauchy sequence 2, defined by induction by 2(;,41). = Ac(2e). Starting
from zp = [20.] € X, we deduce that z; = [A.(20:)] € X and 2z — 2z € X. That is to say
pi(z1e — 20¢)e € |Em(R)|. By induction we can compute

n

l 7
Q€,i(2n+p,6 - Zn,s) < 1_617517.’615,1'(2’1,6 - 20,5)
for all n,p € N. Then

Qa,i(zp,a - ZO,&) < ﬁqg,i(zl,a - ZO,E)'
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Take the limit 2. of 2z in (X, 7.) when p — +o00, we get
‘k,z‘(zs - 20,8) < iQE,i('Zl,a - Z0,5)~

Now, QE,i(Ze) < q<€,i(zs - ZO,&) + Qa,i(zo,e)a which

be i [ 1

Pi2) € ——gei(z2) < (pi(ze — 202) + Pil20.))]-

Qe g Qe g 1- la,i

Then, from the hypotheses (pi(z:)): € |Ea(R)], that is to say (z:))e € Epm(X). If z = [z¢],
then Az = [A.z:| = [2.] = #; that is, z is a fixed point of A. [ |

5. Existence-uniqueness result

We consider the existence and uniqueness result for a fractional differential equation
given by
Déu(t) = g(t, u(t)) = Au(t) + f(t), t € [0,0], (13)
u(O) =uUg € R

where DY is the Caputo derivative of order 0 < ¢ < 1, up € R, g € C(J x R; R), J =10,0]
and u € C(J;R), I € D(A), f:J — X is continuous. In the forthcoming analysis,
we need the following hypothesis:

H1 : the linear operator A, : D(A;) C X — X (X Banach space) satisfies the Hille-

yosida condition, that is, there exist two constant w € R and M; such that Jw, +oo[C
p(Ae) and

| (A — A)7F |20 < (A%},)k

forall A >w and k > 1.
H2 : Q.(t) is continuous in the uniform operator topology for ¢ > 0 and {Q.(t)}+>0
is uniformly bounded, that is, there exists My > 1 such that sup |Q.(t)| < Moa.
=0

We need the following definition before we proceed further.

Definition 5.1 Let g € R, We tell that g is globally Lipschitz if for all ¢ € J and € €]0, 1]
there exists k.(t) > 0 such that for all (y,z) € R x R, we have

| 9e(t,ye) — ge(t, ze) |< ke(t) | ye — 22 |,

where sup k- (t) = M7 < 400
teJ

Now, we will presented the existence and uniqueness result of our problem.

Theorem 5.2 Assume that the hypotheses H; and Hs hold and g satisfied a global
Lipschitz, then (13) admit unique solution.

Proof. For ug € R, g € C(J x R;R), u € C(J;X) and I% € D(A), the problem
reduces to finding a fixed point of the map ¢ : R — R such that for all t€ J,¢(x)(t) =
ug + AI%(t) + 19f(t). In order to prove the result, we will check the assumptions a, b,
¢ and d of Definition 4.3 and apply Theorem 4.4.

a) We pose ¢ (u)(t) = ueo+ Al (t)+17f.(t) for all t € J. It is clear that ¢, is defined
from C*°(J, X) into C*°(J, X). The topology 7 is given by the family of norms (pr)recs
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such that pr(uz) = sup }ue(t)’ for all u. € C*°(J, X). Now, let (uc). € £3,(J). Since
te[0,7

P (ue)(t) = ueo + Acluc(t) + 17f:(1)

and g is Lipschitz, then ’gg(2u5(t)) - gE(uE(t))} < kig(tﬂug(t)‘ and ‘Aa(ug(t))‘ <
ke(t)|uc(t)]. So (Azuc(t))e € E5;(J) and we have

T (t) = fg (t}‘%flua(s)ds,

which implies that

pe
@‘Us(m

{Iqus(t){ <

Hence, I9u.(t) € £3,(J). So,
|pe(ue) (t)] < |uco| + [AcT9uc(t)] + [17f:(2)).

Thus, pr(¢e(ue)) € |E;] and (¢e(ue))e € E5,(J).
b) First, we have to write (1) in term of representatives

(14)

Dgue(t) = gs(ta Ue(t)) = A, UE(t) + fE(t)7
UE(O) = Upe € R

Here the topology 7 is given by the family of norms (¢rc)rer+ such that for all u. €
C>(J,X), we have

pa—1
qre(ue) = sup |ug(t)|exp (—tM ,€>
7. (e) te[O,T}{ ()’ F(Q) s

For all u,,v. € C*(J, X), we have

t o g)a1
6()0) = 6.(0)0) = 19002000 0) = et ) = [ ET (05, 009)) = g2 5,2 (),

0 I'(q)

which implies that

L byt
['(q)

62 (ue) (1) — 6 (02) (1) < /0 Mre|ue(s) — ve(s)|ds,

and

- o t q—1
e_tWMT,s‘CZ’a(Ua)(t) - ¢£(U£)(t)’ et e /0 (?(q) MT’E|UE(S) - UE(S)MS‘

Now,

pa—1 q-1 pa—1 q-1 ba—1 pa—1

—t M t (b —t S~ M, t b — 52— M = M,

e Tl "The / ®) My 6‘uE(s) —ve(s)|ds =e T(q) " Toe / Mp ce #T(q) "The T(a) " Toe |ue(s) — UE(S)‘dS.
o T'(q) ' o I'(g) '
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implies that
t pq—1
ba

T(g)

297
MT)EG T(@) e (s,

a—1 t b q—1 g—1
e~ 'ty Mr.e / () My c|ue(s) — ve(s)|ds < e_tbFWMT’EQT,E(ug - Ue)/
o L) 0

Thus,
pa—1

*tbqilMTs ! (b)qil —t Mr .
e I T'(q) MT,E‘UE(S) - UE(S)‘dS < qre(us —ve)(1 —e T 707,
0

As consequence qrc(Pe(ue) — e(ve)) < qre(ue — ve)(1 — e_bWM“)
traction in (C*°(J,R), 7).

c) We can write for all T' € J and u. € C*(J, X),

. So, ¢, is a con-

sup {‘ug(t){ e_%MT’E} < sup {{ue(t)‘ e_tbrq<_q)lMT*5} < sup }ue(t)‘

t€[0,T] te[0,T] t€[0,T
_ % ar

Then e @ """ ppr < qre < pr-

29
d) For all T € J, we have (eFmMT’E) € &y and

£
1 i
( >5 = (er@ MT’E)E €&y

|- (1— e P Mrey

Finally, from definition contraction map on generalized function of Colombeau the fol-
lowing mapping

(R R
) = ()] — o) () = [6c(ue) (1)

is a contraction. So, from Theorem 4.4, the mapping ¢ has a fixed point. Since z. being
the unique fixed point of ¢., we are going to prove that z is the unique fixed point of ¢
and therefore, the unique solution of (1). If v = [v.] is another fixed point of ¢, then we
have v, = ¢-(v:) + pe with p. € N*(R). Thus, (pr(ic))e € IN7| and

e (t) — ve(t) = 19 (t, we(t)) — 19:(t,ve(t)) — pe(t)-
Then
we(t) - 'Us(t) = Aslq(we(t) - Us(t)) - pg(t),

and

- = p + A t 7( ) ' Wel(S) — Ve(S))as
'UJE(T) Ug(t) € 8/ F( ) ( E( ) E( )) Y
implies lhal

t bqfl
pi (we () — ve(t)) < pi (pe) + /0 M s (wes) = 0(s) s
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for all 7. Since p. € N(R), then p;(pe) < €* for all a € R. Hence, for all i,

a1

pi (we(t) —ve(t)) < e + /0 MTﬁ@pi (we(s) — ve(s)) ds.

Now, by Lemma 2.2, we get p; (wg(t) - vg(t)) < e? Mret@?t for all i € I, Also, we have
Mt e |er | and (pr(ic))e € |N7|. Then (pr(we — v2))s € [N7]. So, w = v. n

6. Conclusion

In this paper, we solved fractional differential evolution problem with initial value is a
generalized number. We define an operator from Colombeau’s algebra into itself and rely
on the topology of locally convex spaces for defining the notion of generalized contraction
mapping. From the definition of contraction mapping on G and generalized semigroups
we were able to study the problem proposed at the beginning.
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