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Abstract. In this paper, we prove Jensen’s operator inequality for an h-convex function and
we point out the results for classes of continuous fields of operators. Also, some generalizations
of Jensen’s operator inequality and some properties of the h-convex function are given.
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1. Introduction

Inequalities play an important role in almost all branches of mathematics as well
as in other areas of science. Convex functions have received considerable attention in
the literature due to their applications in many scientific fields, such as mathematical
inequalities, mathematical analysis, and mathematical physics. In the paper, [10] a large
class of non-negative functions, the so-called h-convex functions are considered. This class
contains several well-known classes of functions such as non-negative convex functions,
s-convex in the second sense [4, 6, 11], Godunova-Levin functions [8], and P-functions
[7]. For further details see [1–3, 5].

We fisrt recall here some concepts of h-convexity that are well known in the literature.

Definition 1.1 Let I, J be intervals in R, (0, 1) ⊂ J , and let h : J → R be a non-
negative function, h ̸= 0. A non-negative function f : I → R is called h-convex if for all
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x, y ∈ I, λ ∈ (0, 1), we have

f(λx+ (1− λ)y) ⩽ h(λ)f(x) + h(1− λ)f(y). (1)

If the inequality in (1) is reversed, then f is said to be h-concave.

Remark 1 It follows from the above definition that if f is a non-zero h-convex (h-
concave) function then h(λ) + h(1− λ) ⩾ 1

(
h(λ) + h(1− λ) ⩽ 1

)
for all λ ∈ (0, 1).

Definition 1.2 A non-negative function h : J → R is said to be a super-multiplicative
function if

h(xy) ⩾ h(x)h(y) (2)

for all x, y ∈ J . If inequality (2) is reversed, then h is said to be a submultiplicative
function. If the equality holds in (2), then h is said to be a multiplicative function.

Example 1.3 Let 0 < a < b and h ̸= 0 be a non-negative function such that h(λ) ⩾ λ
for all λ ∈ (0, 1). Then the function f defined by

f : I = [a, b] → R, f(x) =

{
a x ̸= a+b

2
b x = a+b

2

is a non-convex function, but it is h-convex. In addition, if h(λ) ⩽ λ for all λ ∈ (0, 1)
then the function f defined by

f : I = [a, b] → R, f(x) =

{
b x ̸= a+b

2
a x = a+b

2

is a non-concave function, but it is h-concave. Moreover, if h ̸= 0 is a non-negative
function such that h(λ) ⩾ λ (resp., h(λ) ⩽ λ), then every convex (resp., concave) function
is h-convex (resp., h-concave).

If h is a super-multiplicative or a submultiplicative function, then some very interesting
results for h-convex functions are arised. For example, we give a simple characterization
of h-convex functions, which is analogous to the characterization of convex functions.

Theorem 1.4 Let h : [0,+∞) → R be a super-multiplicative function. Let f : I → R
be a h-convex function. Then for x, y, z ∈ I, x < y < z the following inequality holds:

h(z − x)f(y) ⩽ h(z − y)f(x) + h(y − x)f(z). (3)

Moreover, if h is multiplicative then h-convexity f is equivalent to (3).

Proof. Let f be h-convex and x, y, z ∈ I, x < y < z. Then we have

f(y) = f
(z − y

z − x
x+

y − x

z − x
z
)
⩽ h

(z − y

z − x

)
f(x) + h

(y − x

z − x

)
f(z)

⩽ h(z − y)

h(z − x)
f(x) +

h(y − x)

h(z − x)
f(z),
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which imply that (3). To prove the moreover part, suppose x, y ∈ I with x < y and
0 < λ < 1. Then x < λx+ (1− λ)y < y and by the assumptions we have

h(y − x)f
(
λx+ (1− λ)y

)
⩽ h

(
y − λx− (1− λ)y

)
f(x) + h

(
λx+ (1− λ)y − x

)
f(y)

and

h(y − x)f
(
λx+ (1− λ)y

)
⩽ h

(
λ(y − x)

)
f(x) + h

(
(1− λ)(y − x)

)
f(y).

Thus

h(y − x)f
(
λx+ (1− λ)y

)
⩽ h(y − x)h(λ)f(x) + h(y − x)h(1− λ)f(y).

Dividing both sides of this inequality by h(y − x) completes the proof. ■

Similarly, there is the following characterization of h-concave functions.

Corollary 1.5 Let h : [0,+∞) → R be a submultiplicative function and f : I → R be
a h-concave function. Then for x, y, z ∈ I, x < y < z the following inequality holds:

h(z − x)f(y) ⩾ h(z − y)f(x) + h(y − x)f(z). (4)

Moreover, if h is multiplicative then h-concavity f is equivalent to (4).

We begin with the following variant of Jensen’s inequality which we call the h-Jensen’s
inequality.

Theorem 1.6 Suppose that I, J are intervals in R, (0, 1) ⊂ J , and h : J → R is a
non-negative super-multiplicative function, h ̸= 0. Let f : I → R be a h-convex function.

Then for every xi ∈ I and all ti ⩾ 0 with
n∑

i=1
ti = 1, we have

f
( n∑
i=1

tixi
)
⩽

n∑
i=1

h(ti)f(xi), n ∈ N, n ⩾ 2. (5)

If h is submultiplicative and f is h-concave, then inequality (5) is reversed.

Proof. We proceed by induction on n. For n = 2 it is just (1). Now, if (5) holds

for k = n − 1, then given ti ⩾ 0, xi ∈ I and
n∑

i=1
ti = 1. Define si =

ti
1− tn

for all

i = 1, · · · , n− 1. Then we have

n∑
i=1

tixi = (1− tn)
( n−1∑
i=1

sixi
)
+ tnxn.

So applying the h-convexity of f , we have

f
( n∑
i=1

tixi
)
⩽ h(1− tn)f

( n−1∑
i=1

sixi
)
+ h(tn)f(xn).
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Now, by inductive hypothesis, we have

f
( n∑
i=1

tixi
)
⩽ h(1− tn)

n−1∑
i=1

h(si)f(xi) + h(tn)f(xn)

⩽ h(1− tn)

n−1∑
i=1

h(ti)

h(1− tn)
f(xi) + h(tn)f(xn) =

n∑
i=1

h(ti)f(xi).

■

Corollary 1.7 Let h ̸= 0 be a non-negative super-multiplicative and let f : I → R be a
h-convex. Then

f
(
t−1

n∑
i=1

tixi
)
⩽ (h(t))−1

n∑
i=1

h(ti)f(xi) (6)

for all ti ⩾ 0, xi ∈ I and 0 ̸= t =
n∑

i=1
ti. Moreover, if h is submultiplicative and f is

h-concave, then inequality (6) is reversed.

Corollary 1.8 Let h ̸= 0 be a non-negative super-multiplicative and let f : I → R be a
h-convex. Then

f
(
n−1

n∑
i=1

xi
)
⩽ (h(n))−1

n∑
i=1

f(xi) (7)

for all n ∈ N, and xi ∈ I. Moreover, if h is submultiplicative and f is h-concave, then
inequality (7) is reversed.

2. h-Jensen’s operator inequality

In what follows, A and B are C∗-algebras. We denote by Ah the real subspace of all
self-adjoint elements in A and by A+ the set of all positive elements in A. Here the
symbol 1A denotes the identity operator in A. We write x ∈ A+(x ⩾ 0) to mean that
x ∈ Ah and Sp(x) ⊂ [0,+∞). If x−y ⩾ 0, then we write x ⩾ y. A linear map Φ : A → B
is positive if Φ(x) ⩾ 0 whenever x ⩾ 0. It is said to be unital if Φ(1A) = 1B. For a
real-valued function f of a real variable and a self-adjoint element x ∈ Ah, the value
f(x) is understood by means of the functional calculus for self-adjoint operators.

Definition 2.1 A non-negative continuous function f : I → R is said to be operator
h-convex if

f(λA+ (1− λ)B) ⩽ h(λ)f(A) + h(1− λ)f(B) (8)

holds for each λ ∈ [0, 1] and every pair of self-adjoint operators A and B acting on an
infinite dimensional Hilbert space H with spectra in I. If the inequality in (8) is reversed,
then f is said to be operator h-concave.

The following example shows that if a function is convex, there is no guarantee that
it is an operator h-convex.
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Example 2.2 Let h(t) = t4 on [0, 1] and f(t) = t3 on [0,+∞). Then the function f is
convex but is not operator h-convex. To see this, let

A =

(
1 1
1 1

)
and B =

(
3 1
1 1

)
.

Then we have

h(
1

2
)f(A) + h(

1

2
)f(B)− f

(A+B

2

)
=

1

16

(
A3 +B3

)
−
(A+B

2

)3

=
1

8

(
6 1
1 0

)
,

which is not positive.

The following theorem shows a generalization of Jensen’s operator inequality for the
h-convex functions.

Theorem 2.3 Let I be an interval such that 0 ∈ I and let f : I → R be an operator
h-convex function with f(0) ⩽ 0. Then f(A∗XA) ⩽ 2h(12)A

∗f(X)A for all A ∈ B(H)
with ∥A∥ ⩽ 1 and all self-adjoint operator X ∈ B(H) with spectrum in I.

Proof. Define the operators Y, U, V on H⊕H as follows:

Y =

(
X 0
0 0

)
, U =

(
A B
C −A∗

)
, V =

(
A −B
C A∗

)
,

where B =
(
1−AA∗) 1

2 and C =
(
1−A∗A

) 1

2 . Then U and V are unitaries and we obtain

U∗Y U =

(
A∗XA A∗XB
BXA BXB

)
, V ∗Y V =

(
A∗XA −A∗XB

−BXA BXB

)
.

Now, from the operator h-convexity f we have(
f(A∗XA) 0

0 f(BXB)

)
= f

(
A∗XA 0

0 BXB

)
= f

(1
2
U∗Y U +

1

2
V ∗Y V

)
⩽ h(

1

2
)f(U∗Y U) + h(

1

2
)f(V ∗Y V )

= h(
1

2
)U∗f(Y )U + h(

1

2
)V ∗f(Y )V

= h(
1

2
)U∗

(
f(X) 0
0 f(0)

)
U + h(

1

2
)V ∗

(
f(X) 0

0 f(0)

)
V

⩽ h(
1

2
)U∗

(
f(X) 0

0 0

)
U + h(

1

2
)V ∗

(
f(X) 0

0 0

)
V

=

(
2h(12)A

∗f(X)A 0
0 2h(12)Bf(X)B

)
.

In particular, we have f(A∗XA) ⩽ 2h(12)A
∗f(X)A. ■
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Corollary 2.4 Suppose that all assumptions of Theorem 2.3 hold. Then

f(A∗XA+B∗Y B) ⩽ 2h(
1

2
)
(
A∗f(X)A+B∗f(Y )B

)
for all A,B ∈ B(H) with A∗A + B∗B ⩽ 1 and all self-adjoint operators X,Y ∈ B(H)
with spectrum in I.

Proof. Define the operators C,D on H⊕H as follows:

C =

(
A 0
B 0

)
and D =

(
X 0
0 Y

)
.

Then ∥C∥ ⩽ 1 and spectrum D is in I, so by Theoren 2.3 we obtain(
f(A∗XA+B∗Y B) 0

0 f(0)

)
= f

(
A∗XA+B∗Y B 0

0 0

)
= f(C∗DC) ⩽ 2h(

1

2
)C∗f(D)C

= 2h(
1

2
)

(
A∗f(X)A+B∗f(Y )B 0

0 0

)
.

In particular, we deduce the desired inequality. ■

Corollary 2.5 Suppose that all assumptions of Theorem 2.3 hold. Then

f(

N∑
i=1

A∗
iXiAi) ⩽ 2h(

1

2
)

N∑
i=1

A∗
i f(Xi)Ai, (N ∈ N)

for all {Ai}Ni=1 ⊂ B(H) with
N∑
i=1

A∗
iAi ⩽ 1 and all self-adjoint operators {Ai}Ni=1 ⊂ B(H)

with spectrum in I.

Corollary 2.6 Suppose that all assumptions of Theorem 2.3 hold. Then f(PXP ) ⩽
2h(12)Pf(X)P for all projection P ∈ B(H) and each self-adjoint operator X ∈ B(H)
with spectrum in I.

Corollary 2.7 Let f : I → R be an operator h-convex function with 0 ∈ I, f(0) ⩽ 0.
Let A be a C∗-algebra, and π : A → B(H) be a positive, linear contraction on A. Then
f
(
π(x)

)
⩽ 2h(12)π

(
f(x)

)
for each self-adjoint operator x ∈ A with spectrum in I.

Proof. Restricting π to the commutative C∗-algebra generated by x. According to Stine-
spring’s decomposition theorem [9], there is a ∗-homomorphism ρ : A → B(K) on a
Hilbert space K and an operator A ∈ B(H,K) with ∥A∥ ⩽ 1 such that π(x) = A∗ρ(x)A
for all x ∈ A. By extending Theorem 2.3 to this situation (for example by making a
similar argument on H⊕K) we obtain

f
(
π(x)

)
= f

(
A∗ρ(x)A

)
⩽ 2h(

1

2
)A∗f

(
ρ(x)

)
A = 2h(

1

2
)A∗ρ

(
f(x)

)
A = 2h(

1

2
)π
(
f(x)

)
for all self-adjoint operator x ∈ A. ■
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Suppose that Ω is a locally compact Hausdorff space and µ is a positive Radon measure
on Ω. Recall that a map Φ : Ω → B(A,B) is called a field of positive linear operators if
Φ(t)(x) ⩾ 0 whenever x ⩾ 0 and t ∈ Ω, where B(A,B) is the space of all bounded linear
operators from A to another C∗-algebra B. We say that such a field is continuous if the
function t → Φ(t)(x) is continuous for all x ∈ A. If the C∗-algebras are unital and the
function t → Φ(t)(1A) is integrable with integral 1B, we say that Φ is unital.

Theorem 2.8 Let f : I → R be an operator h-convex function with 0 ∈ I, f(0) ⩽ 0.
Let A and B be unital C∗-algebras. If Φ : Ω → B(A,B) is an unital field of positive
linear operators defined on a locally compact Hausdorff space Ω with a bounded Radon
measure µ, then the inequality

f
(∫

Ω
Φ(t)(χ(t))dµ(t)

)
⩽ 2h(

1

2
)

∫
Ω
Φ(t)(f(χ(t)))dµ(t)

holds for all bounded continuous field χ : Ω → A of self-adjoint elements in A with
spectra contained in I.

Proof. We first note that the function t → Φ(t)(χ(t)) is continuous and bounded, hence
integrable with respect to the bounded Radon measure µ. Let C(Ω,A) be the C∗-algebra
of bounded functions on Ω with values in A. A self-adjoint element χ ∈ C(Ω,A) has
spectra in I if for every t ∈ Ω the self-adjoint element χ(t) ∈ A has spectra contained in
I. In this case we write f(χ)(t) = f(χ(t)). Define the mapping

π : C(Ω,A) → B, π(χ) =

∫
Ω
Φ(t)(χ(t))dµ(t), ∀χ ∈ C(Ω,A).

Then π is an unital positive linear map and by corollary 2.7 we obtain

f
(∫

Ω
Φ(t)(χ(t))dµ(t)

)
= f(π(χ)) ⩽ 2h(

1

2
)π(f(χ)) = 2h(

1

2
)

∫
Ω
Φ(t)(f(χ(t)))dµ(t).

■
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