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Abstract. This paper uses the classical Lie method to determine symmetry reductions and
exact solutions of the time-dependent Calogero-Bogoyavlenskii-Schiff equation (vCBS). This
classical method generates some exact arbitrary solutions and exhibits various qualitative
behaviors. Here, we derived the infinitesimal symmetries and six basic combinations of vec-
tor fields in the linear forms that can be utilized to transform the given equation into the
PDEs with their variables. Further, we obtain comprehensive invariant solutions of the vCBS
equation. Next, we apply a direct method to explore conservation laws. Finally, we determine
the conservation laws of the vCBS equation via the Bluman-Anco homotopy formula.
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1. Introduction

In 2020, Wazwaz introduced three new completely integrable Calogero Bogoyavlenskii
Schiff (CBS) equations:

e Extended CBS (eCBS);
e Time-dependent CBS (vCBS);
e Time-dependent negative-order CBS (vnCBS),

which appear in propagation of waves [[4]. Several integrable models have been generated
and proposed in the context of (241)-dimensional equations. Multidimensional integrable
systems have been primarily used for solving the problems in integrable systems. It is
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essential to keep the symmetry for solving the equations, as it is the key for solving
non-linear differential equations. Moreover, it is vital for understanding many physical
phenomena in various fields, such as physics science and dynamics of fluids problems
[2, B, B]. Such phenomena can be described as a system of differential equations and, in
potential form, a fourth-order partial differential equation. The classical and non-classical
methods generate some exact arbitrary function and thus exhibit various solutions. The
symmetry group of equations is known as the most fundamental transformation local
group, acting on the dependent and independent variables in the system [9-117T].

Moreover, the symmetry group of differential equations enables transforming the solu-
tions into other valuable solutions in the system. Non-linear evolution equations have
been derived and broadly used to interpret the fundamental characteristics of non-
linearity and to obtain the peculiar nature of non-linearity in science and engineering
phenomena [5, [7]. In this study, we explore the time-dependent Calogero-Bogoyavlenskij-
Schiff (vCBS) equation written as follows:

f(t)u:vt + AUzzry + QBuxuxy + Bu;txuy = 0. (1)

In order to calculate the solutions for partial differential equations (PDEs) in non-linear
forms, we analyzed their corresponding symmetry groups, as they are the most common
and powerful techniques for solving such equations [@, 8]. In this approach, first, the
symmetry groups for the non-linear PDEs are recognized. Next, the identified symmetry
groups are used to construct the certain solutions and eventually transform them into
other solutions. In the analysis of PDEs, the conservation laws play a crucial role in
analyzing the fundamental properties of the solutions and in particular, the study of
their stability, existence, and uniqueness [0, 02]. The current work will be described
with the following structure: Section 2 classifies a group of vCBS equations. In the next
section (Section 3), we obtain the optimal one-dimensional subalgebra for the problem.
In Section 4, we earn the reductions for Eq. (II) and present definite solutions. In the last
section (Section 5), we obtain the associated conservation laws for Eq. (II) using direct
methods and provide concluding remarks.

2. Symmetry classification of the vCBS equation

We first consider a system of p-th order differential equations in the form of
Ao(X,UP) =0, a=1,..,1, (2)

is a system of PDE of order pth, where X = (z!,...,2™) and U = (u!,...,u") are m
independent and n dependent variables respectively, and U () is the i— order derivative
of U with respect to z, 0 < ¢ < p. Infinitesimal transformations Lie group acts on both
X and U are

ii:xi+5goi(X,U)+o(52), i=1,...,m,
a; = +6¢;(X,U)+0(6%), j=1,...,n

In equations mentioned above, ¢’ and ¢; are the infinitesimal transformations for
{7;1, . :L'm} and {ul, . ,u"} respectively. We can define an arbitrary generator based
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on the transformation group as follows:

p

V=Y (X, U)o+ Zq: 6;(X,U)0u. (3)

i—1 j=1

To use the Lie group procedure for Eq. (I) and obtain infinitesimal transformations,
we examine a one-parameter Lie group: (we apply X, y, t in replacement of x!, 2, 23

respectively). So 2! = z,2? = y, 2% = t,u! = u and
F=x4 00z, y,t,u) —|—0(52),
J=y+0p*(z,y,t,u) +o0(6%),

t=t+00%(x,y,t —|—o(52),

>
I
IS
+
(o)
g

x,y,t,u) —1—0(52).
The obtained symmetry generator can be described in the following form:
V = oz, y, t,u)dx + 3 (z,y, t,u)dy + ©>(z,y, t,u)dt + ¢1(x, y, t,u)Ou. (4)
The condition of being invariance for the equation is
pr v [f(#)uzs + Ugzay + 2Buptiny + Bugzuy] = 0,
with
f(®)uat + atigzey + 2Bugtizy + Buaguy = 0.

Assuming ¢!, p?, 03 and ¢; are the only dependents for z,y,t and u, we adjust the
individual coefficients to be zero. The total number of these equations is 99. We cannot
reach the solution of the above PDE equations with the arbitrary function f. But if
f(t) = €', by finding solutions for the above PDE equations, we obtain the results as
follows:

Theorem 2.1 The point symmetries Lie groups of Eq. (1) contain Lie algebra generated
by Eq. (#). The obtained coefficients are the infinitesimals in the following forms:

21ﬁ (uBeae™ + 2e"(OtF1(t))y + 2Fs(t) B + u(c1 + ¢6) B + (yez — ¢5)x)

1 1
ol = —§x6267t + Fi(t) + 5(—01 —c6)x,

¢1 =

©* = (—yea +cs5)e " + ycg + e,

3 —t t
@” =c1 +coe "+ c3e,

where ¢; € R, i =1,...,6 and Fi(t) and Fy(t) are arbitrary function.

Corollary 2.2 All one-parameter Lie groups of point symmetries for Eq. (I) have the
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following infinitesimal generators:

1 1
Vg = —il'ax —+ 815 —+ Euau,

1 _ _ 1 (uBe™t + yx)0,
vs = —5e "0y —ye 'Oy +e t8t+§ 3 )
V) = €t8t,
vy = Oy,

_ 1z0,
=0y — 5

1 1

v = —55681 + y0, + §u8u,
t
vy = ()0, + Y (Ou (t))yau, vy = 0(t)0u,

B

where p = F} and 6 = F5 are arbitrary function.

We provide Lie algebra for Eq. () by Table (1). The expression [v;,v;| = vv; — v;v;
determines the entry in row i*" and column j** ,i,j = 1,...,6. The G; groups containing
one parameter produced by the v; are described in the following expressions:

exp (ev;) (z,y,t,u) = (i,gj,f, 12) :
Gyp: (mf%e,ye‘l,t, ueée),
1xe

Goy: -t t,———
2 (IL‘,E €+y7 9 9 /8 +’LL),
Gs: (z,e +y,t,u),

Gy: (xefés, Yy, €+ t, ueés> .

Table 1. Lie algebra for Eq(m).

) 4! V2 V3 V4 Vs Vs
141 0 —UVy —U3 0 0 0
%] 1] 0 0 Vs 0 Vo
V3 V3 0 0 0 ] 0
Uy 0 —U3 0 0 vy — 21/6 —Ul4
Vs 0 0 1] -V + 21/6 0 Vs
Vg 0 - 0 vy —Us 0

Table 2. Adjoint representation of the Lie algebra.

Ad V1 Vo V3 vy vs Ve

2 V1 e 1y e Sy vy Vs Ve

12 V1 SoV1 + Vo + Salg V3 + Savy V4 1% Vg

V3 V1 Vo — 53V5 S3V1 + V3 2 Vs Ve

Vg | V1 + S5 12 —SqlV2 + V3 V4 + siz/5 — S4Vg Vs —254V5 + v
Vs | V1 — S5y V9 + S5U/3 V3 V4 8%1/4 + Vs + S50 2s5v4 + Vg
Vg V1 e 1y e %y vy Vs Vg
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3. Classification of one-Dimensional subalgebras

We can now employ the developed symmetry group and determine the optimal system
with one parameter group for Eq. (). It should be noted that obtaining the subgroups
of the system is vital. These subgroups offer various types of solutions for the equation.
Thus, it is essential to find solutions that remain unaffected. The proposed approach
provides an expression for an optimal group of subalgebras [[%, [[3]. The classification
procedure of subalgebras would be homogenous with the classification for representation
orbits that are adjoined. The solution for a problem with an optimal group of subalgebras
can be obtained by assigning one representative from every subalgebra group within the
system. The adjoint representation of all v, t =1,...,6 would be defined as

52

Ad (exp (sv) vyr) = vp — s[4, 100 + ) (v, [ve, vp]] — - - -

In this representation, s is a variable and [v, v, ] is defined in Table 1 for t,r =1,...,6.
We assume ¢ to be the Lie algebra determined by the Corollary 2. Then we can obtain
the adjoint action for the equation in Table B. Further, we can set up an optimal system
of the subalgebras for Eq. ().

Theorem 3.1 A one-dimensional optimal system of Eq. (I) is given by

(1) v6 + c1v1 + cave + c3v3 + cavy + C5v5,

(2) vs + c1vs + covg,
(3) v4 + 1o,

(4) v+ c1v,

(5) va + 1,

(6) V.

Proof. Looking at Table 1, it is enough to determine the subalgebras of
(v1,11,v9,v3, V4,5, 06) . Function Ff : g — g defined by z — Ad (exp (sy;) x) is a linear
map, for i = 1,...,6. The six matrices mj of F}’, i = 1,...,6, with respect to basis, are
the followings:

T 0 0 000 100000 1000 0 0
0Oe s 0 000 5510 0 0 s9 0100—s50
4 — |0 0 €000 4, — | 001500 A s3010 0 0
=10 0 o0 100" “*~ 000100/ “3~]0001 0 0"
00 0010 000010 0000 1 0
(00 0 001 000001 0000 0 1
1 0 00 s4 O 100 —s500 1000 00
0100 0 O 01ss 0 0sy 0Oe %00 0 0
4, |0=sa10 0 0 4 |001 000 4|00 10 00
Y710 0 01 87 —sg|? T {000 1 00| 5T |0 0 Oe* 0 0
0000 1 0 000 s2 1s;5 0 0 00 e %0
00 00-2s4 1 000 2s5 01 0000 0 1

Alternatively, by acting these matrices on =z = 2?21 cvi, x is a vector field, x can be
simplified as follows:
By taking c¢g # 0, the vector x can be transformed into the case (1).

For ¢¢ = 0 and c¢5 # 0, the coefficients of v1 and v5 can be disappeared by setting
—c c
sS4 = —1 and S3 = =2 respectively. If needed, by scaling x, we assume c5 = 1. Thus, =
Cs Cs5
can be converted to the case (2).
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For ¢ = c5 = 0 and ¢4 # 0, the coefficients of 1y and v3 can be disappeared by setting

So = _723 and s; = E—i respectively. If needed, by scaling x, we assume c¢5 = 1. Thus, =
can be converted to the case (3).
) c
For cg = c5 = ¢4 = 0 and c¢3 # 0 we can remove the coeflicient vo by setting s5 = Sy
c

3
If needed by scaling z, we assume cs3 = 1. Therefore, 2 can be converted to the case (4).

For cg = ¢5 = ¢4 = ¢3 = 0 and co # 0, if needed by scaling z, we assume co = 1.
Therefore, z can be converted to the case (5).
For cg = ¢5 = ¢4 = c3 = co = 0 and ¢; # 0, x transforms into the case (6). [ |

Table 3. The parameters of Lie invariants and the similarity solutions.

i H; &i ni w; U
Y 1
1 v t = Tu —h(&,n)
* w1 T
2 et ——yzel — 2
Vs t T 5~ gl oY L h(&,m)
3 V3 t x u h(&,n)
41 wu T y u , h(&,n)
¢ 1 1
5 s % 2In(z) +t —zu — % fﬁxety - ;h(ﬁ, 7)
6 V6 Yy 2In(z) +t u h(&,n)
7 vz + 1y x —(ye! +1)e™! u h(&,n)
zes'
8 Y U h(&,
1+ Vs Y \/tetj t (&n)
De—
9 vy + v+ 11 x % u h(&,m)

Table 4. Reduced equations.

1 | 2f(&)nhey — f(E)he + 8anhyyy + 24anhyy,,
+6anhy,, + 128nh, hy, + 26nheta — 48nhh,,, = 0,

2 | 2Bf(&)hey — 28€*hy — £ Bhyy = 0,

4 ahf{&n + 2Bh§h§n + ,Bhghn =0,

5 | —4&Bhey + 4Bhyy — 2Bhy, =0,

6 8ah5777777 — 24ah57m + 22ah§n — 60&h§ + 85hnh§n
—10B8hyhe — 4Bhhey, + 4Bhhe + 4Bh¢hy, = 0,

7| —aheeey — 28hehey — Bhehyhen = 0,

8 | nhyy + 2hy20hepyy, + 4B8hyhey, + 2Bhyyhe = 0,

9 | —hen — anheygy — 2Bnhehey — Bnhechy = 0.

4. Similarity reduction of Eq. ()

Now, we perform the classification of symmetry reductions of Eq. (0) in the follow-
ing section regarding subalgebras. Therefore, we must find a new expression for Eq. ()
in particular coordinates and reduce the equation. This specific coordinate can be de-
termined by calculating &, 7, (independent invariant), and h regarding the infinitesimal
generator. The similarity variables &, n;, h; for Eq. (0I) are represented in Table B.
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1
For example, we calculated the invariants related to subalgebra Hg = 15 = —§8$ +

1
ot + iau, by solving the characteristic equation as follows:

a0 oy _or 20
x 1 1w

Thus, the new variables are
&=y, n; = 21In(z) + ¢, w; = 6,
where u = h(&,n) meets a reduced PDE with two variables as:

8ah5777777 — 24ah5m7 + 22ah5n — 60(]7,5
+ 8Bhyhey — 10Bhnhe — ABhhey + 4Bhhe + 4Bhehy, = 0. (5)

Subalgebra vg and the reduced Eq. (H) are presented in Tables 3 and 4 by case (6).

Equivalent solution of Eq. (B) becomes u(z,y,t) = ez'F(y), where F is a function of
¢ = y. Indeed, by Table 3, h(¢,n) = u(z,y,t). This solution does not depend on z. Using
a similar argument for H;y = v3 + vy, the Eq. () is reduced as:

—ahggen — 26hehen — Bhehnhey =0, (6)
Equivalent solution of Eq. (B) becomes
h(&n) = u(z,y,t) = crz + F(—(ye' +1)e™),

where F' is a function of n = —(ye! + 1)e™! Again using a similar argument for Hg =
v4 + g, the reduced equation and equivalent solution of Eq() become

Nhay + 220y + 4B8hyhey + 2BRymhe = 0, (7)

clxeét +covet +1
Vel + 1z '

For Hy = vy + vg + 11 the reduced equation and equivalent solution of Eq(I) become:

h(E,n) = u(z,y,t) = (8)

— hen — amhenyy — 28nhehey — Bnhechy = 0,

(ef + 1)e—t> 7

h(&,n) =u(z,y,t) =crx + F ( ,

(el +1)et
—

where F' is a function of n =

5. Conservation laws

Many techniques, such as Noether and direct methods, etc., are used to explore
conservation laws. In the current section, we utilize the direct method to analyze the
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conservation laws. Assume a differential equation in the form of p{x,u} with k order
and independent variables of n, where x can be described as x = (a;l, e ,:1:") and U
is a dependent variable, represented by plu] = p(x,U, ou,...,0"U ) = 0. Assuming
a multiplier with A (w, U,o0U,...,0U ) can derived a conservation law in the form of
A[U]p[U] = D;¢'|U] = 0 for the equation p{z,u} contingent upon

Ey (A (2,0,00,...,00) p (2,0,00,....8"U ) ) = 0.

By taking U(x) as an expression for arbitrary functions into account, the expression Ey,
which is the Euler operator acting on U, is described below:

Ey=0U — D;oU +---+ (_1)5D’il ce DlsaUl ‘g

Since the CBS equation is concerned about wu,z,y,t, it results in multipliers that
further provide locally configured conservation laws for Eq. (1) in the format of
A = A(z,y,t,U,U,Uy,Up). We can now determine all nontrivial local conservation
laws connected to the equation from multipliers. Subsequently, the expression A =
A(z,y,t,U,0,U,0,U,0,U) is a conservation law multiplier concerning the Eq. () based
on

Ey[A(z,y,t,U, 0,U, 04U, OU)(f(t)Uat + Qs y + 27 BUglipy + PUgzty) =0
for U(z,y,t) in the form of an arbitrary function. We then identify all potential multipli-

ers in the format of A = A (z,y,t,u, 0U,, 0U,, OU,) for the Eq. (II). Therefore, the Euler
operator is determined to be as follows:

“ig
and the determining equation becomes
Ey [A(:Ua y,t, U, 0U,, aUy, 8Ut)(f(t)uxt + QUxxx y + QTﬁumuzy + Buxxuy) =0,

where U(z,y,t) is an arbitrary function. The above equation can be separated concerning
Uz, Uy, U; to derive the over-determined equations:

AU7t7t B _3fAU7tft - ?jQXUft,t — AUftQ? Aw,x - 07 A.Z’,y = W?
fﬂA :rA - Az
Ay = UesAuef + Uf U ft ft, Aus =0, Ay..=Ay, Aphy,, =0,

AUy,ac = 07 AUt,ac = 07 Ay,y = 07 AU,y = 07 AUgn,y = 07 AUy,y = 2:
A o 2AUBUy_AUmft_Ayﬁ A . 2AUﬁUx_2Azﬁ_Anyt
Uyt — f 5 Uyt — f 5

Av,s=4Ay, Apy =0, Apy, =0, Apyy, =0, Apyy, =0, Ay, v, =0,

Av,u, =0,  Aypwu, =0, Ayu, =0, Ayu, =0, Apy, =0,
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Solving the set of above equations, we find the infinite set of local multipliers:

Al(z,y,t,U, Uz, Uy, Ut) = C1U; + F(t).

and ¢¥Y corresponding to A in the following format:

We then use homotopy formula (see [d]) and determine the conserved elements ¢!, ¢®

1 1 1
¢' = JUQRBUUsy + BUU)Cr + 5UCULS + SU(fUs + aUsaay)C1 + UnF (1) f,

2 1
¢z = gUICIUtﬁUmy - gU (CI/BUyUtx + CIUtBny) + U.%'ClUtBUy

1 1 1 1
+ QUF(t)ﬂUIy — inyClaUm — iU (ClUtft + leUtt) + iUmyClUta

1 3
+ 5UsCraUs + SUF ()80, = U (F(8)f, + Fo(0)f2) + Usey F (1),

1 1 1 1
¢Y = gUC’lUtﬁUm — §U (2C18U Uy + 2C1 U ULy ) — §UF(t)BUm — §UClaUmm.

For case C7, we have
A(l.? Y, t7 U7 va Uya Ut) = Ut7

2 1 1 1 1
Pt = gUﬂUan:y + gU,BU:m:Uy + QUxUtf + iUfUta: + §UO£Ux:cry’

1 1 1 1 1
qu = gUUtﬁny - gUﬂUyUtm + UxUtﬂUy - §U:pyaUm - iUUtft - §UfUtt

1 1
+ *UmmyUta + §Uy0‘Utzxy

2 1
(z)y = — UUt,BUgcg; - gUﬁUxUm - §Uo¢Utxzx‘

2
1
3
So, in this case, we find the following conservation law of Eq. (I):
Di¢' + Dy¢" + Dyo¥ = 0.

For case F, we obtain the following:
Az, y,t,U U, Uy, Up) = F(t),
o' = U, F(1)f,
" = %UF(t)/BUIy + gUxF(t)ﬁUy —UF f —UF(t) ft + Upey F (1),
& = —SUF(0BUsa,
Theorem 5.1 We have the following conservation law for Eq. (I):

Di¢' + Dy¢" + Dy¢¥ = 0.
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