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Abstract
The current paper develops three different ways to measure the multi-period global cost efficiency for homogeneous

networks of processes when the prices of exogenous inputs are known at all time periods. A multi-period network data

envelopment analysis model is presented to measure the minimum cost of the network system based on the global

production possibility set. We show that there is a relationship between the multi-period global cost efficiency of network

system and its subsystems, and also its processes. The proposed model is applied to compute the global cost Malmquist

productivity index for measuring the productivity changes of network system and each of its process between two time

periods. This index is circular. Furthermore, we show that the productivity changes of network system can be defined as a

weighted average of the process productivity changes. Finally, a numerical example will be presented to illustrate the

proposed approach.

Keywords Network DEA � Global cost efficiency � Multi-period � Malmquist productivity index � Circularity

Introduction

Data envelopment analysis (DEA) is one of the approaches

that has been widely applied to evaluate the performance of

decision-making units (DMUs) (Charnes et al. 1978).

Using this approach, the efficiency of DMUs can be eval-

uated in different cases. For example, data may be dis-

cretionary or non-discretionary (see, e.g., Tohidi and

Razavyan 2010). Furthermore, it is possible that the input

cost and/or the output price vectors are known (see, e.g.,

Tohidi and Khodadadi 2013). Other applications have also

been presented in Shafiee et al. (2016) and Shokrollahpour

et al. (2016).

In some cases, the DMUs may be formed from more

than one process. In such cases, an approach labeled net-

work DEA approach can be used to study the internal

structure of such DMUs (Fare and Grosskopf 2000; Fare

et al. 2007). In the special cases, network system may have

two-stage structure. Many approaches are presented to

model the performance of this type of system. Chen et al.

(2009) developed additive efficiency decomposition and

expressed the overall efficiency of such DMUs as a

weighted sum of the efficiencies of the two individual

processes. Liang et al. (2008) decomposed efficiency of

such a system using the game approach for the case that the

second stage consumes only the intermediate products

produced by the first stage. Li et al. (2012) presented two

models to evaluate the performance of a two-stage system

that its second stage consumes both the outputs generated

by the first stage and additional inputs to the second stage.

Yu and Qinfen (2014) proposed a two-stage DEA model

with additional input in the second stage and part of

intermediate products as final outputs. In addition, Khalili-

Damghani et al. (2012) proposed a fuzzy two-stage data

envelopment analysis (FTSDEA) which its Mathematical

modeling results in great reduction of computational

efforts. Network systems have many applications. For

instance, Lozano et al. (2013) proposed a directional dis-

tance approach and applied it to model airport operations.

They assume that the processes may generate both desir-

able and undesirable outputs. Other applications have been

informed in Fukuyama and Matousek (2011), Yu (2010),

Zhu (2011). To measure the technical and cost efficiencies
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of general network systems with q ðq� 2Þ processes con-

nected in series in a specified period of time, Lozano

(2011) proposed a relational DEA model and a minimum

cost network DEA model, respectively. When DMUs are

observed in TðT [ 1Þ periods of time, we will have multi-

period technical and cost efficiencies. In this framework,

Kao and Hwang (2014) proposed a multi-period DEA

model to measure the overall performance of a two-stage

production system that is a special case of networks of

processes. For more study in the field of multi-period

systems, see also Esmaeilzadeh and Hadi-Vencheh (2013),

Kao and Liu (2013).

Fare et al. (1989) applied the DEA approach to compute

the Malmquist productivity index. Malmquist index was

first introduced by Caves et al. (1982) and can be used to

evaluate the productivity change over time. Pastor and

Lovell (2005) extended the Malmquist index to the global

Malmquist index that was defined based on the global

production technology. Maniadakis and Thanassoulis

(2004) proposed the cost Malmquist productivity index for

analyzing the productivity change between two time peri-

ods when the input prices are known. To define the index,

they used the cost efficiency of the under evaluation DMU.

The concept of cost inefficiency has also been used in Lin

et al. (2017) to define a cost Luenberger productivity

indicator. Following Maniadakis and Thanassoulis (2004),

Tohidi et al. (2008) used the concept of the profit efficiency

and presented the profit Malmquist productivity index.

They assumed that the costs of inputs and the prices of

outputs are known simultaneously. Tohidi et al. (2012)

introduced the global cost efficiency and to define this

efficiency used a common input price vector. Based on the

global cost efficiency, the global cost Malmquist produc-

tivity index was introduced to measure the productivity

changes of the DMUs between two time periods when the

prices of the inputs are at hand (Tohidi et al. 2012). Their

proposed index is circular, its adjacent period components

provides a single measure of productivity change and also

LP infeasibility cannot occur. The common input price

vector can be obtained by solving a model introduced in

Tohidi et al. (2013). See also Khalili-Damghani and Hos-

seinzadeh lotfi (2012) as another application of Malmquiat

productivity index.

This paper proposes a multi-period DEA model to

examine the performance of networks of processes

observed in T time periods. By considering a subsystem

corresponding to each period, we have network system

with a parallel structure of T subsystem where each sub-

system has q processes connected in series. Using the

proposed multi-period DEA model and also the mathe-

matical relationships between the global cost efficiencies of

the total system, its subsystems and its processes, we

measure the multi-period global cost efficiency of network

system in three different ways. In fact, the operation of

each process or each subsystem takes into account in

measuring the global cost efficiency of the multi-period

network system. We consider the processes of the system

as the independent units and measure the multi-period

global cost efficiencies of them, then we calculate the

multi-period global cost efficiency of network system using

a weighted average of the obtained global cost efficiencies

of the processes. Also, we show that the multi-period

global cost efficiency of the network system can be defined

as a weighted average of the subsystem global cost

efficiencies.

Using the proposed models, we define the global cost

Malmquist productivity index and apply it for measuring

the productivity changes of network system between two

periods of time. The index is similar to the global cost

Malmquist index introduced in Tohidi et al. (2012), but we

eliminate the common input price vector and use the real

input prices of time periods. This index has the circularity

property. Also, using the global production technology the

models that are used for computing the index are always

feasible. This paper also presents a productivity index with

aggregate structure in a way that the productivity changes

of network system can be defined as a weighted average of

the process productivity changes. Using this property,

decision makers can identify the most effective processes

in the productivity changes of network system.

This paper is organized as follows. In ‘‘Cost efficiency

analysis’’ section, the global cost efficiency of network

system is calculated. ‘‘Relationship between the global cost

efficiencies of multi-period network system and its sub-

systems’’ and ‘‘Relationship between the multi-period

global cost efficiencies of network system and its pro-

cesses’’ sections compute the global cost efficiencies of the

subsystems and processes and represent the relationships

between these efficiencies and the efficiency of network

system. In ‘‘Productivity change’’ section, the productivity

change of network system is computed in two different

ways. ‘‘Numerical example’’ section presents a numerical

example. ‘‘Conclusion’’ section concludes.

Cost efficiency analysis

Consider a set of n DMUs observed in T different time

periods. Each DMU has q processes. Interrelationships

among the processes are the same for all DMUs. Let IðpÞ
and OðpÞ denote the sets of the exogenous inputs and final

outputs for process p, ðp ¼ 1; . . .; qÞ, of DMUj,

ðj ¼ 1; . . .; nÞ, respectively. Assume that x
pt
ij denote the

level of the exogenous input i; ði ¼ 1; . . .;mÞ; used by

process p of DMUj in time period t; ðt ¼ 1; . . .; TÞ. Thus,
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xtij ¼
P

p2PIðiÞ x
pt
ij is the total amount of exogenous input i

used by all processes of DMUj in period t, where PIðiÞ
denotes the set of processes that use the exogenous input i,

and x
p
ij ¼

PT
t¼1 x

pt
ij is the total amount of exogenous input i

that the process p of DMUj consumes in T time periods.

Similarly, y
pt
kj denotes the level of final output

k; ðk ¼ 1; . . .; sÞ, produced by process p of DMUj in time

period t. The term ytkj ¼
P

p2POðkÞ y
pt
kj is the total amount of

final output k, produced by all processes of DMUj in period

t, where POðkÞ denotes the set of processes that produce the
final output k. Moreover, the term y

p
kj ¼

PT
t¼1 y

pt
kj is the

total amount of final output k produced by process p in T

time periods. Finally, the total amount of exogenous input i

consumed by all processes of DMUj after T periods and the

total amount of final output k produced by all processes of

DMUj after T time periods are, respectively, as follows:

xij ¼
XT

t¼1

xtij ¼
X

p2PIðiÞ
x
p
ij;

ykj ¼
XT

t¼1

ytkj ¼
X

p2POðkÞ
y
p
kj:

ð1Þ

In addition to the mentioned assumption, suppose that

there are R intermediate products that are produced by a

stage of the system and then become the inputs to the next

stages. PinðrÞ and PoutðrÞ denote the sets of processes that

consume and produce the intermediate product r, respec-

tively. In other words, the intermediate product r is an

input for each p, p 2 PinðrÞ, and an output for each p,

p [ Pout(r). Similarly, the sets RoutðpÞ and RinðpÞ are the

intermediate products, produced and consumed by process

p, respectively. We consider zrj
pt as the amount of product r

produced by the process p, p [ Pout(r), or consumed by the

process p, p 2 PinðrÞ, in time period t. We assume that the

total amount of product r consumed by all processes of

DMUj in the period t is equal to the total amount of this

product produced by all processes of DMUj at the same

time period.

Based on the definition of the production possibility set

(PPS) of process p, (p = 1,…, q) in Lozano (2011), we

consider the PPS of process p in time period t,

(t = 1,…, T) as:

The set Kt
p represents the returns to scale (RTS)

assumption for process p in time period t. Thus, KCRS
p ¼

kptj

�
�
�kptj � 0 8j

n o
and KVRS

p ¼ kptj

�
�
�kptj � 0 8j

P
j k

pt
j ¼ 1

n o

correspond to CRS and VRS, respectively. According to the

definition of the PPS of the system in Lozano (2011), we

consider the PPS of the system in time period t (we call it

subtechnology) as:

Tt ¼ ðxti; ytkÞ

9ðxpti ;y
pt
k ; z

pt
r Þ 2 Tt

p 8p xti�
X

p2PIðiÞ
x
pt
ij 8i ytk�

X

p2POðkÞ
y
pt
kj 8k

X

p2PoutðrÞ
z
pt
rj �

X

p2P
in
ðrÞ
z
pt
rj �0 8r

�
�
�
�
�
�
�
�

8
>>><

>>>:

9
>>>=

>>>;

:

ð3Þ

Following the definition of Tt, we define the system

global PPS (the network technology) as the composition of

the subtechnologies Tt, ðt ¼ 1; . . .; TÞ;

T ¼ ðxi;ykÞ

9ðxti;ytk; ztrÞ 2 Tt 8t xi�
X

t

X

p2PIðiÞ
x
pt
ij 8i yk�

X

t

X

p2POðkÞ
y
pt
kj 8k

X

t

X

p2PoutðrÞ
z
pt
rj �

X

t

X

p2P
in
ðrÞ
z
pt
rj �0 8r

�
�
�
�
�
�
�
�

8
>>><

>>>:

9
>>>=

>>>;

:

ð4Þ

Consider ct ¼ ðct1; ct2; . . .; ctmÞ as the price vector of

exogenous inputs in time period t. Since the intermediate

products consumed by the processes of DMUs are com-

pletely produced within the system, it is reasonable to

assign the zero value as the price of each product in time

period t. It is clear that the system global PPS T is formed

from data of all DMUs in all time periods and because the

input prices vary between time periods, thus the global PPS

includes DMUs with different input prices. Therefore, to

avoid the unacceptable results (Tone 2002), we define a

cost-based global PPS (Cooper et al. 2006) as:

�T ¼ ð�xi;ykÞ

9ð�xti;ytk; ztrÞ 2 Tt 8t �xi�
X

t

X

p2PIðiÞ
�xptij 8i yk�

X

t

X

p2POðkÞ
y
pt
kj 8k

X

t

X

p2PoutðrÞ
z
pt
rj �

X

t

X

p2P
in
ðrÞ
z
pt
rj �0 8r

�
�
�
�
�
�
�
�

8
>>><

>>>:

9
>>>=

>>>;

:

ð5Þ

where �xptij ¼ ctix
pt
ij ð8ði; j; p; tÞÞ.

Now, based on the global PPS �T , we compute the

minimum cost for producing a given final output vector

yo ¼ ðy1o; y2o; . . .; ysoÞ defined in (1) by a network DEA

model as follows:

Tt
p ¼ ðxpti ; y

pt
k ; z

pt
r Þ

9kptj 2 Kt
p8j x

pt
i �

X

j

kptj x
pt
ij 8i 2 IðpÞ y

pt
k �

X

j

kptj y
pt
kj 8k 2 OðpÞ

zptr �
X

j

kptj z
pt
rj 8r 2 RinðpÞ zptr �

X

j

kptj z
pt
rj 8r 2 RoutðpÞ

�
�
�
�
�
�
�
�

8
>><

>>:

9
>>=

>>;
: ð2Þ
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Co ¼ min
Xm

i¼1

�xi

s:t:
XT

t¼1

X

p2PIðiÞ

Xn

j¼1

kptj �x
pt
ij � �xi; i ¼ 1; . . .;m;

XT

t¼1

X

p2POðkÞ

Xn

j¼1

kptj y
pt
kj � yko; k ¼ 1; . . .; s;

XT

t¼1

X

p2PoutðrÞ

Xn

j¼1

kptj z
pt
rj�
XT

t¼1

X

p2PinðrÞ

Xn

j¼1

kptj z
pt
rj � 0; r ¼ 1; . . .;R;

kptj � 0; t ¼ 1; . . .; T ; j ¼ 1; . . .; n; p ¼ 1; . . .; q;

�xi � 0; i ¼ 1; . . .;m:

ð6Þ

By the optimal solution to model (6), the target opera-

tion point for DMUo can be written as:

�̂xi ¼
XT

t¼1

X

p2PIðiÞ

Xn

j¼1

ðkptj Þ
��xptij ; i ¼ 1; . . .;m: ð7Þ

�̂xi, obtained by the optimal solution of model (6), is the

projection of ith input for DMUo after T time periods.

Thus, the multi-period global cost efficiency of DMUo after

T time periods can be computed as:

CEo ¼
CoPm
i¼1 �xio

: ð8Þ

Theorem 1 Model (6) is always feasible.

Proof Based on the formulation (1), we have

�xio ¼
XT

t¼1

�xtio ¼
X

p2PIðiÞ
�xpio ¼

XT

t¼1

X

p2PIðiÞ
�xptio;

�xptio ¼ ctix
pt
io 8i; p; tð Þ;

yko ¼
XT

t¼1

ytko ¼
X

p2POðkÞ
y
p
ko ¼

XT

t¼1

X

p2POðkÞ
y
pt
ko:

On the basis of the definition of the system global PPS �T ,
the under evaluation DMU is in principle feasible by T. In

fact, DMUo always belongs to �T . Therefore, model (6) will be

always feasible. The model has a feasible solution as follows:

kpto ¼ 1; kptj ¼ 0 j 6¼ oð Þ; 8t; 8pð Þ; �xi ¼ �xio 8ið Þ:

Relationship between the global cost
efficiencies of multi-period network system
and its subsystems

When model (6) is used to measure the multi-period global

cost efficiency of network system, because the operations

of individual periods are ignored, the multi-period network

system may be identified as an efficient DMU, although

every period is inefficient. In this case, the obtained results

are unreasonable. For this reason, we propose another

approach to measure the multi-period global cost efficiency

of DMUo in a way that solves this problem.

To calculate the global cost efficiency of the subsystem

t ¼ l; ðl ¼ 1; . . .; TÞ, of multi-period network system (the

global cost efficiency of DMUo in time period l or period

global cost efficiency), we first revise model (6) as follows:

Cl
o ¼ min

Xm

i¼1

�xli

s:t:
XT

t¼1

X

p2PIðiÞ

Xn

j¼1

kptj �x
pt
ij � �xli; i ¼ 1; . . .;m;

XT

t¼1

X

p2POðkÞ

Xn

j¼1

kptj y
pt
kj � ylko; k ¼ 1; . . .; s;

XT

t¼1

X

p2PoutðrÞ

Xn

j¼1

kptj z
pt
rj�
XT

t¼1

X

p2PinðrÞ

Xn

j¼1

kptj z
pt
rj � 0; r ¼ 1; . . .;R;

kptj � 0; t ¼ 1; . . .; T ; j ¼ 1; . . .; n; p ¼ 1; . . .; q;

�xli � 0; i ¼ 1; . . .;m:

ð9Þ

The value of Cl
o is the minimum cost of producing a

given final output vector ylo ¼ ðyl1o; yl2o; . . .; ylsoÞ. By the

optimal solution to model (9), the target operation point for

subsystem l will be as:

�̂xli ¼
XT

t¼1

X

p2PIðiÞ

Xn

j¼1

ðkptj Þ
��xptij ; i ¼ 1; . . .;m: ð10Þ

Therefore, the global cost efficiency of the subsystem l

can be computed as:

CEl
o ¼

Cl
oPm

i¼1 �x
l
io

¼
Pm

i¼1 �̂x
l
i

Pm
i¼1

P

p2PIðiÞ
�xplio

: ð11Þ

After solving model (9) for each time period

t ¼ l; ðl ¼ 1; . . .; TÞ, we calculate the global cost efficiency
of multi-period network system, this time by using the

obtained optimal solutions to model (9) as follows:

CE0
o ¼

PT
l¼1 C

l
oPT

t¼1

Pm
i¼1 �x

t
io

: ð12Þ

In fact, CE0
o is defined as the ratio of the aggregate

minimum cost of T subsystems to the observed aggregate

cost for multi-period network system.

It is noteworthy that, since the multi-period network

system has a parallel structure of T subsystems, the system

global cost efficiency can be expressed as a weighted

average of the T subsystem global cost efficiencies by wl

(Kao 2009a,b; Kao and Hwang 2010):
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CE0
o ¼

XT

l¼1

wlCEl
o; wl ¼

Pm
i¼1

P
p2PIðiÞ �x

pl
io

PT
t¼1

Pm
i¼1 �x

t
io

: ð13Þ

The weight wl represents contribution of the observed

cost of period l (that is the total cost of exogenous inputs

consumed by all processes of subsystem l) to the observed

cost of all periods (total cost of the multi-period system). In

fact, the observed amount of the cost of a subsystem

reflects its importance.

Relationship between the multi-period
global cost efficiencies of network system
and its processes

Similarly, because the operations of individual processes

are ignored, the multi-period network system may be

identified as an efficient DMU after T time periods,

although every process is inefficient. For this reason, we

first calculate the global cost efficiency of process p ¼
a; ða ¼ 1; . . .; qÞ; of DMUo after T time periods (process

multi-period global cost efficiency) as follows:

CEa
o ¼

Ca
oP

i2IðaÞ �x
a
io

¼
P

i2IðaÞ �̂x
a
io

PT
t¼1

P
i2IðaÞ �x

at
io

; ð14Þ

where Ca
o is the minimum cost of producing a given final

output vector yao ¼ ðya1o; ya2o; . . .; yasoÞ and �̂xaio ¼
PT

t¼1 �̂x
at
io is

the target operation point for the ith input of the process a
after T time periods. More precisely, Ca

o and �̂xaio; ða ¼
1; . . .; qÞ can be computed as follows:

Ca
o ¼ min

X

i2IðaÞ
�xai

s:t:
XT

t¼1

X

p2PIðiÞ

Xn

j¼1

kptj �x
pt
ij � �xai ; i 2 IðaÞ;

XT

t¼1

X

p2POðkÞ

Xn

j¼1

kptj y
pt
kj � yako; k ¼ 1; . . .; s;

XT

t¼1

X

p2PoutðrÞ

Xn

j¼1

kptj z
pt
rj�
XT

t¼1

X

p2PinðrÞ

Xn

j¼1

kptj z
pt
rj � 0; r ¼ 1; . . .;R;

kptj � 0; t ¼ 1; . . .;T ; j ¼ 1; . . .; n; p ¼ 1; . . .; q;

�xai � 0; i 2 IðaÞ;

ð15Þ

�̂xai ¼
XT

t¼1

X

p2PIðiÞ

Xn

j¼1

ðkptj Þ
��xptij ; i 2 IðaÞ: ð16Þ

By the optimal solutions to model (15) for a ¼ 1; . . .; q;
we can calculate the multi-period global cost efficiency of

network system and its processes at the same time. We

define the multi-period system global cost efficiency as

follows:

CE00
o ¼

Pq
a¼1 C

a
oPm

i¼1

P
p2PIðiÞ �x

p
io

: ð17Þ

CE00
o in (17) is the ratio of the aggregate minimum cost

of processes a; a ¼ 1; . . .; q, to the observed aggregate cost

for multi-period network system.

On the other hand, we express the system global cost

efficiency CE00
o as a weighted average of the global cost

efficiencies of its processes as follows:

CE00
o ¼

Xq

a¼1

waCEa
o; wa ¼

P
i2IðaÞ �x

a
io

Pm
i¼1

P
p2PIðiÞ �x

p
io

; ð18Þ

where the weight wa is the relative importance of the total

cost of inputs consumed by the process a in T time periods

to the total cost of all process (total cost of the system).

This property can help decision makers identify the sources

of inefficiency of a network system by recognizing the

processes that are more effective in the cost inefficiency of

the system.

Productivity change

The global cost Malmquist productivity index

In this section, we measure the productivity change of

DMUo between two periods l and lþ 1 by the global cost

Malmquist index (CMl;lþ1
o ). We define the index as follows:

CMl;lþ1
o ¼ CEl

o

CElþ1
o

; ð19Þ

where CEl
o was defined in (11) and CElþ1

o can be calculated

similarly, after replacing l with lþ 1 in (11).

Clearly, deterioration in productivity between periods l

and lþ 1 is occurred when CMl;lþ1
o [ 1. An improvement

in productivity between these periods is recognized when

CMl;lþ1
o \1, and productivity remains unchanged if

CMl;lþ1
o ¼ 1.

Theorem 2 For every DMUj, the index CMj has the cir-

cularity property.

Proof

CM
l;lþ1
j � CM

lþ1;lþ2
j ¼

CEl
j

CElþ1
j

�
CElþ1

j

CElþ2
j

¼
CEl

j

CElþ2
j

¼ CM
l;lþ2
j :

h
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Relationship between productivity changes
of network system and its processes

Taking the productivity changes of the processes between

two time periods l and lþ 1 into account, we define a

productivity index again, PIl;lþ1
o , for DMUo as the ratio of

the aggregate process global cost efficiency of period l to

that of period lþ 1

PIl;lþ1
o ¼

Pq
a¼1 CE

al
oPq

a¼1 CE
alþ1
o

; ð20Þ

where

CEal
o ¼ Cal

o

.X

i2IðaÞ �x
al
io

and

CEalþ1
o ¼ Calþ1

o

.X

i2IðaÞ �x
alþ1
io ;

are the global cost efficiencies of the process a in periods l

and lþ 1, respectively. Cal
o is the minimum cost of pro-

ducing a given final output vector yalo ¼ ðyal1o; yal2o; . . .; yalsoÞ
and can be calculated by the following model,

Cal
o ¼ min

X

i2IðpÞ
�xali

s:t:
XT

t¼1

X

p2PI ðiÞ

Xn

j¼1

kptj �x
pt
ij � �xali ; i 2 IðaÞ;

XT

t¼1

X

p2POðkÞ

Xn

j¼1

kptj y
pt
kj � yalko; k ¼ 1; . . .; s;

XT

t¼1

X

p2PoutðrÞ

Xn

j¼1

kptj z
pt
rj�
XT

t¼1

X

p2PinðrÞ

Xn

j¼1

kptj z
pt
rj � 0; r ¼ 1; . . .;R;

kptj � 0; t ¼ 1; . . .; T; j ¼ 1; . . .; n; p ¼ 1; . . .; q;

�xali � 0; i 2 IðaÞ:

ð21Þ

Calþ1
o also can be computed using model (21) after

replacing time period l with lþ 1.

In the following, we will show that the productivity

changes of network system can be defined as a weighted

average of the process productivity changes if the weight

for each process a is considered as the ratio of the global

cost efficiency of this process in period lþ 1 to the sum of

those of all q processes. That is, we have

PIl;lþ1
o ¼

Xq

a¼1

waCMl;lþ1
ao ; wa ¼ CEalþ1

o
Pq

p¼1 CE
plþ1
o

;

CMl;lþ1
ao ¼ CEal

o

CEalþ1
o

:

ð22Þ

This relationship can be verified as follows:

Xq

a¼1

waCMl;lþ1
ao ¼

Xq

a¼1

CEalþ1
o

Pq
p¼1 CE

plþ1
o

!
CEal

o

CEalþ1
o

� �

¼
Xq

a¼1

CEal
o

Pq
p¼1 CE

plþ1
o

¼
Pq

a¼1 CE
al
o

Pq
p¼1 CE

plþ1
o

¼
Pq

a¼1 CE
al
oPq

a¼1 CE
alþ1
o

¼ PIl;lþ1
o :

Clearly,
Pq

a¼1 w
a ¼ 1 and wa � 0. The weights wa; a ¼

1; . . .; q; reflect the importance of the productivity changes

of process a to the productivity changes of DMUo (network

system) between two time periods. Our goal is to enter the

relative importance of productivity change of each process

into the productivity change of under evaluation DMU

between two time periods. This can help decision makers

identify the most effective processes in the productivity

changes of network system.

Numerical example

In this example, we consider 10 DMUs, each one has two

stages, namely stage I and II, and observed in three time

periods (10 multi-period network production systems).

Each DMU uses two exogenous inputs (xIt1 and xIt2 ) to

produce two intermediate products (zt1 and zt2 (and one final

output (yIt1 ) in stage I, and consumes two intermediate

products generated in stage I and one exogenous input (xIIt3 )

Fig. 1 Multi-period network production system (q = 2, T = 3)
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to produce two final outputs (yIIt2 and yIIt3 ) in stage II in time

period t; t ¼ 1; 2; 3. Figure 1 depicts such situation.

The data set of three time periods (t = 1, 2, and 3) is

reported in Table 1. The cost vectors of periods 1, 2, and 3

are ðc11; c12; c13Þ ¼ ð2; 1; 2Þ, ðc21; c22; c23Þ ¼ ð2; 1; 2Þ, and

ðc31; c32; c33Þ ¼ ð3; 2; 3Þ, respectively.

After solving model (6) for each DMU, we have the

results shown in Table 2.

We investigate the relationship between the global cost

efficiencies of DMUs and their subsystems by model (9)

and Eqs. (11) and (13). The results are shown in Table 3.

We can see that the results in Tables 2 are almost

similar to the results of Table 3. In fact, two approaches

consider DMU I as the most efficient DMU among 10

DMUs.

Now, we compute the multi-period global cost effi-

ciency of DMUs and their processes after 3 time periods

and represent the relationship between them by model (15)

and Eqs. (14), (17), and (18). The results are shown in

Table 4.

From the results of Table 4, it is clear that when we

incorporate the efficiency of the processes in calculating

the total efficiency, the same results are obtained. But using

this approach we can examine the contribution of varia-

tions in individual processes in the evaluation of the global

cost efficiency score of network system.

Now we compute the productivity changes of DMUs

between time periods 1 and 2 and between time periods 2

and 3 using formulation (19). Table 5 shows the obtained

results.

For instance, the greater than one values for CM
1;2
A and

CM
2;3
A index indicate a regress in the productivity of DMU

A between time periods 1 and 2 and also 2 and 3. The value

of CM1;3
o can be computed with due attention to the cir-

cularity property.

If we calculate the productivity change of DMUs by

applying (21) and (22), we will have the results shown in

Table 6.

By comparing the results of the two proposed approa-

ches for calculating the productivity change of DMUs, we

observe that the results obtained from the two approaches

are almost similar for all DMUs. But the latter provides

useful information about the contribution of productivity

change of individual processes in the evaluation of the

productivity change of network system between two time

periods.

Table 1 Data set for the time periods 1–3

DMU xIt1 xIt2 xIt3 zt1 zt2 yIt1 yIt2 yIt3

t = 1

A 4 2 7 8 1 9 12 15

B 7 1 9 5 3 11 8 9

C 5 3 6 10 2 8 17 13

D 8 1 10 6 3 15 16 11

E 7 1 7 7 5 8 14 10

F 9 5 8 3 1 11 9 16

G 10 3 6 6 3 10 12 9

H 6 4 9 4 4 7 10 11

I 3 1 5 8 2 9 8 8

J 8 2 5 5 5 15 10 12

t = 2

A 5.2 2 9.1 10.4 1.3 11.7 12 15

B 9.1 1 11.7 6.5 3.9 14.3 12 13.5

C 6.5 3 7.8 13 2.6 10.4 25.5 19.5

D 10.4 1 13 7.8 3.9 19.5 24 16.5

E 9.1 1 9.1 9.1 6.5 10.4 19 13

F 11.7 5 10.4 3.9 1.3 14.3 13 17.5

G 13 3 7.8 7.8 3.9 13 15 12

H 7.8 4 11.7 5.2 5.2 9.1 14 14

I 3.9 1 6.5 10.4 2.6 11.7 13 11

J 10.4 2 6.5 6.5 6.5 19.5 15 14.5

t = 3

A 7.8 3 13.65 11.44 1.43 12.87 13.2 16.5

B 13.65 1.5 17.55 9.75 5.85 21.45 18 20.25

C 9.75 4.5 11.7 19.5 3.9 15.6 38.25 29.25

D 15.6 1.5 19.5 30.42 5.85 29.25 36 24.75

E 13.65 1.5 15.5 17 7.5 15.5 25 20

F 17.55 7.5 14 7 2 16 14.5 22.5

G 19.5 4.5 11.2 10.5 4.9 17.5 18 14

H 11.7 6 15 9 8.5 12.6 19.2 17.5

I 5.85 1.5 10.5 15.5 3.5 13 16 17

J 15.6 3 10.5 9 8 24.3 17 16.5

Table 2 The multi-period

global cost efficiency of DMUs

after 3 time periods

DMU A B C D E F G H I J

CEo 0.5 0.403 0.577 0.489 0.389 0.383 0.324 0.329 0.596 0.531
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Conclusions

In this paper, we proposed a network DEA model to

measure the multi-period global cost efficiency of networks

when the prices of exogenous inputs are known, and

defined the production possibility sets of individual

periods, individual processes as well as the total network

system. We showed that there is a relationship between the

global cost efficiency of network system and its subsys-

tems. In fact the operations of individual periods were

taken into account in the evaluation of cost efficiency of

the network system after T time periods. The main focus of

Table 3 Relationship between

the global cost efficiency of

DMUs and their subsystems

DMU CEo
1 w1 CEo

2 w2 CEo
3 w3 CE0

o

A 0.782 0.192 0.68 0.245 0.325 0.563 0.5

B 0.469 0.192 0.506 0.247 0.335 0.561 0.403

C 0.657 0.192 0.741 0.243 0.479 0.564 0.577

D 0.569 0.192 0.614 0.248 0.406 0.561 0.489

E 0.503 0.185 0.52 0.238 0.306 0.577 0.393

F 0.54 0.197 0.503 0.249 0.274 0.554 0.383

G 0.425 0.194 0.434 0.247 0.241 0.559 0.324

H 0.414 0.201 0.42 0.254 0.255 0.545 0.329

I 0.775 0.187 0.807 0.24 0.449 0.573 0.596

J 0.746 0.189 0.734 0.242 0.373 0.569 0.531

Table 4 Relationship between

the multi-period global cost

efficiency of DMUs and their

processes

DMU CEo
I wI CEo

II wII CE00
o

A 0.487 0.415 0.509 0.585 0.5

B 0.45 0.454 0.364 0.546 0.403

C 0.38 0.518 0.788 0.482 0.577

D 0.541 0.459 0.445 0.541 0.489

E 0.326 0.498 0.451 0.502 0.389

F 0.261 0.602 0.569 0.398 0.383

G 0.255 0.661 0.458 0.339 0.324

H 0.261 0.489 0.394 0.511 0.329

I 0.697 0.4 0.528 0.6 0.596

J 0.472 0.632 0.631 0.368 0.531

Table 5 Measuring productivity

changes of DMUs using

formulation (19)

A B C D E F G H I J

CMo
1,2 1.15 0.927 0.887 0.927 0.967 1.073 0.979 0.986 0.96 1.016

CMo
2,3 2.092 1.51 1.547 1.512 1.699 1.836 1.8 1.647 1.797 1.968

Table 6 Measuring productivity

changes of DMUs using the PI

index

A B C D E F G H I J

CMIo
1,2 0.954 0.985 0.947 0.986 0.985 0.95 0.97 0.942 0.967 0.974

CMIIo
1,2 1.3 0.867 0.867 0.867 0.958 1.189 0.994 1.021 0.945 1.076

wI 0.518 0.548 0.328 0.544 0.389 0.36 0.354 0.422 0.596 0.419

wII 0.482 0.452 0.672 0.456 0.611 0.64 0.646 0.578 0.404 0.581

PIo
1,2 1.121 0.931 0.893 0.932 0.968 1.103 0.986 0.988 0.958 1.033

CMIo
2,3 2.155 1.526 1.594 1.523 1.536 2.129 1.729 1.736 2.102 1.858

CMIIo
2,3 2.045 1.5 1.5 1.5 1.856 1.571 1.846 1.538 1.568 2.129

wI 0.505 0.544 0.315 0.54 0.435 0.293 0.369 0.393 0.524 0.452

wII 0.495 0.456 0.685 0.46 0.565 0.707 0.631 0.607 0.476 0.548

PIo
2,3 2.101 1.514 1.53 1.512 1.717 1.734 1.803 1.616 1.848 2.007
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this study was to incorporate the variations in individual

processes in the evaluation of the global cost efficiency

score of network system. We assumed that there is a

relationship between the global cost efficiency of network

system and its processes and used it to compute the net-

work global cost efficiency after T periods of time.

The global cost Malmquist productivity index was

computed to study the productivity changes of under

evaluation network. This paper also presented another

approach to examine the productivity change of DMUs

over time that help decision makers recognize the most

effective processes in the productivity changes of the net-

work system between two time periods.

This paper can be extended to the case where the prices

of the final outputs are at hand. In this case, a global profit

Malmquist productivity index should be applied for mea-

suring the productivity changes of the network system, and

the most effective factors in this measurement may be

identified to improve the productivity of the system.

Another research topic is the case in which there are some

final products that may be recognized as undesirable

outputs.
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