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theory. We apply the contraction mapping principle and Krasnoselskii’s fixed
point theorem to obtain some new existence and uniqueness results. Two

examples are given to illustrate the main results.

1. Introduction

In recent years, fractional calculus is one of the interest issues that attract many scientists, specially
mathematics and engineering sciences. Many natural phenomena can be present by boundary value problems of
fractional differential equations. Many authors in different field such as chemical physics, fluid flows, electrical
networks, viscoelasticity, try to modeling of these phenomena by boundary value problems of fractional differential
equations [1, 5]. For achieve extra information in fractional calculus, specially boundary value problems, reader can
refer to more valuable papers or books that are written by authors [6, 7, 14, 15]. In boundary value problems, one of
the most important factors that cause to write different papers is the variety of boundary condition selection. One of
these situations is integral boundary conditions. Integral boundary conditions have various applications in applied
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fields such as underground water flow, blood flow problems and population dynamics (see [16, 18] for more
details).

In this paper, we wish to survey the existence findings for the new type nonlinear Langevin equation involving
two fractional orders as:

0BC DU =f (tu()), O<t<l,
u(0)—yu (@) =Afgg (s,u(s))ds, (1)
u'(0)—yu' (W) = fdh(s,u(s))ds,

ABC

where 0<t <2, 3~ D¢ shows the « - th Atanga- Baleanu fractional derivatives and f :[0,1] - #xJis a given
continuous function.

Lemma 1: Given f eC [0,1] and 1<« <2, the problem (1) is equivalent to

u(t)=N1+M3t+I:G(t,s)f (s,u(s))ds+N6j:g(s,u(s))ds+(N3+|v|St)j:h(s,u(s))ds

where
G(t.s)= N,(1-8)*?+N,(1-8)* " +N 1-8)*"+M t(L-s)“?+ M, +M ,(t —s)“" , s <t )
TN, @=8) P+ N, (1-8)“ P + N (1-8)* 1 + Mt (1—5)*? . s <t
AL BEeDAu@) =" 14f (tu(t)), O<t<1, (3)
So, we have
ut)=c,+ct+** 1“f (t,ut)), O<t<L 4
Letting f=a -1,
AB | _|1/AB | B 1 ﬂ ﬁ B
O =177 1)) =1 {B(a)f B(ﬂ)(l f)}(t)
2~ -1 s
_B(a—l)-[ (5)ds +B(a 5o
2-a ! a-1
:B(a—l)JOf() +Wj (t —s)“*f (s)ds.
Therefore,
_ 2_a t _o)ad
u(t)_cl+c2t+B(a_1)jof(s,u(s))ds+—( D )j( $)“*f (s,u(s))ds. (5)

By using the boundary condition in (1) we obtain
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¢, =N, +N 2j:(l—s)ﬂf (s,u(s))ds +N 3j:h(s,u (s))ds

+N4I:(1—S)“’2f (S,U(S))ds+N5j:(1—s)“*1f (s,u(s))ds +N 6j:g(s,u(s))ds,

and
c, =M3+M4J.01(1—s)“’2f (s,u(s))ds+M5J.:h(s,u(s))ds,
were
1= 2-a , 2:0[—_1’|V|3=LM1f @Lu),
B(a-1) B(a-DI'(a) A-7,)
S ACE) e
Y@ he-) " 1y,
and

71 7 71
= M,,N,=———M,,N,=—=—M
' (1_71) ’ ? (1_71) ) : (1_7/1) °

7/1 7/1 M _ 21

= M.,,N, = N, = :
4 (1_7/1) 1 5 (1_7/1) 2 6 1_7/1

2. Preliminaries
In this section, we study the existence and uniqueness solutions for FBVP (1).

Let E =(C[0,1];R)be the Banach space of all continuous functions from [0,1] into R with the norm

Ju= maxte[oll]|u(t)|. Define operator T :E —E as
1 1

Tu)=N,+Mt+[ G(t.s)f (s,u(s))ds +N,[ g(su(s))ds (6)
0 0

+(N3+M5t)j:h(s,u(s))ds, )

Due to the Lemma 1, problem (1) is converted into a fixed point problem u =Tu . We behold, the initial problem
(1) has solutions if the operator (3) has fixed points.

For convenience of presentation, we now present below hypothesis to be used in the rest of the paper:

H)f :[0,1] xR — R is a continuously differentiable function.

(H,) There exist a(t) C ([0,1],[0,0)) such that
i j:(l—s)“‘i‘1|a(s)|ds <A, i=12;

i) J; (t —s)afl| a(s) |dS <1l-v,;
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1
i) [ |e(s)]ds <1-v,.
0
(H;) Fori=1,2,3

i) Rlzsupjl(l—s)“’iﬂf (5,0)|ds <oo;
0

i) R, =sup [ (t—s)"*[f (5,0)[ds <o
0

i) R, =supte[0y1]j;(t ~5)"* (5,0)|ds < oo,
(H,) Foruy eC[0,%]
i) | Eu)-f ¢u)|<a®)|u)-v )l
(Hs) There exists positive constants L, and L, , such that
) [gtu@)-gvE)|<LA-~v)u)-v ).
i) [h(E,ut)-ht v E)|<L,@~)|uE)~v )|
where UV eC [0,c0] andv =min{v; i =1,2,3,4/.
(He) There exists positive constants p; € C([0,1],R) and y; eC ([0,1]xR,R), (i =1,2,3) such that
) |f Eu®)]<p®w(ul);
i) [gt.u)|<p,®)w,(u);
iii) [h(t.u@))|<ps®)ws(u).
with , (|u])< fJu] . G =1,2,3).

3. Main results

In this section, we will establish the existence and uniqueness criteria of solutions for the initial problem (1).
Then, the existence and uniqueness results for the fixed problem are obtained respectively via Theorem 3 and
Theorem 2.

Theorem 1: Assume that (H;)—(Hs) hold. Let
PL=[My[+[Mo[+[Mg|+[N o[ +[N g [+[Ns|+[Ng|Ly +(N5|+[Ms]) L
P2 =[Ng|+[Mg|+(IN 2| +|N 4|+[M 4])Ry +|N 5| Ry +[My|Kq +|M | R3 +[N g |[K +(|N 3|+[M5|) K3
@-v)p <1. Then, IVP (1) has a unique solution on [0,1].

P2

Proof: Consider B, = {u cE:|ul.< 7} with » "1 a)p

>0, VueB,, we get
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|Tu(t)|$|N1|+|M3|+(|N2|+|M4|){f:(l—s)a2|f (s.u(s))-f (s,0)|ds +I;(1—s)“’2|f (s,0)|ds}
+|N5|{j:(1_s)“1|f (s.u(s))-f (s,0)|ds +I:(1—s)“’1|f (s,0)|ds}
+|M4|{j:(1—s)“2|f (s.u(s))-f (s,0)|ds +j;(1—s)“*2|f (s,0)|ds}
{31 ()t G0 1] 6.0 |
+|M2|{j;(t_s)al|f (s.u(s))-f (s,0)|ds +j;(t —s)* | f (s,0)|ds}
+|N6|{J;|g(s,u(s>)—g(s.0>|ds+j;|g(s,0)|ds}
+(|Ns|+|Ms|){I§|h(s-u(s))—h(s,0>|ds+fjlh(s,o>|ds}
<IN Ml (N2 4[N 4] o] 1, 1) 2] o) s
HIN N M) [ a-5)72]f 5.0 s
#INs| [0 ] 1537 as) a5 +|Ns[[_@-5)" ] (5,0)|ds
M Ju | [as) ds My ]| 5,00
HM | Ju | €-9)7 o) [ds +[M | € -5)[f (5,0)[ds
No| I Lids +[Nef | 9(6.0) s

H{Nal M) u [ Lads +(N ol M) [ n(s.0) s
< [N [+[M [+ ([N 5[ +[N 4 +[M g]) Ju [ @-v1)+(|N o[ +[N 4| +[M4]) Ry
+Ns|+[Mal[lu |@~v2)+(INs|+[M2|)Ry +[M | u v +[M4[Rs
+Ne[ufva+[Ng|+Ma[R+(IN3[+[Ms])[ |uvs|[+(IN3|+[Ms[)+[M4|R3
< (M1 +[M o[ +[M o[+ N 2| +[N 4| +[N 5| +[N gLy +(|N 5 +|M 5 )Ly ) @) u |
+[Ng|+[M g|+(|N 2| +|N 4| +|M4[)R; +|N5| Ry +|M 1| Ky +|M 5|Rg

+Ng|Ko+(|Ng[+[Ms5|)K3



55 R. Darzi and R. Mahmoudi Matankolae / FOMJ 2(1) (2021) 50-59

=(@V)|u | +p2
<y,

which results B, cB,.We have
[Tut)-Tv (t)|£(|N2|+|N4|)j;(1—s)“_2|f (s.u(s))-f (sv(s))]ds

+N 5|j:(1—5)“‘1|f (s,u@))-f (sv (s))|ds
+|M4|tI;(1—s)“_2|f (s.u(s))-f (sv(s))]ds
+||v|l|j;|f (s,u(s))~f (s (s))]ds
+|M2|j;(t ~s)* [t (s,u(s))~f (s (s))]ds

1
+N 6|J'0|g(s,u(s))—g (s.v(s))lds
+(|N3[+|M 5|t)J';|h(s,u(s))—h (s (s))ds
£(|N2|+|N4|)tj.:(1—s)“’2|a(s)| lu(s) v (s) |ds
+N 5|j;(1—s)“‘l|a(s)||u(s)—v(s)|ds
+|M4|tj;(1—s)“*2|a(s)| lu(s)—v (s)]|ds
+||v|1|j;|a(s)| lu(s)—v (s)|ds

t a-1
+|M2|j0(t-s) las) | |u(s) v (s)|ds

1
+|N6|.[0L1(1—v)|u(s)—v(s)|ds

+(|N3|+|M5|t)j:L1(1-v)|u(s)-v(s)|ds
< pAv)|u—v|.
Since p (1-v) <1, it yields T is contraction mapping.Cd
Theorem 2: Assume that (Hy), (H,) and (H,4)—(Hg) hold, with
p1= @) (M g +[N |+ [N 4N 5| +|N 6| Ly +(|N 5]+ [Mg[)L2 ) <1. ®)

Then IVP (1) has at least one solution on [0,1].
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Proof: ConsiderB,, = {u €E;u <}/}, where

J7 = max {any [y 47z 4N [Py | 475 [ |

Now, we defines operator 4 and BZon B, as
M, [ F ds+M [ alf d
Au(t) = 1j0 (s,u(s))ds + 2'|.0(t -3) (s,u(s))ds
3u(t):N1+M3t+(N2+N4)J.:(1—s)“’2f (s,u(s))ds
+N5j:(1-s)a—1f (s,u(s))ds +M 4tj:(1-s)“—2f (s,u(s))ds
1 1
+Najog(s,u(s))ds+(|N3|+|M5|t)foh(s,u(s))ds

In first we show that A is a compact operator on B, .

Since f is continuous, the operator A is continuous

||Au||— sup ‘ f (s.u(s))ds+M 2I (t —s)*f (s.u(s))ds

< st]Mlj If (s.u(s))|ds+M, supj (t s)‘“|f (s,u(s))|ds
01

stsﬁ)pl]mlj Pu(s)y (|u(s))d s+M; . j (t —s)**Py(s)ya (|u(s)|)ds

[Py (Ju )
2 [24

<My [Py (Ju)+Mm
M
<M1+ 22 ey (u )

M
< (M M2 j”Pl”)/,
[24
Which show that A is uniformly bounded on B, .

Form (H;), we define @ =sup {|f t.uc)|;t €[0,1].u eBy}. Now, for t;,t, € (0,1),t; <t,, we have

|Au ) - Au(t2)||— sup ‘ 1f (s,u(s))ds +M 2_[ (t, -s)*f (s,u(s))ds

b h a-1
—Mljof (s,u(s))ds—Mz_[O (t;—s)* 7 (s,u(s))ds

<|My| sup jt2|f (s,u(s))|ds+|M,| sup jtz(tz —s)a‘1|f (s,u(s))|ds
te[0,1] b tef0,1]"
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t a- a-]
+|M2|t:[%)?l]jo (@t )7 =1 =5)*7)|f (s.u(s)) [ds

<a|My(t; —tl)ﬂUl l t1)a+w¥‘t§l -t —(t, _tl)a‘

that tends to zero as t, —t;. Therefore, A is relatively compact on B, . By the Arzela-Ascoli theorem A is

compacton B, . Now, foruyv e B,, we show that Au+Z&u e B,.

|Au+&u ”:t:[lg,)l] sz:)(t -5)* 7 (s,u(s))ds +M1_[:)f (s.u(s))ds

+N1+M3t+(N2+N4)J‘:(1—S)a_2f (S,U(S))ds
+N5j;(1—s)“*1f (s,u(s))ds +M gt j:(l—s)“*f (s,u(s))ds

1 1
+N 6-[09 (s,u(s))ds+(N3z+M 5t)'[oh (s.u(s))ds

+[M | sup It(t —s)“‘1|f (s.u(s))|ds +|My| sup It|f (s.u(s))lds
te[01]" 0 te[01]" 0

s (Nl HIN 2+ INa[)[ @53 2T (s.u6)) s

1 1
+{Ns|[ @=5)"Z|f (s,u(e)) |ds +t§[t;)rfl]lM4ltIO(l—S>“‘2|f (s.u(s))|ds

+Ng I;| g (s,u(s))|ds +tz[%?1](N3+M 5t)I;| h (s,u(s))|ds

|N2|+|N

Nel) gy o u )

M
<[22 s s

oo )2 g )4 2 T )

+H([INg[+[Ms )] ps Jvs(|u])

[Ny [+[Ny4] |N5| |'V'4|

a-1 a

=(|M2|C(+|M1|+

]up lva(u])

+ Ny [+ Mg [+[Ng [[ P2 w2 (Ju ) +(IN3 [+ M5 )] p3 [y (|u )

<m| p ||\/m+’72| Ng || p2 ||\/m+’73|| P3 IIJW

< =y.

AR

Ay
4 4

TN
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Furthermore, from (3), similar to Theorem 3 we conclude that g is contraction mapping. Thus, all assumptions of
Krasnoselskii’s fixed point theorem are satisfied. Therefore, BVP (1) has at least one solution on[0,1]. O

4. Conclusions

In this paper, we have successfully applied the contraction mapping principle and Krasnoselskii’s fixed point
theorem to obtain some new existence and uniqueness results for fractional integral boundary value problems of
Atangana-Baleanu type.

Finally, it should be added that the suggested approach has the potentials to be applied to obtain results for other
similar nonlinear problems of fractional order.

Conflict of interest: The authors declare that they have no known competing financial interests or personal
relationships that could have appeared to influence the work reported in this paper.
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